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Preface

Since the pioneering work of Bergmann in 1949, it has been understood that
there exists a direct connection between local symmetries of a Lagrangian and
the existence of constraints contained in the Euler-Lagrange equations of mo-
tion. It was Dirac who subsequently discussed the Hamiltonian dynamics of
constrained systems in a systematic way. Since then numerous papers, with
applications to a wide range of problems, have been written on this subject. It
is remarkable that even after more than half a century, this subject still raises
questions to be answered.

This book is the result of lectures delivered by the authors at the University
of Heidelberg. It is intended as an introduction to this interesting field of
research, starting from the early work of Dirac up to more recent work, such as
the Field-Antifield formalism of Batalin and Vilkovisky. Also included is a brief
discussion of gauge anomalies within this formalism. Here we have restricted
ourselves to the essentials, and have illustrated the ideas in terms of a simple
example, the chiral Schwinger model.

Great emphasis is placed on discussing the subject of constrained Hamilto-
nian systems in a transparent way without becoming too technical. Proofs, as
well as examples, are discussed in great detail, at the risc of being sometimes
pedantic. Each example has been chosen to illustrate some important point.
The book should thus hopefully provide a good basis for master degree and
Ph.D students.

The book is divided into two parts: part one, involving chapters 1 through
8, deals with the classical dynamics of constrained Hamiltonian systems, while
the second part is devoted to their quantization. Here it is assumed that the
reader is familiar with the Feynman path integral approach to quantization.



Notation

The Einstein summation convention is used for repeated upper and lower in-
dices. Except for Lorentz space-time indices, we have placed indices, labeling
the degrees of freedom, at our convenience, so as to keep the expressions most
transparent. We have followed to a large extent the notation given below, al-
though in particular cases - such as in examples - we have found it convenient
to follow a simpler notation.

Notation

φα: primary constraints

φ
(1)
α1 : first class primary constraints

φ
(2)
α2 : second class primary constraints
ϕa: secondary constraints

ϕ
(1)
a1 : first class secondary constraints

ϕ
(2)
a2 : second class secondary constraints

Ω
(1)
A1

: complete set of first class constraints

Ω
(2)
A2

: complete set of second class constraints
ΓP : subspace defined by primary constraints
Γ: subspace defined by all constraints
Γ∗: subspace defined by the constraints and gauge conditions
H0: canonical Hamiltonian on the primary constrained surface ΓP
H : Hamiltonian weakly equivalent to H0

H̃ : BFT embedded Hamiltonian
HE : extended Hamiltonian
H̃E fully extended Hamiltonian, including the gauge conditions
H∗: Hamiltonian on the reduced phase-space
QB: generator of BRST transformations: δBF = ε{QB,F} = {F , QB}ε
s: operator inducing “left” BRST transformations: sF = {QB,F}
ŝ: operator inducing “right” BRST transformations ŝF = {F , QB}
∨
s: operator inducing “right” BRST transformations on Lagrangian level
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Chapter 1

Introduction

Elementary particle physicists are well familiar with Quantum Electrodynam-
ics (QED) and Quantum Chromodynamics (QCD), the theories describing
the electromagnetic and strong interactions. These theories are based on La-
grangians possessing local (gauge) symmetries. The weak interactions are also
based on a gauge theory, but whose gauge invariance is spontaneously bro-
ken. In fact, all theories of the fundamental interactions are gauge theories.
This makes the study of systems possessing local symmetries so important.
As is well known, the quantization of such systems is endowed with special
problems, since their classical action is invariant along gauge orbits. On the
level of the equations of motion this implies the existence of an infinite number
of solutions connected by local (gauge) transformations, which are physically
completely equivalent. Several methods of quantization, such as the canoni-
cal Gupta-Bleuler formalism, or the functional path integral approach, which
makes use of the so-called Faddeev-Popov trick, are well known to theoretical
elementary particle physicists. These methods are described in any textbook
on Quantum Field Theory.

The question then arises whether there exists a fundamental feature which
is common to all gauge theories, and which inhibits their straightforward quan-
tization. The answer is “yes”; they all belong to the so-called class of singular
systems, characterized by the property, that the Euler-Lagrange equations of
motion include equations which represent constraints among the coordinates
and the velocities, and which on Hamiltonian level manifest themselves as so-
called “first class” constraints among canonical variables. These constraints
differ from those familiar from mechanics in that they are part of the equations
of motion, and are not imposed from the outside. Although gauge theories are
certainly the most important examples of singular Lagrangian systems, they



2 Introduction

are not the only ones belonging to this class. Even the dynamics of the free
Dirac field is that of a constrained system.

A deeper understanding of the quantization of gauge theories requires one
to go back to the roots of the quantization problems associated with singular
Lagrangians. The basis for understanding such systems was laid down by
Bergmann [Bergmann 1949, Anderson 1951], and by Dirac [Dirac 1950/1964].
Since then an enormous amount of papers have been written about constrained
Hamiltonian systems.

This book is mainly devoted to the study of the classical and quantum dy-
namics of theories where the Lagrangian exhibits local symmetries. Its purpose
is to introduce the reader to this interesting field of constrained dynamical sys-
tems, and to provide him with the tools for quantizing such systems. This will
require first of all an extensive discussion of the classical Hamiltonian formu-
lation of singular systems. Our language will be kept as simple as possible,
and the concepts we shall introduce will always be illustrated by examples in a
transparent way as possible. The classical discussion is contained in chapters 2
through 8. The remaining chapters are devoted to the quantization of singular
systems.

The book is organized as follows. In chapter 2 we first discuss what is meant
by a singular Lagrangian system, and show that systems with a local (gauge)
symmetry fall into this class. Local symmetries of the action are not always
easily detected. It is however crucial to unravel them, since their knowledge is
required for the quantization of such systems. Although their quantization is
carried out on Hamiltonian level, it is instructive to first present a systematic
method for detecting local symmetries on Lagrangian level. This is the main
objective of chapter 2, where we shall show that singular systems lead to so-
called “gauge identities”, from which the coordinate transformations, leaving
the action invariant, can be extracted.

In chapter 3 we then proceed to the classical Hamiltonian formulation based
on the pioneering work of Dirac. It is within this framework that Dirac has
provided a systematic classification of the constraints into primary, secondary,
first and second class, where the first class constraints play a central role as
generators of the gauge symmetries.

Chapter 4 is devoted to an alternative method for handling singular sys-
tems: the symplectic approach. This is a first order Lagrangian approach to
singular systems, and we shall study in detail the equations of motion and their
solution. The symplectic approach has been used by Faddeev and Jackiw [Fad-
deev 1988] to present a new method for handling constrained systems, which,
in principle, avoids the concepts of primary constraints (which have no analog
on the Lagrangian level), and in fact dispenses of the entire classification of
the constraints into primary, secondary, first and second class. This method is
however of limited applicability.
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The Hamiltonian approach for detecting local symmetries is the phase-space
counterpart to our discussion in chapter 2, and is the subject of chapter 5. We
shall elucidate the problem from several points of view and are thereby led
to the so-called “Dirac conjecture”, which has been the subject of numerous
papers.

The Dirac conjecture will be discussed in detail in chapter 6, where we
make use of the Lagrangian methods discussed chapter 2 to study the local
symmetries of the so-called total action, whose variation yields the Hamilton
equations of motion proposed by Dirac. This chapter clarifies in which sense
the Dirac conjecture can be shown to hold. Interpreted appropriately, this con-
jecture is shown to hold for various examples cited in the literature, including
those which have been claimed to be counterexamples to Dirac’s conjecture.

Chapter 7 deals with second class systems whose classical dynamics is beau-
tifully described in terms of Dirac brackets, but whose quantization may pose
special problems. For this reason it is useful to embed such systems into a
gauge theory, by introducing extra degrees of freedom. The embedded theo-
ries can then be quantized using the formalism described in chapter 11. This
embedding program, whose systematic implementation was given by Batalin,
Fradkin and Tyutin, [Batalin 1987/1991] is the central subject of this chap-
ter. We shall present several examples, and in particular use this formalism
to demonstrate the equivalence of the “self dual model” in three space-time
dimensions, with the Maxwell-Chern-Simons theory within its gauge invariant
sector.

Chapter 8 deals with the Hamilton-Jacobi formulation of the classical dy-
namics of constrained systems. While this formulation turns out to be straight-
forward for so-called first class systems, this is not the case for systems involving
second class constraints. We shall discuss the reason for this, and present meth-
ods for circumventing the barriers imposed by the second class constraints. In
particular, the embedding procedure described in chapter 7 will allow one to ar-
rive at a Hamilton-Jacobi like formulation, as we shall demonstrate for several
examples.

In the following chapters we then turn to the problem of quantizing systems
with first and second class constraints. Chapter 9 will deal with purely second
class systems which allow an operator quantization, based on equations of
motion formulated using the notion of an extended Hamiltonian. Second class
systems also include the case of gauge theories in a non-dynamical gauge.

In chapter 10 we then discuss in detail the quantization of second class
systems using functional methods, and point out the difficulties one may be
confronted with. These difficulties may be circumvented by first embedding
the system into a gauge theory, as was described in chapter 7.

The functional quantization of first class systems in dynamical gauges is
the subject of chapter 11 and leads to the Hamiltonian formulation of Batalin,
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Fradkin and Vilkovisky [Fradkin 1975/77, Batalin 1977], based on the so-called
BRST (Becchi, Rouet, Stora, Tyutin) invariance of the Lagrangian action. We
shall not follow the axiomatic approach of these authors, but shall motivate the
BFV formalism by studying systems whose functional configuration space for-
mulation, obtained using the Faddeev-Popov trick, is well established. We then
obtain the corresponding phase-space representation of the partition function
and cast it into the form given in [Batalin 1977]. The so-called BRST charge
will play a central role as generator of a BRST symmetry. The freedom in the
choice of gauge will be concentrated in a BRST exact term, and the BRST
invariance of the partition function is guaranteed by the Fradkin-Vilkovisky
principal theorem [Fradkin 1977, Batalin 1977]. Important ingredients in this
formulation is the closure of the algebra of the first class constraints, as well as
of these constraints with the Hamiltonian.

In the Hamiltonian formulation it is not obvious how a particular covariant
gauge is to be implemented via a BRST exact contribution to the action. A
corresponding configuration space formulation is therefore desirable. This is the
subject of the last chapter and leads to the so-called “field-antifield” formulation
of Batalin and Vilkovisky [Batalin 1981]. This quantization scheme has been
presented by these authors in an axiomatic way. We shall actually derive their
formulation for a restricted class of systems, starting from the well established
phase-space formulation of Batalin, Fradkin and Vilkovisky. Within the field-
antifield formulation the number of degrees of freedom is doubled, and the field-
antifield action is the solution of the so-called “quantum master equation”. We
will discuss only the simplest non-trivial case of irreducible first rank theories.
These include the case of SU(N) Yang-Mills theories.

We conclude chapter 12 with a brief discussion of how anomalous gauge
theories - i.e., theories whose classical gauge invariance is broken by quantum
effects due to the non-invariance of the functional integration measure - may be
included in the field-antifield formalism. This subtle subject is outside the scope
of this book. We shall therefore limit ourselves to illustrate the role played by
the quantum master equation for the case of the chiral Schwinger model, which
is anomalous and has been studied in great detail in the literature.

The book includes several appendices. In Appendix A we review some
well known facts regarding the Ward and Bianchi identities following from the
existence of a local symmetry of the action. This appendix is based on the
pioneering work of P. G. Bergmann [Bergmann 1949], who has pointed out the
connection between the existence of a local symmetry and a so-called “singular
Lagrangian”. The work of Bergmann has been reviewed in [Costa 1988]. We
shall follow closely the presentation given in this reference.

Appendices B and C deal with technical details concerning the construction
of the BRST charge and Hamiltonian for first rank theories.

Appendix D contains a proof of the Fradkin-Vilkovisky Principal Theorem,
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which provides the basis for the Batalin-Vilkovisky configuration space parti-
tion function in chapter 12.

Finally, Appendix E discusses the Fradkin-Vilkovisky path integral repre-
sentation of the SU(3) Yang-Mills partition function in the α-gauges.



Chapter 2

Singular Lagrangians and
Local Symmetries

2.1 Introduction

Symmetries observed in nature play a central role in the construction of any
theory describing physical phenomena. If the dynamics is described by a La-
grangian, then this Lagrangian must reflect such symmetries. Not all symme-
tries of an action can however be observed in nature. This is for example the
case for the gauge symmetries of QED or QCD, where observables must be
invariant under gauge transformations. Gauge theories fall under the class of
constrained systems whose dynamics is derived from a so-called singular La-
grangian. Such theories are of particular interest, since all interactions in nature
are believed to be gauge theories, or spontaneously broken versions thereof. As
is well known, their quantization poses special problems.

Whether a Lagrangian is singular or not can in general be easily checked
by looking for possible zero modes of the Hessian (to be defined below). The
connection between a singular Hessian and local symmetries of a Lagrangian has
been observed already a long time ago [Bergmann 1949]. Such symmetries lead
to so-called Bianchi identities from which this connection can be deduced. The
interested reader may consult Appendix A, where we have summarized some
well known concepts about local symmetries, as well as consequences following
from them. In this chapter we take the opposite point of view and deduce the
local symmetries of a Lagrangian whose Hessian matrix is not invertible. In
fact, unravelling these symmetries may not be an easy matter. But their explicit
knowledge is important for formulating the corresponding quantum theory. It
is therefore of great interest to have a systematic way for revealing them. In
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the following we will present a purely Lagrangian approach to this important
problem [Sudarshan 1974]. This will allow the reader to appreciate better the
elegant Hamiltonian approach to be discussed in chapter 3, where we show that
such symmetries are intimately related to the existence of so-called “first class
constraints”. Both approaches have their merits. But the connection between
the existence of local symmetries, and the existence of first class constraints as
generators of these symmetries, is only manifest on Hamiltonian level.

On the Lagrangian level there exist several algorithms [Sudarshan 1974,
Chaichian 1994, Shirzad 1998] for detecting the gauge symmetries of a La-
grangian. Unlike the Hamiltonian approach, they have the merit of generating
directly the transformation laws in configuration space in terms of an indepen-
dent set of functions parametrizing the symmetry transformations. Every one
of these parameters is directly related to a so-called “gauge identity”, and their
number equals the number of independent gauge identities.

2.2 Singular Lagrangians

Consider a system with a finite number of degrees of freedom, whose dynamics
is governed by a Lagrangian L(q, q̇), where q and q̇ stand collectively for the
coordinates qi and velocities q̇i (i = 1, · · · , N). The associated Euler-Lagrange
equations read,

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0 . (2.1)

From here it follows that

∂2L

∂qj∂q̇i

dqj
dt

+
∂2L

∂q̇j∂q̇i

dq̇j
dt

− ∂L

∂qi
= 0 ,

or ∑

j

Wij(q, q̇)q̈j =
∂L

∂qi
−
∑

j

∂2L

∂q̇i∂qj
q̇j ,

where the matrix W is the “Hessian” defined by

Wij =
∂2L

∂q̇i∂q̇j
. (2.2)

If det W 6= 0, we can solve the above equation for the accelerations in terms of
q̇i and qi. On the other hand, if det W = 0, then W is not invertible. In this
case the Hamiltonian equations of motion will not take the standard form, and
one speaks of a singular Lagrangian system.

The following two examples illustrate some features which we shall subse-
quently encounter in our more general discussion of local symmetries.
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i) Example 1

Consider the Lagrangian

L(q, q̇) =
1

2
ẋ2 + ẋy +

1

2
(x− y)2 (2.3)

and the associated action

S[q] =

∫ t2

t1

dt L(q(t), q̇(t)) , (2.4)

where q = (x, y). This Lagrangian is singular in the above sense, since it
does not involve ẏ. Hence, we claim, it will possess a local symmetry. In this
example this symmetry can be found by inspection.

Consider a variation δx = ε1(t), δy = ε2(t). Under this variation the change
induced in the Lagrangian can be written in the form

δL = (ẋ+ y − x)(ε̇1 − ε1 + ε2) +
d

dt
(xε1) .

Hence the corresponding action (2.4) is left invariant under this transformation
if

ε2 = ε1 − ε̇1 , (2.5)

with ε1(t) vanishing for t = t1 and t = t2. Thus for an arbitrary choice of ε1(t),
subject to this condition, ε2 is given in terms of ε1 and its first derivative.

ii) Example 2

Consider next the Lagrangian [Henneaux 1990a]

L(q, q̇) =
1

2
(q̇2 − eq1)2 +

1

2
(q̇3 − q2)

2 . (2.6)

Again this Lagrangian is singular and therefore - we claim - will exhibit a local
symmetry. Thus consider a variation δqi = εi(t). The corresponding change
induced in the Lagrangian is given by

δL = (q̇2 − eq1)(ε̇2 − eq1ε1) + (q̇3 − q2)(ε̇3 − ε2) .

Hence the Lagrangian (2.6) is invariant if

ε3(t) = α(t) ,

ε2(t) =
d

dt
α(t) ,
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ε1(t) = e−q1(t)
d2

dt2
α(t) , (2.7)

where α(t) is an arbitrary function of t. Notice that, as in our previous exam-
ple, the symmetry transformation only involves one arbitrary function. Fur-
thermore, in this example, the variation δq1 not only involves the arbitrary
function α(t), but also depends implicitly on t via the coordinate q1.

In the following section we present a general algorithm which allows one to
determine the variations δqi which leave an action invariant.

2.3 Algorithm for detecting local symmetries
on Lagrangian level

On the Lagrangian level there exists a well-known algorithm [Sudarshan 1974]
for detecting all gauge symmetries of a Lagrangian.

Consider an infinitesimal variation of the coordinates and velocities

qi(t) → qi(t) + δqi(t) ,

q̇i(t) → q̇i(t) +
d

dt
δqi(t) ,

where i = 1, · · · , N , and use has been made of the property that δq̇i =
d
dtδqi.

This transformation is a local symmetry of the Euler-Lagrange equations of
motion if the action (2.4) is invariant under this transformation. This is the
case if the variation of the Lagrangian is a total derivative, i.e., δL = d

dtδF ,
with δF vanishing at the upper and lower limit of integration. In computing
the variation no use is made of the equations of motion.

Consider now a Lagrangian L(q, q̇). Under the above infinitesimal transfor-
mation the change in the action (2.4) is given by

δS = −
∫ t2

t1

dt
∑

i

E
(0)
i (q, q̇, q̈)δqi , (2.8)

where E
(0)
i is the Euler derivative

E
(0)
i (q, q̇, q̈) =

d

dt

∂L

∂q̇i
− ∂L

∂qi
(2.9)

and δqi(t1) = δqi(t2) = 0. On shell we have that

E
(0)
i = 0 , i = 1, · · · , N (on shell) . (2.10)



10 Singular Lagrangians and Local Symmetries

Our aim is to determine the variations δqi for which δS vanishes identically,
i.e., ∫ t2

t1

dt
∑

i

E
(0)
i (q, q̇, q̈)δqi ≡ 0 . (2.11)

In general, E
(0)
i is of the form

E
(0)
i =

∑

j

W
(0)
ij (q, q̇)q̈j +K

(0)
i (q, q̇) , (2.12)

whereW
(0)
ij is the Hessian (2.2). For reasons which will become clear below, we

have supplied the terms in (2.12) with a superscript “0” standing for “zeroth
level”.

Now, as we have just seen, for singular Lagrangians the Lagrange equations
of motion cannot be solved for all of the accelerations. If RW is the rank
of the Hessian, then there exist N − RW constraints in the theory, which on
Lagrangian level present themselves as relations between coordinates qi and

velocities q̇i. Thus for an N×N HessianW
(0)
ij of rank RW , there exist N−RW

independent left (or right), zero-mode eigenvectors ~w(0;k) satisfying

N∑

i=1

w
(0;k)
i (q, q̇)W

(0)
ij (q, q̇) = 0 ; k = 1, · · · , N −RW .

It then follows from (2.12) that the functions defined by

Φ(0;k) :=

N∑

i=1

w
(0;k)
i (q, q̇)E

(0)
i (q, q̇, q̈)

only depend on the coordinates and velocities, and vanish on the subspace of
physical trajectories, i.e.,

Φ(0;k)(q, q̇) = 0 ; k = 1, · · · , N −RW (on shell) .

We refer to them as the zero-generation constraints. 1 Not all of the Φ(0;k) may,
however, be linearly independent. In this case one can find linear combinations

of the zero mode eigenvectors, v
(0;n0)
i =

∑
k c

(n0)
k w

(0;k)
i , such that we have

identically
G(0;n0) := ~v(0;n0) · ~E(0) ≡ 0 ; n0 = 1, · · · , N0 . (2.13)

We call them “gauge identities” for reasons which will become clear soon. These
gauge identities also hold off shell. As an immediate consequence we have that

1For simplicity we shall suppress in the following the explicit dependence of the constraints
and zero modes on q and q̇.
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any variation of the form δqi =
∑

n0
εn0(t)v

(0;n0)
i will leave the action invariant

(cf. (2.11)). The remaining “zero-generation” zero modes, which we denote
by ~u(0;n̄0), then lead to genuine constraints, depending only on the coordinates
and velocities, and vanishing on shell,

φ(0;n̄0) = 0 (on shell) ,

where
φ(0;n̄0) = ~u(0;n̄0) · ~E(0) ; n̄0 = 1, · · · , N̄0 . (2.14)

The algorithm now proceeds as follows. We separate the gauge identities (2.13)
from the non-trivial constraints (2.14), and list them separately in a table, since
they will be of direct relevance for determining the local symmetry transforma-
tions. Next we look for possible additional constraints by searching for further
functions of the coordinates and velocities which vanish on the subspace of
physical trajectories. To this effect consider the following N + N̄0 component
vector constructed from ~E(0) and the time derivative of the constraints (2.14):

(
E

(1)
i1

)
:=




~E(0)

d
dt (~u

(0;1) · ~E(0))
·
·
·

d
dt (~u

(0;N̄0) · ~E(0))




=

(
~E(0)

d
dt
~φ(0)

)
, (2.15)

where ~φ(0) is an N̄0 component column vector with components φ(0;n̄0), (n̄0 =
1, · · ·, N̄0). Since the constraints φ(0;n̄0) = 0 hold for all times, it follows that
~E(1) = 0 on shell.

Because the constraints are only functions of q and q̇, the components E
(1)
i1

can again be written in a form paralleling (2.12),

E
(1)
i1

=

N∑

j=1

W
(1)
i1j

(q, q̇)q̈j +K
(1)
i1

(q, q̇) . (2.16)

Here W(1) is now the “level 1” (N + N̄0)×N matrix

(
W

(1)
i1i

)
:=




W(0)

~∇q̇(~u
(0;1) · ~E(0))

·
·
·

~∇q̇(~u
(0;N̄0) · ~E(0))




,
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where ~∇q̇ is a row vector with components labeled by i (i = 1, · · · , N). The

(N + N̄0) component vector ~K(1) is given by

(
K

(1)
i1

)
:=




~K(0)

∂
∂qj

(~u(0;1) · ~E(0))q̇j
·
·
·

∂
∂qj

(~u(0;N̄0) · ~E(0))q̇j




,

where a summation over j is understood.
We next look again for (left) zero-modes of W(1). These zero modes include

of course those of the previous level, augmented by an appropriate number of
zeroes. They just reproduce the previous constraints and are therefore not
considered. The remaining zero modes (if they exist), when contracted with
~E(1), lead to expressions at “level 1” which can either be written as a linear
combination of the previous constraints (we label them by n1), in which case
we are led to new gauge identities at level 1,

G(1;n1) := ~v(1;n1) · ~E(1) −
N̄0∑

n̄0=1

M
(1,0)
n1,n̄0

(~u(0;n̄0) · ~E(0)) ≡ 0 ; n1 = 1, · · · , N1 ,

(2.17)
or else, represent genuine new constraints at level 1:

φ(1;n̄1) := ~u(1;n̄1) · ~E(1) = 0 ; n̄1 = 1, · · ·, N̄1 (on shell). (2.18)

We now adjoin the new gauge identities (2.17) to the previous identities in
our table. With the remaining new constraints (2.18) we proceed as before,

adjoining their time derivative to (2.15), and construct W
(2)
i2i

as well as K
(2)
i2

.
The iterative process will terminate at some level M if either i) there are no
further zero modes, or ii) the constraints generated are linear combinations of
the previous ones, and hence lead to gauge identities only. At this point our
algorithm has unravelled all the constraints of the Euler-Lagrange equations of
motion.

We now look for the maximal set of linearly independent gauge identities
generated by the algorithm. At each level `, the elements of this set are of the
form

G(0,n0) := ~v(0;n0) · ~E(0) ≡ 0 , (2.19)

G(`,n`) := ~v(`;n`) · ~E(`) −
`−1∑

`′=0

N̄`′∑

n̄`′=1

M
(`,`′)
n`,n̄`′

φ(`
′;n̄`′ ) ≡ 0 , (2.20)
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where ` = 1, · · · , N`, and where the M
(`,`′)
n`,n`′ are only functions of q and q̇, and

φ(`;n̄`) = ~u(`;n̄`) · ~E(`) ; (n̄` = 1, · · ·, N̄`) (2.21)

are the genuine constraints (depending only on q and q̇) generated by the

algorithm at level `. On the other hand, ~E(`) is given by the N+N̄0+· · ·+N̄`−1

component vector

~E(`) :=




~E(0)

d
dt
~φ(0)

·
·
·

d
dt
~φ(`−1)




, (2.22)

where ~φ(`) is a column vector with N̄` components φ(`;n̄`). Because of (2.21)
and (2.22), we can proceed iteratively to express each of the constraints φ(`;n̄`)

in terms of φ(0;n̄0) = ~u(0;n̄0) · ~E(0) and time derivatives thereof. One then readily
verifies that these constraints are of the form

φ(`;n̄`) =
∑

i

∑̀

m=0

η
(`;n̄`)
mi

dm

dtm
E

(0)
i = 0 .

From here, and the expression (2.22), we conclude that the identities (2.19) are
of the following general form

G(`;n`) =
∑

i

∑̀

m=0

ρ
(`;n`)
mi

dm

dtm
E

(0)
i ≡ 0 ,

where ρ
(`;n`)
mi are in general functions of the coordinates and time derivatives

thereof. It therefore also follows that

M∑

`=0

N∑̀

n`=1

ε(`;n`)(t)G(`;n`) ≡ 0 ,

where the ε(`;n`)(t) are arbitrary functions of time. This identity can be written
in the form ∑

i

δqiE
(0)
i − d

dt
F ≡ 0 , (2.23)

where

δqi =

M∑

`=0

N∑̀

n`=1

∑̀

m=0

(−1)m
dm

dtm

(
ρ
(`;n`)
mi ε(`;n`)(t)

)
, (2.24)
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and F is a function of the coordinates and their time derivatives, as well as
a linear function of the parameters and their derivatives up to order M − 1,
where ` = M is the highest level. Note that the arbitrary functions ε(`;n`)(t)
are labeled by `, and n`. Hence the number of independent functions equals
the number of gauge identities generated by the algorithm. Let us collect the
indices ` and n` into a single index a. Then (2.24) reads

δqi =
∑

m,a

1)m
dm

dtm

(
ρ
(a)
miε

(a)(t)
)
. (2.25)

Now, integrating (2.23) in time from t1 to t2, and using the fact that the total
derivative will not contribute if the ε(`;n̄`)(t) and their derivatives vanish for
t = t1 and t = t2 (implying the vanishing of δqi at the endpoints in (2.11)), we
conclude that the variation (2.25) is a symmetry of the action, and hence of
the Lagrange equations of motion. It should be noted, however, that a term of
the form

∆qi =
∑

j

aijE
(0)
j ,

with an arbitrary antisymmetric tensor aij , can always be added to (2.25), and

it will remain a symmetry transformation, since E
(0)
i ∆qi ≡ 0. These variations,

which vanish on shell, are called “trivial gauge transformations”. They have
no physical significance.

In the following we consider some examples which illustrate the above itera-
tive methods for generating the gauge identities. Since in the first two examples
there exists only one zero mode of the type u or v at each level, we will omit
the indexes n` and n̄` labeling such zero modes at level `.

2.4 Examples

Example 1

Consider once more the Lagrangian (2.3). Let x1 = x and x2 = y. Then

E
(0)
i =

∑

j

W
(0)
ij ẍj +K

(0)
i ,

where

W(0) =

(
1 0
0 0

)

and

K(0) =

(
ẋ2 + x2 − x1
x1 − x2 − ẋ1

)
.
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There exists only a single left zero mode, ~u(0) = (0, 1). Its contraction with
~E(0) does not vanish identically, but generates a constraint:

φ(0) ≡ ~u(0) · ~E(0) = x1 − x2 − ẋ1 = 0 (on shell) . (2.26)

Hence at level zero we have one constraint and no gauge identity. We next
construct ~E(1):

~E(1) =

(
~E(0)

d
dt

(
~u(0) · ~E(0)

)
)

=

(
~E(0)

d
dtE

(0)
2

)
, (2.27)

or, written out explicitly

~E(1) =



ẍ1 + ẋ2 − x1 + x2
x1 − x2 − ẋ1
ẋ1 − ẋ2 − ẍ1


 .

~E(1) can again be written in the form

E
(1)
i1

=
∑

j

W
(1)
i1j
ẍj +K

(1)
i1

,

where the 3× 2 matrix W(1) is given by

W(1) =




1 0
0 0

−1 0


 ,

and

K(1) =



ẋ2 + x2 − x1
x1 − x2 − ẋ1
ẋ1 − ẋ2


 .

The left zero modes of W(1) are given by (0, 1, 0) and (1, 0, 1). The first zero
mode is just the previous zero mode augmented by one zero, and reproduces
the previous constraint. We need not consider it again. The second zero mode
reproduces the (negative) of the constraint (2.26), and is thus of the type v:

~v(1) · ~E(1) ≡ −~u(0) · ~E(0) ,

where ~v(1) = (1, 0, 1). This leads to the gauge identity

G(1) = ~v(1) · ~E(1) + ~u(0) · ~E(0) ≡ 0
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at level 1. Noting from (2.27) that

~v(1) · ~E(1) = E
(0)
1 +

d

dt
E

(0)
2 ,

the above identity takes the form

E
(0)
1 +

d

dt
E

(0)
2 + E

(0)
2 ≡ 0 .

Multiplying this expression by an arbitrary function of time, ε(t), we are led to

εE
(0)
1 − (ε̇ − ε)E

(0)
2 = − d

dt
(εE

(0)
2 ) .

This is of the form ∑

i

E
(0)
i δxi =

dF

dt

with
δx1 = ε , δx2 = ε− ε̇ ,

which agrees with (2.5). This variation leaves the action invariant if ε(ti) = 0
(i = 1, 2).

Example 2

Consider the Lagrangian (2.6). The corresponding Euler derivative has the
form (2.12), with

W (0) =



0 0 0
0 1 0
0 0 1


 ,

and

~K(0) =




q̇2e
q1 − e2q1

q̇3 − q2 − q̇1e
q1

−q̇2


 .

W (0) possesses one left null-eigenvector u(0) = (1, 0, 0), implying a level zero
constraint:

φ(0) ≡ ~u(0) · ~E(0) = eq1(q̇2 − eq1) = 0 (on shell) . (2.28)

Next we search for further functions of the coordinates and velocities which
vanish on shell, i.e. for ~E(0) = 0. To this effect we construct ~E(1) as given by
(2.15):

~E(1) =

(
~E(0)

d
dtφ

(0)

)
. (2.29)
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One then finds that W (1) and ~K(1) in (2.16) are given by

W (1) =




0 0 0
0 1 0
0 0 1
0 eq1 0


 ,

and

~K(1) =




q̇2e
q1 − e2q1

q̇3 − q2 − q̇1e
q1

−q̇2
eq1 q̇1q̇2 − 2q̇1e

2q1


 .

A new left-null eigenvector of W (1) at level one is clearly

~u(1) = (0,−eq1 , 0, 1) ,

and leads to a new constraint

~u(1) · ~E(1) = q̇1φ
(0) + eq1(q2 − q̇3) = 0 . (2.30)

Since φ(0) = 0, we may choose instead for the new constraint function

φ(1) = eq1(q2 − q̇3) = ~u(1) · ~E(1) − q̇1~u
(0) · ~E(0)

=−eq1E(0)
2 +

d

dt
E

(0)
1 − q̇1E

(0)
1 , (2.31)

which also vanishes on the space of solutions. Taking its time derivative, and
constructing ~E(2), W (2) and ~K(2) one obtains

~E(2) =

(
~E(1)

d
dtφ

(1)

)
, (2.32)

W (2) =




0 0 0
0 1 0
0 0 1
0 eq1 0
0 0 −eq1




,

and

~K(2) =

(
~K(1)

eq1(q̇1q2 − q̇1q3 + q̇2)

)
.

The matrix W (2) possesses a new left-zero mode of type v given by ~v(2) =
(0, 0, eq1 , 0, 1). A simple calculation shows that this vector generates a gauge
identity:

~v(2) · ~E(2) − q̇1(~u
(1) · ~E(1)) + q̇21(u

(0) · ~E(0)) ≡ 0 . (2.33)
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The final step now consists in reducing this expression to a form involving only
the Euler derivative ~E(0) and time derivatives thereof. Recalling (2.30) and
(2.28), the gauge identity (2.33) can be rewritten as follows

eq1E
(0)
3 − d

dt

(
eq1E

(0)
2 + q̇1E

(0)
1 − d

dt
E

(0)
1

)
+q̇1

(
eq1E

(0)
2 − d

dt
E

(0)
1

)
+q̇21E

(0)
1 ≡ 0

Multiplying this identity with ε(t) one finds that it can be written in the form
(2.23), with

F =

[
−eq1E(0)

2 − 2q̇1E
(0)
1 +

d

dt
E

(0)
1

]
ε ,

and

δq3 = eq1ε ,

δq2 = eq1(ε̇+ εq̇1) ,

δq1 = ε̈+ 2q̇1ε̇+ εq̈1 + εq̇21 .

By setting ε = e−q1α(t) we retrieve the transformation (2.7). The same would
have been obtained, if we had replaced the constraint (2.28) by φ̃(1) = q̇2− eq1 ,
and allowed ε to be an explicit function of time only. This shows that we must
allow the parameters to depend on time explicitly, as well as implicitly through
the coordinates and their higher derivatives in time. As we have seen in our
example, this is tied to the way we choose to define the constraints. Such
redefinitions evidently presume some regularity conditions, ensuring that such
reparametrizations will not imply the introduction of new constraints. We will
come back to this point in chapter 6.

Example 3

We now consider an example of a system leading to two gauge identities.
The associated symmetry transformations will hence involve two arbitrary
functions. 2

Consider the Lagrangian

L =
1

2
ẋ21 + ẋ1(x2 − x3) +

1

2
(x1 − x2 + x3)

2 .

For the Euler derivative (2.12) one finds that

W (0) =



1 0 0
0 0 0
0 0 0


 ,

2As we will see in chapter 3 this corresponds to the number of “primary” constraints in
the Hamiltonian formalism.
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and

~K(0) =



ẋ2 − ẋ3 − x1 + x2 − x3
x1 − x2 + x3 − ẋ1
x2 − x1 − x3 + ẋ1


 .

The matrix W (0) possesses two obvious (zero level) zero modes, which we now
label as described in section 2:

~u(0,1) = (0, 1, 0)

~u(0,2) = (0, 0, 1) .

Scalar product multiplication of the zero modes with the Euler derivative yields

~u(0.1) · ~E(0) ≡ φ(0,1) ,

~u(0,2) · ~E(0) ≡−φ(0,1) ,

where

φ(0,1) = x1 − x2 + x3 − ẋ1 .

Hence only one new constraint is generated, and we have one gauge identity,

~u(0,1) · ~E(0) + ~u(0,2) · ~E(0) ≡ 0 ,

or

E
(0)
2 + E

(0)
3 ≡ 0 . (2.34)

Proceeding with the Lagrangian algorithm we now construct E(1), W (1) and
~K(1):

~E(1) =

(
~E(0)

d
dtφ

(0,1)

)
,

W (1) =




1 0 0
0 0 0
0 0 0

−1 0 0


 ,

and

~K(1) =

(
~K(0)

ẋ1 − ẋ2 + ẋ3

)
.

W (1) leads to a new zero mode (in addition to those of W (0), augmented by a
zero),

~u(1,1) = (1, 0, 0, 1)
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and to the constraint

φ(1,1) = ~u(1,1) · ~E(1) = E
(1)
1 + E

(1)
4

= ẋ1 − x1 + x2 − x3 = 0 .

We now notice that this is actually no new constraint. In fact

φ(1,1) + φ(0,1) ≡ 0 .

This leads to a new gauge identity,

~u(1,1) · ~E(1) + ~u
(0,1)
1 · ~E(0) = E

(1)
1 + E

(1)
4 + E

(0)
2 ≡ 0 . (2.35)

Multiplying (2.34) and (2.35) by arbitrary functions α(t) and β(t), respectively,

and noting that E
(1)
1 = E

(0)
1 and E

(1)
4 = d

dtE
(0)
2 one is then led to the identity

βE
(0)
1 + (β − β̇ + α)E

(0)
2 + αE

(0)
3 +

d

dt
(βE

(0)
2 ) ≡ 0 .

Comparing this expression with (2.23), we conclude that the following trans-
formations leave the action invariant:

δx1 = β,

δx2 = β − β̇ + α, (2.36)

δx3 = α .

2.5 Generator of gauge transformations and
Noether identities

In the previous section we have related local symmetries of a Lagrangian to
gauge (or Noether) identities. Our method allowed us to unravel systematically
the local symmetries of a given action. In particular this method showed that in
general time derivatives of gauge parameters are involved. The corresponding
infinitesimal transformations (2.25) can also be written in the form

δqi(t) =

∫
dt′ Ria(t, t

′)ε(a)(t′) (2.37)

where Ria(t, t
′) is a local kernel (generating function) whose explicit form can

be read off from (2.25).
We now show that the operators

Γa(t
′) = −i

∫
dt Ria(t, t

′)
δ

δqi(t)
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can be regarded as the generators of the infinitesimal gauge transformation
(2.25). 3 For this it is convenient to compactify the notation by absorbing the
time-dependences into the respective discrete indices ((i, t) → i; (a, t) → a),
and omitting the integral-sign, which now becomes part of the summations. In
this notation the variation of the action (2.8) becomes

δS = −E(0)
i Riaε

a .

With “essential” parameters εa it follows that for a symmetry transformation
(i.e., for δS = 0) we have the Noether identities 4

E
(0)
i Ria ≡ 0 . (2.38)

Similarly, following this notation, the infinitesimal transformations (2.37) can
be written in the form

δqi = iεaΓaqi ,

where

Γa = −iRja
δ

δqj
.

A finite gauge transformation is then given by

~q → ~G(λ)(~q) = eiλ
aΓa~q .

The commutator of two generators can now be easily computed, 5

[Γa,Γb] =−[Ria
δ

δqi
, Rjb

δ

δqj
]

=−Ria
(
δ

δqi
Rjb

)
δ

δqj
+Rjb

(
δ

δqj
Ria

)
δ

δqi

= riab
δ

δqi
,

where

riab =

(
Rjb

δ

δqj
Ria −Rja

δ

δqj
Rib

)
. (2.39)

3We follow here [Gitman 1990].
4By “essential parameters” we mean, that the matrix Ri

a possesses no right zero modes.
In this case the theory is called “irreducible”. This is the case for our systematic construction,
where all gauge identities are linearly independent. If the above matrix possesses right zero
modes, then the number of Noether identities is reduced. One then distinguishes between
“first stage”, “second stage”, etc. reducible theories (see [Gomis 1995]). Here we will consider
only the irreducible case.

5We made use of the functional-derivative notation in order to remind the reader that the
labels i, a etc. also include a continuous time variable. Thus summations will also include
time-integrals.
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By differentiating the Noether identities (2.38) with respect to qj we obtain
further useful identities:

δ2S

δqjδqi
Ria +

δS

δqi

δRia
δqj

≡ 0 . (2.40)

From here we see that on the space of physical trajectories ( δSδqi = 0), δ2S
δqiδqj

is

degenerate, with Rja the right zero modes.
From the identities (2.40) and the definition (2.39), it follows that

δS

δqi
riab = 0 ,

or
E

(0)
i riab = 0 .

Hence (2.39) is also a generating function and will be of the form

riab = f cabR
i
c + T iab , (2.41)

where
T iab = aijabE

(0)
j ,

with aijab an antisymmetric tensor in the upper indices. We thus arrive at the
algebra

[Γa,Γb] = if cabΓc + T iab
δ

δqi
.

The second term on the rhs of (2.41) has the form of a trivial gauge transfor-

mation since E
(0)
i T iab ≡ 0 by construction. If this term is absent, then

[Γa,Γb] = if cabΓc , (2.42)

and one speaks of a “closed algebra”. If the structure functions f cab depend on
the “fields” qi, one speaks of a “quasi group”. In the case where f cab = const.,
then one has a Lie algebra, and the finite transformations form a Lie group.

Under finite gauge transformations ~q → ~G(λ)(~q), an arbitrary function of ~q
transforms as

F (~q) → F (~G(λ)(~q)) = eiλ
aΓaF (~q) .

In particular, for F = [ δSδqi ]~q→~G(λ)(~q)
and λ infinitesimal, we have that

δS

δqi

∣∣∣∣
q→Gε(q)

≈
(
1 + εaRja

δ

δqj

)
δS

δqi
.
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Making use of the gauge identity (2.40),

δS

δqi

∣∣∣∣
~q→~Gε(~q)

≈
(
δji − εa

δRja
δqi

)
δS

δqj
.

Hence it follows that

δS

δqj
= 0 =⇒ δS

δqj

∣∣∣∣
~q→~Gλ(~q)

= 0 ;

i.e., the gauge identity (2.40) implies that if qi is a possible trajectory, then

this will also be the case for ~q → ~G(λ)(~q), for any λ.



Chapter 3

Hamiltonian Approach.
The Dirac Formalism

3.1 Introduction

The quantization of non-singular systems is in principle straightforward. The
classical Hamilton equations of motion are first written in Poisson bracket form.
The corresponding quantum version is then obtained by replacing the Poisson
brackets, multiplied by ih̄, by commutators of the corresponding operators.
On the other hand, the quantization of singular systems is non-trivial. This
chapter is devoted to the introduction of the classical Hamiltonian framework
within which such systems can be dealt with. This - as we have already pointed
out - is not just an academic exercise, since all gauge field theories fall into the
class of singular systems. The following discussion is based on the work of
Dirac [Dirac 1950, 1964]. For further literature we refer the reader to [Hansen
1976, Sundermeyer 1982, Gitman 1990, Henneaux/Teitelboim 1992].

3.2 Primary constraints

Consider a system with a finite number of degrees of freedom {qi}, whose
dynamics is governed by a Lagrangian L(q, q̇) ≡ L({qi}, {q̇i}). To arrive at
a phase space formulation of the equations of motion one must construct the
corresponding Hamiltonian. To this effect one first introduces the momenta
canonically conjugate to the “coordinates” qj ,

pj =
∂L(q, q̇, t)

∂q̇j
. (3.1)



3.2 Primary constraints 25

For non-singular systems these equations allow one to express the velocities q̇i
in terms of the canonical variables:

q̇i = fi(q, p) .

The canonical Hamiltonian is then obtained by performing a Legendre trans-
formation 1

Hc(q, p) =
∑

i

pifi(q, p)− L(q, f(q, p)) ,

where the velocities have been expressed in terms of the canonical momenta
and coordinates. The Hamilton equations of motion are then first order in the
time derivative and take the standard form.

For the velocities to be expressible in terms of the coordinates and momenta
one must have that det W 6= 0, where the matrix W is the “Hessian” (2.2).
In this case, as we have seen in chapter 2, the accelerations q̈i are uniquely
determined by {qi} and {q̇i}. On the other hand, if det W = 0, then W is
not invertible. In this case the Hamilton equations of motion do not take the
standard form and one speaks of a singular Lagrangian.

For the time being we shall assume that we are dealing with a finite num-
ber of degrees of freedom. The results can then, at least formally, be easily
generalized to systems with a non-denumerable number of degrees of freedom.

Consider the Lagrangian

L =
1

2

n∑

i,j=1

Wij(q)q̇iq̇j +
∑

i

ηi(q)q̇i − V (q) . (3.2)

Since Wij is a symmetric matrix, the canonical momenta are given by

pi =
∑

j

Wij(q)q̇j + ηi(q) . (3.3)

If W is an n×n singular matrix (i.e. det W = 0) of rank RW , then it possesses
n − RW eigenvectors with vanishing eigenvalue. Label these eigenvectors by
~v(α). Then ∑

j

Wij(q)v
(α)
j (q) = 0 , α = 1, · · ·, n−RW .

It then follows from (3.3) that there exist n−RW constraints

∑

i

v
(α)
i (q)(pi − ηi(q)) = 0 ,

1In this chapter we use throughout lower indices for convenience, at the expense of intro-
ducing explicitly summation signs.
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which follow solely from the definition of the canonical momenta (3.1). Let
{pa} denote a set of RW linearly independent momenta. The remaining set of
n−RW momenta we denote with a Greek subscript: {pα}. Then the constraint
equations will be of the form

∑

β

Mαβ(q)pβ − Fα(q, {pa}) = 0 (3.4)

with

Mαβ(q) = v
(α)
β (q) ,

and

Fα(q, {pb}) =
∑

i

v
(α)
i (q)ηi(q)−

∑

b

v
(α)
b (q)pb .

M is necessarily an invertible matrix since, if the determinant of M would
vanish, thenM would possess eigenvectors with vanishing eigenvalues, implying
the existence of further constraints. Hence the number of constraints would be
larger than n−RW .

Since det M 6= 0, the constraints (3.4) can also be written in the standard
form

φα(q, p) := pα − gα(q, {pa}) = 0 , (3.5)

where

gα =
∑

β

M−1
αβ Fβ .

Written in this form, the label α on the constraint φα is that of the momentum
pα, conjugate to the velocity q̇α. The constraints (3.5) are referred to in Dirac’s
terminology as primary constraints. They follow solely from the definition of
the canonical momenta, without making use of the equations of motion. The
primary constraints have no analog on the Lagrangian level. On the Hamilto-
nian level they define a 2n− (n−RW ) = n+RW -dimensional subspace ΓP of
the 2n-dimensional phase space.

Although the above considerations have been based on a Lagrangian quadratic
in the velocities, (3.5) is generally valid for Lagrangians which depend only on
q and q̇, and no higher derivatives of q (the Hessian (2.2) can thus in principle
also depend on the velocities). This can be seen as follows:

Let Wab, (a, b = 1, · · ·, RW ) be the largest invertible submatrix of Wij ,
where a suitable rearrangement of the components has been carried out. We
can then solve eqs. (3.1) for RW velocities q̇a in terms of the coordinates qi,
the momenta {pa} and the remaining velocites {q̇α}:

q̇a = fa(q, {pb}, {q̇β}) , a, b = 1, ..., RW ; β = RW + 1, ..., n . (3.6)
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Inserting this expression into (3.1), one arrives at a relation of the form,

pj = hj(q, {pa}, {q̇α}) .

For j = a (a = 1, · · · , RW ) this relation must necessarily reduce to an identity.
The remaining equations read

pα = hα(q, {pa}, {q̇β}) .

But the rhs cannot depend on the velocities q̇β, since otherwise we could express
still more velocities from the set {q̇α} in terms of the coordinates, the momenta
and the remaining velocities, which is not possible.

We now embarque on the construction of the Hamilton equations of mo-
tion for such a constraint system, following first a conventional approach, and
thereafter another line of reasoning, which emphasizes the role played by the
zero modes of W .

3.3 The Hamilton equations of motion

We first prove the following propositions [Sudarshan 1974]:

Proposition 1

On the subspace ΓP defined by (3.5), the canonical Hamiltonian is only a
function of the coordinates {qi} and the momenta {pa}; i.e., it does not depend
on the velocities {q̇α}.
Proof

Consider the canonical Hamiltonian on the subspace ΓP :

H0 ≡ Hc|ΓP =
∑

a

pafa +
∑

a

gαq̇α − L(q, {fb}, {q̇β}) , (3.7)

where we have used (3.5) and (3.6). The rhs of (3.7) defines a function which
in principle depends on {qi}, {pa} and the velocities {q̇α}. We wish to show
that H0 does not depend on the velocities {q̇α}. Indeed

∂H0

∂q̇β
=
∑

a

pa
∂fa
∂q̇β

+ gβ −
(
∂L

∂q̇a

)

q̇a=fa

∂fa
∂q̇β

−
(
∂L

∂q̇β

)

q̇a=fa

=
∑

a

(
pa −

(
∂L

∂q̇a

)

q̇a=fa

)
∂fa
∂q̇β

+

(
gβ −

(
∂L

∂q̇β

)

q̇a=fa

)
= 0 .



28 Hamiltonian Approach. The Dirac Formalism

Hence it follows that
H0 = H0(q, {pa}) . (3.8)

Note that we have not used the Lagrange equations of motion in the proof.

Proposition 2

In the presence of primary constraints (3.5), the Hamilton equations of motion
read:

q̇i =
∂H0

∂pi
+
∑

β

q̇β
∂φβ
∂pi

,

ṗi = −∂H0

∂qi
−
∑

β

q̇β
∂φβ
∂qi

, (3.9)

φα(q, p) = 0 ,

where the q̇β are (a priori) undetermined velocities. Note that we are only
allowed to set φα = 0 after having performed the partial differentiations.

Proof

From (3.7) we obtain, using the fact that H0 does not depend on q̇α,

∂H0

∂pa
= fa +

∑

b

pb
∂fb
∂pa

+
∑

β

∂gβ
∂pa

q̇β −
(
∂L

∂q̇b

)

q̇a=fa

∂fb
∂pa

,

or
∂H0

∂pa
= q̇a +

∑

β

∂gβ
∂pa

q̇β . (3.10)

Furthermore

∂H0

∂qi
=
∑

b

pb
∂fb
∂qi

+
∑

β

∂gβ
∂qi

q̇β −
(
∂L

∂qi

)

q̇a=fa

−
∑

b

(
∂L

∂q̇b

)

q̇b=fb

∂fb
∂qi

=−
(
∂L

∂qi

)

{q̇a=fa}
+
∑

β

∂gβ
∂qi

q̇β

=−
(
d

dt

∂L

∂q̇i

)

{q̇a=fa}
+
∑

β

∂gβ
∂qi

q̇β ,

or
∂H0

∂qi
= −ṗi +

∑

i

∂gβ
∂qi

q̇β . (3.11)
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Note that this time we have made use of the Euler-Lagrange equations of
motion.

Equations (3.10) and (3.11) are asymmetric in the number of coordinates
and momenta, and their time derivatives. A more symmetric form is obtained
by noting that H0 does not depend on {pα}. Making use of the definition of
φα (cf. eq. (3.5)) we first rewrite the above equations as follows:

q̇a =
∂H0

∂pa
+
∑

β

q̇β
∂φβ
∂pa

, (3.12)

ṗi = −∂H0

∂qi
−
∑

β

q̇β
∂φβ
∂qi

. (3.13)

Because ∂H0

∂pα
= 0, and

∂φβ
∂pα

= δβα, we can supplement these equations by the
identities

q̇α ≡ ∂H0

∂pα
+
∑

β

q̇β
∂φβ
∂pα

.

Adjoining these equations to (3.12), we arrive at (3.9).
It is not obvious that the equations for q̇i and ṗi are consistent with the

primary constraints (3.5). Thus, for consistency we must also have

ṗα =
d

dt
gα(q, {pa}) ,

where ṗα is given by the rhs of (3.13), together with the primary constraints.
This may lead to so-called “secondary constraints”. These constraints must in
turn be consistent with the equations of motion and primary constraints (and
so forth). We shall soon look at this problem in more detail. In fact, as we
will see, the full set of Lagrange equations of motion will only become manifest
on Hamiltonian level once secondary constraints are taken into account. This
does not mean, however, that they must be added explicitly to the Hamilton
equations of motion (3.9), since they are hidden in the primary constraints,
which are required to hold for all times.

3.3.1 Streamlining the Hamilton equations of motion

For the following discussion it is useful to introduce the concept of a weak
equality as defined by Dirac:

Definition: f is weakly equal to g (f ≈ g) if f and g are equal on the subspace
defined by the primary constraints φβ = 0: f |ΓP = g|ΓP .
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In the following f(q, p) ≈ g(q, p) will thus be a short hand for the following
set of equations,

f(q, p) = g(q, p) , φα(q, p) = 0 .

With this definition we can write the Hamilton equations (3.9) in the form

q̇i ≈
∂HT

∂pi
, ṗi ≈ −∂HT

∂qi
, (3.14)

where the “total Hamiltonian” HT is defined by

HT = H0 +
∑

α

vαφα . (3.15)

Note that the derivatives in (3.14) do not act on the vα since the expressions
are to be evaluated on the primary constrained surface, as is implied by the
“weak equality” sign. In fact, since the “velocities” vα are a priori not given
functions of the canonical variables, the action of the derivatives would not
even be defined.

Making use of the definition of “weak equality”, we can further relax the
definition of HT . To this end we first prove the following proposition: [Sudar-
shan 1974]:

Proposition 3

If f and h are two functions defined over the entire phase space Γ, spanned by
{qi} and {pi}, and if f(q, p)|ΓP = h(q, p)|ΓP , then

∂

∂qi


f −

∑

β

φβ
∂f

∂pβ


 ≈ ∂

∂qi


h−

∑

β

φβ
∂h

∂pβ




∂

∂pi

(
f −

∑

p

φβ
∂f

∂pβ

)
≈ ∂

∂pi


h−

∑

β

φβ
∂h

∂pβ


 (3.16)

Proof:

Consider two functions f(q, {pa}, {pα}) and h(q, {pa}, {pα}). By assumption,

f(q, {pa}, {gα}) = h(q, {pa}, {gα})

where we made use of (3.5). From here it follows that

 ∂f

∂qi
+
∑

β

∂f

∂pβ

∂gβ
∂qi




ΓP

=


 ∂h

∂qi
+
∑

β

∂h

∂pβ

∂gβ
∂qi




ΓP
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and 
 ∂f

∂pa
+
∑

β

∂f

∂pβ

∂gβ
∂pa




ΓP

=


 ∂h

∂pa
+
∑

β

∂h

∂pβ

∂gβ
∂pa




ΓP

.

Making use of (3.5), and of the definition of the weak equality, these equations
can also be written in the form

∂

∂qi


f −

∑

β

φβ
∂f

∂pβ


≈ ∂

∂qi


h−

∑

β

φβ
∂h

∂pβ


 ,

∂

∂pa


f −

∑

β

φβ
∂f

∂pβ


≈ ∂

∂pa


h−

∑

β

φβ
∂h

∂pβ


 .

Finally, since
∂φβ
∂pα

= δβα we also trivially have that

∂

∂pα


f −

∑

β

φβ
∂f

∂pβ


 ≈ ∂

∂pα


h−

∑

β

φβ
∂h

∂pβ


 .

Hence we are led to (3.16).

Corollary:

From (3.16) it follows in particular that

q̇i ≈
∂H

∂pi
+
∑

β

vβ
∂φβ
∂pi

,

ṗi ≈ −∂H
∂qi

−
∑

β

vβ
∂φβ
∂qi

, (3.17)

where H ≈ H0, and v
β are undetermined parameters.

Proof:

Consider two functions H({qi}, {pi}) and H0({qi}, {pa}), satisfying
H({qi}, {pi}) ≈ H0({qi}, {pa}).

Setting f = H0 and h = H in (3.16), it follows from (3.8) that

∂H0

∂qi
≈ ∂

∂qi

(
H −

∑

ρ

φβ
∂H

∂pβ

)
,

∂H0

∂pi
≈ ∂

∂pi

(
H −

∑

ρ

φβ
∂H

∂pβ

)
.
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Inserting these expressions in (3.9), we obtain

q̇i ≈
∂

∂pi


H −

∑

β

φβ
∂H

∂pβ


+

∑

β

q̇β
∂φβ
∂pi

,

ṗi ≈− ∂

∂qi


H −

∑

β

φβ
∂H

∂pβ


−

∑

β

q̇β
∂φβ
∂qi

.

These expressions can also be written in the form 2

q̇i ≈
∂

∂pi


H +

∑

β

(
q̇β − ∂H

∂pβ

)
φβ


 ,

ṗi ≈− ∂

∂qi


H +

∑

β

(
q̇β − ∂H

∂pβ

)
φβ


 .

Defining

vβ := q̇β − ∂H

∂pβ
, (3.18)

equations (3.17) follow. These equations can also be written in the form

q̇i ≈
∂HT

∂pi
, ṗi ≈ −∂HT

∂qi
, (3.19)

where HT is the total Hamiltonian (3.15) with H0 replaced by H :

HT = H +
∑

β

vβφβ , H ≈ H0 . (3.20)

Hence the Hamilton equations of motion take a form analogous to those for an
unconstrained system. The canonical Hamiltonian is merely replaced by the
total Hamiltonian (3.20), where H(q, p) is now any function of the canonical
variables which on the primary constrained surface ΓP reduces to the canonical
Hamiltonian evaluated on this surface. Note that in the case where H = H0

we have from (3.18) and (3.8) that vβ = q̇β.

Equations (3.19) can also be written in Poisson bracket form. Defining the
Poisson bracket of A(q, p) and B(q, p) in the usual way, 3

{A,B} =
∑

i

(
∂A

∂qi

∂B

∂pi
− ∂A

∂pi

∂B

∂qi

)
(3.21)

2Note again that the action of the partial derivatives on the q̇α’s is not defined. Such terms
are however proportional to the constraints and therefore vanish on the primary surface.

3In this chapter we restrict ourselves to commuting c-number variables.
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we have that
q̇i ≈ {qi, HT } , ṗi ≈ {pi, HT } . (3.22)

For later purposes we recall some fundamental properties of Poisson brackets:

i) Antisymmetry
{f, g} = −{g, f}

ii) Linearity
{f1 + f2, g} = {f1, g}+ {f2, g}

iii) Associative product law

{f1f2, g} = f1{f2, g}+ {f1, g}f2

iv) Jacobi-identity (bosonic)

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 . (3.23)

From these properties it follows that for any function of the phase space vari-
ables F (q, p),

Ḟ ≈ {F,HT } .

3.3.2 Alternative derivation of the Hamilton equations

Before proceeding with our Hamiltonian analysis of singular systems, it is in-
structive to rederive the above equations of motion by starting from a non-
singular Lagrangian depending on one or more parameters, for which the
Hamilton equations of motion are the standard ones, and which reduces to the
singular Lagrangian of interest by taking an appropriate limit [Rothe 2003a].
This, as we shall see, will also shed light on the role played by the primary
constraints.

Consider the following Lagrangian,

L =
1

2

∑

i,j

Wij(q;α)q̇iq̇j −
∑

i

ηi(q)q̇i − V (q) , (3.24)

where q stands for the set of coordinates {qi}, and α stands collectively for
a set of parameters. For α 6= αc we assume that det W 6= 0, so that we are
dealing with a non-singular system. We assume that the singular system of
interest is realized for α = αc (the subscript c stands for “critical”), where
det W (q;αc) = 0. 4 Our aim is to derive the Hamilton equations of motion

4Clearly the form of (3.24) is not unique.
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for the singular system, by taking the limit α→ αc of the Hamilton equations
following from (3.24).

For α 6= αc, one has for the Legendre transform of (3.24) the canonical
Hamiltonian,

Hc =
1

2

∑

i,j

(pi + ηi)W
−1
ij (pj + ηj) + V (q) , (3.25)

where the canonical momenta are related to the velocities by

pi =
∑

j

Wij(q;α)q̇j − ηi(q) . (3.26)

The symmetric matrix W can be diagonalized by an orthogonal transforma-
tion W → WD = CTWC. In terms of the eigenvalues and orthonormalized
eigenvectors, W can be written in the form

Wij =
∑

`

λ` v
(`)
i v

(`)
j ,

where
W (q;α)~v(`)(q;α) = λ`(q;α)~v

(`)(q;α) , (3.27)

and where by assumption, λ`(q;α) 6= 0 for α 6= αc. Correspondingly W−1
ij is

obtained by making the replacement λ` → 1
λ`
. The Hamiltonian (3.25) is thus

given by

Hc =
1

2

∑

`

1

λ`
φ2` + V (q) , (3.28)

where
φ`(q, p;α) := (~p+ ~η(q)) · ~v(`)(q;α) . (3.29)

For α 6= αc the Hamilton equations of motion then take the form

q̇i =
∂Hc

∂pi
=
∑

`

1

λ`
φ`
∂φ`
∂pi

, (3.30)

ṗi = −∂Hc

∂qi
= −1

2

∑

`

∂

∂qi

(
1

λ`
φ2`

)
− ∂V

∂qi
. (3.31)

Consider now the limit α → αc where det W → 0. Let {λ`0} denote the set of
eigenvalues which vanish in this limit. In order to implement the limit we first
write (3.30) and (3.31) in the form

q̇i =
∑

` 6={`0}

1

λ`
φ`
∂φ`
∂pi

+
∑

`0

1

λ`0
φ`0

∂φ`0
∂pi

, (3.32)
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ṗi = −1

2

∑

` 6={`0}

∂

∂qi

(
1

λ`
φ2`

)
− 1

2

∑

`0

∂

∂qi

(
1

λ`0
φ2`0

)
− ∂V

∂qi
. (3.33)

From (3.29), (3.26) and (3.27) we have that

φ`0 =
∑

i,j

v
(`0)
i Wij q̇j = λ`0(~v

(`0) · ~̇q) . (3.34)

Hence

lim
α→αc

1

λ`0
φ`0 = ρ`0(q, q̇;αc) , (3.35)

where
ρ`0(q, q̇;αc) = ~̇q · ~v(`0)(q;αc) . (3.36)

Note that the finiteness of the velocities in (3.34) implies that

φ`0(q, p, αc) = 0 , (3.37)

where φ`0 is given by (3.29) with ` = `0. These are just the primary constraints.
Hence for α→ αc, equation (3.32) reduces to

q̇i =
∑

` 6={`0}

(
1

λ`
φ`
∂φ`
∂pi

)

α=αc

+
∑

`0

ρ`0

(
∂φ`0
∂pi

)

α=αc

(3.38)

with ρ`0 given by (3.36). Consider next eqs. (3.33). Again making use of (3.35)

and the fact that
∂λ`0
∂qi

|α=αc = 0, these reduce for α→ αc to

ṗi = −1

2

∑

` 6={`0}

[
∂

∂qi

(
1

λ`
φ2`

)]

α=αc

−
∑

`0

ρ`0

(
∂φ`0
∂qi

)

α=αc

− ∂V

∂qi
, (3.39)

where use has been made of (3.36).
We now notice that the first sum on the rhs of eqs. (3.38) and (3.39) are

just given by ∂H0

∂pi
and −∂H0

∂qi
, whereH0 is the Hamiltonian obtained from (3.28)

by taking the limit α → αc:

H0 =
1

2

∑

` 6=`0

1

λ`(q, αc)
φ2` (q, p;αc) + V (q) (3.40)

Here use has again been made of the fact that limα→αc
φ`0
λ`0

is finite, as well as

of (3.37). H0 is just the canonical Hamiltonian derived from the (3.24) with
α = αc, evaluated on the surface (3.37). Hence, together with the constraint
equations (3.37), the equations of motion (3.38) and (3.39) take the form

q̇i ≈
∂HT

∂pi
, ṗi ≈ −∂HT

∂qi
(3.41)
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where
HT = H0 +

∑

`0

ρ`0φ`0 ,

is the total Hamiltonian, and ρ`0 are the projections of the velocities on the zero
modes (3.36). Hence we have obtained the Hamilton equations of motion for a
constrained system in the form given by Dirac, by taking the limit α → αc of
the equations of motion for an unconstrained system. The primary constraints
are just the statement that the projected velocities (3.36) are finite in this limit.

The primary constraints themselves have no analog on the Lagrangian level
but allow us to recover the connection between momenta and velocities (3.26)
for α = αc, needed to express the Hamilton equations of motion in terms of
Lagrangian variables. Thus from (3.38), (3.36) and (3.29) it follows that

q̇i =
∑

` 6={`0}

1

λ`
φ`v

(`)
i +

∑

`0

(~̇q · v(`0))v(`0)i , (3.42)

where the rhs is evaluated at α = αc. Define the matrixW ′
ij =

∑
` 6={`0} λ`v

(`)
i v

(`)
j .

From (3.42), and making use of (3.29) and (3.37) we have,

∑

j

W ′
ij(q, αc)q̇j =

∑

` 6=`0
φ`(q, p, αc)v

(`)
i

=
∑

`,j

(p+ η)jv
(`)
i v

(`)
j = (p+ η)i ,

where in the last step we made use of the primary constraints, in order to
extend the sum on the rhs over all `, and have then used the completeness
relation for the eigenvectors. Since W ′ = W (q, αc) we have thus recovered
(3.26).

Equations (3.41), together with the primary constraints, do not directly
yield the complete set of Lagrange equations of motion. These follow by also
requiring the persistance in time of the primary constraints, which may lead to
secondary constraints that must in turn be satisfied for all times. The persis-
tence of the primary constraints yields on Lagrange level equations involving
only coordinates and velocities. These are part of the Euler-Lagrange equations
of motion. From the point of view taken in this section, that the equations of
motion are obtained by a limiting procedure from those of an unconstrained
system, the persistence of the primary constraints follow from the requirement
that also the accelerations remain finite in the limit α → αc. Thus for α 6= αc
we have from (3.34) that φ`0 = λ`0 ~̇q · ~v(`0). Taking the time derivative of this
expression, and noting that λ`0(q, α), and ∂iλ`0(q, α) both vanish in the limit
α → αc, we conclude that φ̇`0(q, p, αc) = 0. This requirement must be imposed
to yield the missing Euler-Lagrange equation.
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3.3.3 Examples

Let us consider some simple, but instructive examples.

Example 1

Consider the Lagrangian

L =
1

2
ẋ2 + ẋy − 1

2
(x− y)2 . (3.43)

This Lagrangian is singular sinceW has rank RW = 1. The Lagrange equations
of motion read

ẍ = y − x− ẏ , (3.44)

ẋ = y − x . (3.45)

The last equation relates the velocity ẋ to the coordinates at any time. It there-
fore has the form of a constraint. In fact, as we shall see below it corresponds
to a so-called secondary constraint on Hamiltonian level.

So far only ẋ is determined in terms of the coordinates. But the consistency
of the above two equations leads to

ẏ = y − x . (3.46)

Note that this equation is not part of the Euler-Lagrange equations of motion,
but is implied by their consistency. We will see soon what is the analogous
statement on the Hamiltonian level. Although both equations, (3.45) and (3.46)
relate velocities to the coordinates at arbitrary time, and therefore appear to
be constraints, only the first one is actually a constraint on Hamiltonian level,
as we shall see below.

To arrive at a Hamiltonian formulation we first compute the canonical mo-
menta,

px = ẋ+ y , py = 0 .

The equation py = 0 is a primary constraint, since it follows directly from the
definition of the canonical momenta. The canonical Hamiltonian evaluated on
the constrained surface py = 0 reads

H0 =
1

2
(px − y)2 +

1

2
(x− y)2 ,

and the total Hamiltonian HT is given by

HT = H0 + vpy .
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From (3.14) we are thus led to the following equations of motion

ẏ = v (3.47)

ẋ = px − y , ṗx = y − x (3.48)

ṗy = px + x− 2y (3.49)

py = 0 . (3.50)

Equations (3.48) are equivalent to the Lagrange equation of motion (3.44). The
other Euler Lagrange equation (3.45) does not appear at this stage. But by
requiring that the primary constraint (which has no analog in the Lagrangian
formulation) must hold for all times, i.e. ṗy ≈ {py, HT } ≈ 0, and making use
of (3.49), we generate a new constraint

px + x− 2y = 0 . (3.51)

According to Dirac’s terminology this is a secondary constraint. Equation
(3.48) now allows us to rewrite the above equation in terms of Lagrangian vari-
ables. This leads to (3.45), so that we retrieved the complete set of Lagrangian
equations of motion. On the other hand, eq. (3.46) is not one of the Lagrange
equations of motion, but is merely implied by their consistency. On the Hamil-
tonian level this equation follows by requiring the persistence in time of the
secondary constraint, i.e., ṗx + ẋ − 2ẏ = 0. Together with (3.48) and (3.45),
this leads to (3.46), which in turn fixes that Lagrange multiplier v in (3.47).
Thus in this example the persistence in time of the secondary constraint did
not produce a new constraint, but rather fixed the Lagrange multiplier, which
now becomes a function of the canonical variables. 5

Example 2

Let us now see what happens if we merely change the sign of the last term on
the rhs of the Lagrangian (3.43):

L =
1

2
ẋ2 + ẋy +

1

2
(x− y)2 . (3.52)

This is again a singular Lagrangian involving one primary constraint py = 0.
The total Hamiltonian is given by

HT =
1

2
p2x −

1

2
x2 − ypx + xy + vpy .

5As we shall see soon, this is due to the fact that the constraints generated form a so-called
“second class” system.
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The equations of motion, together with the primary constraint, read

ẋ= px − y , ẏ = v ,

ṗx = x− y , ṗy = px − x

py = 0 .

Persistence of the primary constraint leads to the secondary constraint

px − x = 0 .

Requiring persistence of this secondary constraint just reproduces the same
constraint, so that there are no further constraints. Note that in contrast to
the previous example, the velocity ẏ is left undetermined. The origin of this
was a simple reversal in the sign of the last term in (3.43). The fact that
the velocity ẏ is left undetermined signalizes, as we shall see later, that the
Lagrange equations of motion possess a local symmetry.

Example 3

Consider the Lagrangian (2.6), i.e.,

L =
1

2
(q̇2 − eq1)2 +

1

2
(q̇3 − q2)

2 .

The Lagrange equations of motion read

q̇2 = eq1 , q̈3 − q̇2 = 0 ,
d

dt
(q̇2 − eq1) = q2 − q̇3 .

They are equivalent to the set

q̇2 − eq1 = 0 ,
q̇3 − q2 = 0 . (3.53)

The canonical momenta are given by

p1 = 0 ,

p2 = q̇2 − eq1 , (3.54)

p3 = q̇3 − q2 .

The first equation represents a primary constraint. The total Hamiltonian is
thus given by

HT =
1

2
p22 +

1

2
p23 + eq1p2 + q2p3 + vp1 .
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The Hamilton equations of motion read

q̇1 = v ; q̇2 = p2 + eq1 ; q̇3 = p3 + q2 ,

ṗ1 =−eq1p2 ; ṗ2 = −p3 ; ṗ3 = 0 , (3.55)

together with the primary constraint p1 = 0. From the persistence of the
primary constraint, i.e. ṗ1 = 0, we conclude from (3.55) that p2 = 0. This
is a secondary constraint. Note that this new constraint generates via (3.54)
the first Lagrange equation of motion in (3.53), as expected. Persistence of
the secondary constraint leads, according to (3.55) to the tertiary constraint
p3 = 0. Again making use of (3.54) this yields the second Lagrange equation of
motion in (3.53). Hence in this example, the primary, secondary and tertiary
constraints yield the full set of Lagrange equations of motion, and the Lagrange
multiplier v in the Hamilton equations of motion remains undetermined. 6 We
emphasize that, although the secondary constraints are hidden in the Hamilton
equations of motion, which include in principle only the primary constraints,
it will be important to make all the constraints manifest before embarking on
the quantization of the theory.

So far we have considered systems with only a few degrees of freedom.
The following example illustrates the case of a system with a non-denumerable
number of degrees of freedom. At the same time it demonstrates how the
Hamilton equations of motion can be derived by a limiting procedure from a
non-singular Lagrangian, as discussed in the previous section.

Example 4

Consider the singular Lagrangian of the pure U(1) Maxwell theory in the ab-
sence of sources:

L[Aµ, Ȧµ] = −1

4

∫
d3xFµνF

µν , (3.56)

where Fµν = ∂µAν − ∂νAµ. The discrete index i in qi is now replaced by a
continuous index ~x and a discrete Lorentz index, i.e. qi(t) → Aµ(~x, t).

Consider further the non-singular Lagrangian

L[Aµ, Ȧµ] = −1

4

∫
d3xFµνF

µν +
1

2
α

∫
d3x (Ȧ0)2 ,

which for α→ 0 reduces to (3.56). This (non-covariant) choice is of course only
a question of simplicity. Any other non-singular Lagrangian reducing to (3.56)

6All constraints which are not primary, will be referred to from here on simply as secondary
constraints.
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in the appropriate limit would be just as acceptable. The canonical momenta
conjugate to Aµ are given by

πµ = F 0µ + αδµ0∂0A
0 .

The Lagrangian written in the analogous form to (3.24) is

L =

∫
d3x d3y

[
1

2
Ȧµ(x)Wµν (x, y)Ȧ

ν (y)

]
−
∫
d3x ηµ(A(x))Ȧ

µ(x)− V [A]

where x0 = y0,

ηµ :=
(
0,−~∇A0

)
,

and the matrix elements of the symmetric matrix W read

W0i(~x, ~y) = 0 ,

W00(~x, ~y) = αδ(3)(~x− ~y) ,

Wij(~x, ~y) = δijδ
(3)(~x− ~y) .

The potential V [A] is given by

V [A] =

∫
d3x

(
1

4
FijF

ij − 1

2
(~∇A0)2

)
,

and the canonical momenta, analogous to (3.26) are

πµ(x) =

∫
d3y Wµν(x, y)Ȧ

ν(y)− ηµ(A(x)) .

The matrixW possesses the following eigenvectors, ~v(λ,~z), labeled by a discrete
and continuous index,

v(λ,~z)ν (~x) = δλνδ
(3)(~x− ~z) , (3.57)

and the corresponding eigenvalues of W are given by

λ(0,~z) = α ; λ(i,~z) = 1 , (i = 1, 2, 3) .

The canonical Hamiltonian takes the form

Hc =
1

2

∑

i

∫
d3z

[∫
d3x (πµ(x) + ηµ(x)) v

(i,~z)
µ (~x)

]2

+
1

2

∫
d3z

1

α

[∫
d3x (πµ(x) + ηµ(x)) v

(0,~z)
µ (~x)

]2
+ V [A] ,
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where ηµ(x) ≡ ηµ(A(x)). This is the analog of (3.28). Upon making use of
(3.57), Hc reduces to

Hc =
1

2

∑

i

∫
d3x (πi + ηi)

2 +
1

2

∫
d3x

1

α
(π0 + η0)

2 + V [A] ,

and the Hamilton equations of motion read

Ȧ0 =
δHc

δπ0(x)
=
π0
α
,

Ȧi =
δHc

δπi(x)
= πi + ∂iA0 ,

π̇0 =− δHc

δA0(x)
= −~∇ · ~π ,

π̇i =− δHc

δAi(x)
= −∂jF ji .

For finite Ȧ0 the first equation tells us that π0 vanishes in the limit α → 0
(π0 = 0 is a primary constraint), whereas Ȧ0 remains completely arbitrary.
Since π0 must vanish for arbitrary times, the third equation tells us that also
~∇ · ~π = 0. This is just the secondary constraint (Gauss’s law).

Alternatively we could have departed from a covariant form for an uncon-
strained system by adding to (3.56) a term 1

2α
∫
d3x (∂µA

µ)2. In this case
ηµ(A(x)) would also depend on α. Following our general procedure one is then
led to the equations of motion

Ȧ0 =
∂Hc

∂π0
=

1

α
π0 − ~∇ · ~A ,

Ȧi =
∂Hc

∂πi
= πi + ∂iA0 ,

π̇0 =−∂Hc

∂A0
= −~∇ · ~π ,

π̇i =−∂jF ji + ∂iπ0 .

From the first equation it follows again that in the limit α → 0, π0 = 0. This is
the primary constraint. The remaining equations then reduce to the standard
equations of the Maxwell theory. In particular, since π̇0 = 0, we have that
~∇ · ~π = 0. This is Gauss’s law in the absence of sources, and is a secondary
constraint following from the time persistence of the primary constraint.
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3.4 Iterative procedure for generating the

constraints

As we have emphasized above, the complete dynamics of a system is described
by the Hamilton equations of motion (3.19). The above examples have shown
that further (secondary) constraints may be hidden in these equations, and that
they are part of the Lagrange equations of motion, or follow from their consis-
tency. As we have also mentioned, it is important to unravel all the constraints
in order to formulate the corresponding quantum theory. In this section we
discuss in more detail the Dirac algorithm for generating the secondary con-
straints in a systematic way [Dirac 1964]. The starting point is always given
by the primary constraints

φβ = 0, β = 1, ..., n−RW

which are required to hold for all times, i.e.

φ̇β = 0.

Recall that n is the number of coordinate degrees of freedom, and that RW
is the rank of the matrix W defined in (2.2). The persistence in time of the
constraints can only be required in the weak sense, i.e., one should implement
any constraint only after having carried out the partial differentiations in (3.19),
or the Poisson brackets in (3.22):

φ̇β ≈ {φβ , HT } ≈ 0 ,

or
{φβ, H}+

∑

γ

{φβ , φγ}vγ ≈ 0 ,

where H ≈ H0. Define the matrix

Qβγ = {φβ , φγ} ; β, γ = 1, ..., n−RW .

i) If the rank RQ of this matrix is equal to n − RW , then Q−1 exists, and
the Lagrange-multipliers vγ are completely determined on ΓP . It is convenient
however to define vα strongly as follows:

vα(q, p) = −
∑

β

Q−1
αβ{φβ , H} .

Correspondingly we define the total Hamiltonian (3.20) by

HT = H −
∑

β

φαQ
−1
αβ{φβ, H} .
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ii) If RQ < n − RW , then we can find RQ linear combinations of the con-
straints,

φ′β =
∑

γ

cβγφγ

such that
det{φ′α, φ′β} 6≈ 0 ; α , β = 1, ..., RQ

and
{φ′α, φ′β} ≈ 0 ; α = RQ + 1, ..., n−RW , ∀β

where we have suitably ordered the constraints. Correspondingly only RQ of
the Lagrange multipliers are fixed via the persistence equations

{φ′β , H}+
RQ∑

γ=1

{φ′β , φ′γ}v′γ ≈ 0 , β = 1, ..., RQ .

For the remaining constraints φ′β , β = RQ + 1, ..., n−RW , their presistence in
time demands that

{φ′β , HT } ≈ {φ′β , H} ≈ 0 , β = RQ + 1, · · ·, n−RW .

This leads in general to secondary constraints which we denote by a small latin
subscript,

ϕa = 0 (secondary constraints).

By repeating this procedure for the secondary constraints, one generates in gen-
eral several “generations” of constraints. Note that the presistence equations
for the constraints are always determined from the time derivative computed
with the total Hamiltonian. A new constraint is generated from ϕa if i) the
Poisson bracket of ϕa with all the primary constraints vanish on the subspace
defined by all the constraints generated up to this point, and ii) {ϕa, H} does
not vanish on this subspace. In the case where i) does not hold, one is led to
relations between Lagrange multipliers and canonical variables. 7 In the fol-
lowing we denote all constraints gained in this way collectively by Ω ≡ {ΩA}:

{ΩA} = (φα, ϕa), A = 1, . . . , N .

3.4.1 Particular algorithm for generating the constraints

We now present a particular algorithm for generating the secondary constraints,
which will prove very useful in later chapters. In this algorithm, the chain of

7The algorithm makes sure that we are never led to an overdetermined system of equations
for the “velocities” vβ .
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constraints generated from a given primary constraint φα will be denoted by

φ
(α)
` , where ` labels the “level” in the chain, and the subscript ` = 0 is reserved

for the parent of the chain, i.e. the primary constraint φ
(α)
0 ≡ φα.

Consider a given primary constraint φ
(α)
0 = 0. This constraint must hold

for all times, i.e.,

{φ(α)0 , H}+
∑

β

{φ(α)0 , φ
(β)
0 }vβ ≈ 0 .

Two possibilities arise:

1) The Poisson bracket of φ
(α)
0 with some of the primary constraints {φ(β)0 }

does not vanish weakly. In that case no new constraint arises from the require-

ment of persistence in time of φ
(α)
0 = 0; instead a relation is required to hold

among the vβ ’s.

2) The Poisson bracket of φ
(α)
0 with the entire set of primary constraints

vanishes weakly. In this case we are led to the equation

{φ(α)0 , H} ≈ 0 .

Now, either this equation is satisfied identically, or a new constraint is gen-
erated. Suppose the latter is the case, then we denote the new constraint by

φ
(α)
1 , and define it through a strong equality:

φ
(α)
1 ≡ {φ(α)0 , H} .

Requiring the persistence in time of this (secondary) constraint, 8 we may (or
may not) generate a new constraint, depending on whether the Poisson bracket

of φ
(α)
1 with all the primary constraints vanish on the subspace defined by all

the previous constraints, or not. Proceeding in this way it is evident that

the constraints belonging to a given primary constraint φ
(α)
0 will satisfy the

recursive relation
φ
(α)
`+1 = {φ(α)` , H} . (3.58)

No new constraint is generated once the rhs vanishes identically on the subspace
defined by all the constraints up to the `’th level. Note that we have defined
the constraints (3.58) by a strong equality, rather than evaluating the Poisson
brackets on the surface defined by all constraints up the `’th level. At this
point this is just a matter of simplifying the notation, but it will be convenient
later on, when we discuss the local symmetries of a Lagrangian. In principle,
however, only a weak equality is needed, where from now on “weak equality”
will always be understood as an equality holding on the subspace ΓΩ defined

8Recall that the time derivative is always computed as a Poisson bracket with HT , subject
to the constraints generated up to this level.
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by all the constraints. This iterative procedure can be carried out “chain by
chain”, or “level by level”.

Constructing in this way the descendents associated with each of the pri-
mary (parent) constraints, we are left at the end of the day with a set of
primary and secondary constraints. Not all of these will however in general be
linearly independent. In the following we will denote the independent set thus
generated (including the primary constraints) by ΩA (A = 1, 2, · · ·).

3.5 First and second class constraints.

Dirac brackets

Once we have extracted all the constraints of the theory, we are in the position
of classifying them [Dirac 1964].

Definition: A constraint is called “first class” if its Poisson bracket with all
the constraints {ΩA} vanishes weakly.

First class constraints will be denoted by {Ω(1)
A1

}, where A1 = 1, . . . , N1.
Explicitly,

{Ω(1)
A1
,ΩB} ≈ 0 , A1 = 1, . . . , N (1) ; B = 1, . . . , N . (3.59)

The remaining constraints we label by Ω
(2)
A2

and are called second class. We
shall assume that these constraints form an irreducible set; i.e., there exists no
linear combination of the second class constraints which is first class. This is
the case if

detQ(q, p) 6= 0 ,

where Q(q, p) is a matrix with elements

QA2,B2 = {Ω(2)
A2
,Ω

(2)
B2

} .

Indeed, if the determinant would vanish, then the homogeneous set of equations

ξA2{Ω(2)
A2
,Ω

(2)
B2

} ≈ 0

would possess a non-trivial solution for the ξA2 , implying the existence of fur-
ther first class constraints.
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Conversely we have: a set of constraints {ψ`} is second class, if and only if the
matrix

Ck` = {ψk, ψ`}
is invertible on Γ (detC 6= 0). For assume that there exists a linear combination
ζ`ψ` such that it is first class. Then

ζ`{ψ`, ψk} ≈ 0

has a non-trivial solution ζ`. But then it follows that det{ψ`, ψ} must vanish
weakly.

Finally we remark that since QA2B2(q, p) is an antisymmetric matrix, it
follows that the number of second class constraints is necessarily even, since
the determinant of an antisymmetric matrix in odd dimensions vanishes.

In what follows, it will be necessary to extend the concept of “first class
constraints” to “first class functions” defined in phase space:

Definition: A function F (q, p) is first class, if its Poisson bracket with all the
constraints vanishes weakly, i.e.,

{F,ΩA} ≈ 0 , for all A .

This in turn implies that

{F,ΩA} =
∑

B

fABΩB ,

where {ΩA} is the full set of first and second class constraints, and fAB are in
general functions of q and p. We now make the following assertion:

Assertion

The Poisson bracket of any two first-class functions of the canonical
variables is first class.

Indeed, let F and G be first class, i.e.,

{F,ΩA} =
∑

B

fABΩB ,

{G,ΩA} =
∑

B

gABΩB .
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Since F , G and ΩA are functions of the canonical variables, this is also the case
for f and g. Making use of the Jacobi identity (3.23) one readily finds that

{{F,G},ΩA} ≈
∑

B

gAB{ΩB, F} −
∑

B

fAB{ΩB, G} ≈ 0 .

Hence {F,G} is first class.

Dirac brackets

Having classified the constraints, we now re-examine the Hamilton equations
of motion (3.19) and expose explicitly those degrees of freedom, which are
associated with local symmetries of the theory. Thus in the examples discussed
above we have seen that, depending on the model considered, some of the
“Lagrange multipliers” vα multiplying the primary constraints in (3.20) may,
in certain cases, be actually determined as functions of the canonical variables,
and therefore are not arbitrary.

The primary constraints can also be classified as being first and second class.

We denote them by φ
(1)
α1 and φ

(2)
α2 , respectively. Note that, as before, the Greek

subscript is reserved to label the primary constraints. The total Hamiltonian
(3.20) then takes the form

HT = H +
∑

α1

v(1)α1
φ(1)α1

+
∑

α2

v(2)α2
φ(2)α2

.

Having revealed, following the Dirac algorithm, the complete set of constraints
hidden in the Hamilton equations, we now make use of them in order to fix the
“velocities” vα2

2 associated with the second class primary constraints. Since by
the Dirac algorithm all the constraints are time independent, it follows that
they satisfy the following equations

{Ω(2)
A2
, H}+

∑

α2

QA2α2v
(2)
α2

≈ 0 , (3.60)

{Ω(1)
A1
, H} ≈ 0 ,

where we have defined in a strong sense

QA2B2 = {Ω(2)
A2
,Ω

(2)
B2

} . (3.61)

Equations (3.60) determine the “velocities” v
(2)
α2 . Indeed, it follows from this

equation that ∑

B2

Q−1
A2B2

{Ω(2)
B2
, H} ≈ −

∑

β2

δA2β2v
(2)
β2

. (3.62)
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Setting A2 = α2 we have that

v(2)α2
= −

∑

B2

Q−1
α2B2

{Ω(2)
B2
, H} ,

which defines the “velocities” v
(2)
α2 , associated with the second class primary

constraints, as functions of the canonical variables. Note that we have again
defined the velocities by a strong equation, rather than as a weak equality.
Clearly the classical equations of motion are insensitive to this, but it will turn
out to be relevant for defining the corresponding quantum theory.

Let us summarize our findings so far. The Lagrange multipliers associated
with second class primaries are determined by the persistence conditions as
functions of the canonical variables. This is not the case for the Lagrange
multipliers associated with the first class primaries. In fact, as we will see,
they remain undetermined, and are associated with gauge degrees of freedom
of the system.

In principle we can now write down the total Hamiltonian which will only
involve the velocities associated with the first class primary constraints as un-
determined parameters. A particular symmetric form can however be obtained
by observing that upon setting A2 → a2 in (3.62), with the small latin index
labeling the secondary second class constraints, we are led to the equation

∑

B2

Q−1
a2B2

{Ω(2)
B2
, H} ≈ 0 . (3.63)

Note that this equation is automatically ensured by our algorithm. Making use

of this equation, as well as of the expression for v
(2)
α2 above, we can also write

the total Hamiltonian in the form

HT = H(1) +
∑

α1

v(1)α1
Ω(1)
α1

, (3.64)

with
H(1) = H −

∑

A2,B2

Ω
(2)
A2
Q−1
A2B2

{Ω(2)
B2
, H} , (3.65)

where the superscript (1) on H(1) indicates that it is first class. We now prove
that this is indeed the case. To this effect we notice that by the definition of
H(1), we have that

{Ω(2)
A2
, H(1)} ≈ 0 . (3.66)

Furthermore, since the time derivative of all constraints vanishes weakly, as
implied by the Dirac algorithm, we have in particular

0 ≈ {Ω(1)
A1
, HT } ≈ {Ω(1)

A1
, H(1)} .
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Hence H(1) has also a weakly vanishing Poisson bracket with all first class
constraints. From here and (3.66) it follows that H(1) is first class.

Relations (3.64) and (3.65) suggest the introduction of the following (Dirac)
bracket of two functions f and g of the canonical variables:

{f, g}D ≡ {f, g} −
∑

A2,B2

{f,Ω(2)
A2

}Q−1
A2B2

{Ω(2)
B2
, g} . (3.67)

Important properties of the Dirac bracket are:
i) The algebraic properties of Dirac brackets are the same as those of the

Poisson brackets.

ii) The Dirac bracket of any function of the canonical variables with a second
class constraint vanishes strongly, i.e.,

{F,Ω(2)
A2

}D ≡ 0 . (3.68)

Because of i) this implies that the second class constraints can be implemented
strongly within the Dirac bracket. Making use of the definition (3.67) and of
(3.64) we see that for an arbitrary function of q and p the equations of motion
(3.19) can be written in the form

ḟ ≈ {f,H}D +
∑

α1

v(1)α1
{f, φ(1)α1

} . (3.69)

For a purely second class system the last term on the rhs is absent. On the
other hand, for a purely first class system the Dirac bracket coincides with the
Poisson bracket.

Let us reconsider our example 1 in this formulation. The constraints (3.50)
and (3.51) are second class. The matrixQA2B2 , defined in (3.61), and its inverse
read

Q =

(
0 2

−2 0

)
, Q−1 =

(
0 − 1

2
1
2 0

)
.

From the definition of the Dirac bracket (3.67) one readily verifies that

{y, px}D =
1

2
, {x, y}D =

1

2
.

All other Dirac brackets are given by the corresponding Poisson brackets, i.e.,
they have the canonical form. One readily checks that the Dirac bracket of
all the constraints vanish identically, and that the equations of motion (3.47)-

(3.50) are reproduced by (3.69) with φ
(1)
α1 = py, and f standing generically for

x, y, px, py.



Chapter 4

Symplectic Approach to
Constrained Systems

4.1 Introduction

With every second order Lagrangian L(q, q̇) one can associate a “symplectic”
Lagrangian Ls(Q, Q̇) which is first order in Q̇a, and whose Euler-Lagrange
equations of motion coincide with those derived from L(q, q̇) after an appropri-
ate identification of variables. In the case of an unconstrained system, such a
first order formulation can be obtained immediately. Thus the Euler-Lagrange
equations

d

dt

∂Ls

∂Q̇α
− ∂Ls
∂Qα

= 0

associated with the (symplectic) first order Lagrangian 1

Ls(Q, Q̇) =

n∑

i=1

piq̇i −Hc(q, p) , Qα := (qi, pi) ; α = 1, · · · , 2n (4.1)

yield the Hamilton equations of motion associated with the corresponding sec-
ond order Lagrangian L(q, q̇) with canonical Hamiltonian Hc(q, p). Further-
more, the dynamics described by the above Lagrangian is fully equivalent to
that described by

Ls =
1

2

n∑

i=1

(piq̇i − ṗiqi)−Hc(q, p) , (4.2)

1We use everywhere lower indices, at the expense of explicitly introducing summation
signs for summation over repeated indices.
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where we have dropped an irrelevant total derivative. Ls can be written in the
so-called symplectic form [Faddeev 1988]

Ls =
1

2

2n∑

α,β=1

Qαf̄αβQ̇β −H0(Q) , (4.3)

where the matrix f̄αβ has the following off-diagonal structure with the ordering
(~q, ~p):

f̄αβ :=

(
0−1
1 0

)
.

Alternatively, (4.3) is of the form

Ls =
∑

β

Aβ(Q)Q̇β − Vs(Q) , (4.4)

where

Aβ =
1

2

∑

α

Qαf̄αβ , (4.5)

with Vs(Q) = H0(Q). Consider now (4.4), where we leave Aα unspecified.
Noting that

∂Ls
∂Qα

=
∑

β

∂Aβ
∂Qα

Q̇β − ∂Vs
∂Qα

,

d

dt

∂Ls

∂Q̇α
=
∑

β

∂Aα
∂Qβ

Q̇β ,

the equations of motion associated with (4.4) read

∑

b

fαβQ̇β = K(0)
α , (4.6)

where

fαβ =
∂Aβ
∂Qα

− ∂Aα
∂Qβ

(4.7)

and

K(0)
α =

∂Vs
∂Qα

. (4.8)

In the case where Ls is given by (4.2), fαβ = f̄αβ. Since for a non-singular
system the inverse of fαβ exists (f has no zero modes), we can solve (4.6)
for the velocities. Next let us define the following generalized Poisson bracket
[Faddeev 1988]

{Qα, Qβ} ≡ f−1
αβ .
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This definition can be generalized to arbitrary functions of the symplectic vari-
ables as follows:

{F,G} =
∑

α,β

∂F

∂Qα
f−1
αβ

∂G

∂Qβ
.

With this definition the equations of motion (4.6) can be put into a Hamiltonian
form,

Q̇α =
∑

b

f−1
αβ

∂Vs
∂Qβ

= {Qα, Vs(Q)} ,

with the symplectic potential Vs playing the role of the Hamiltonian. 2

As an example consider the (non-singular) second order Lagrangian

L =
1

2
q̇2 − V (q) . (4.9)

Introducing the variable p = q̇, the equation of motion,

q̈ = −∂V
∂q

can be rewritten as

q̇ = p, ṗ = −∂V
∂q

.

These equations are the Euler-Lagrange equations of motion following from the
(symplectic) Lagrangian

Ls(Q, Q̇) = pq̇ − Vs(p, q) , Vs(p, q) =
1

2
p2 + V (q) .

We see that Vs is just the canonical Hamiltonian associated with the second
order Lagrangian (4.9). Thus the Euler-Lagrange equations derived from Ls
are just the Hamilton euations of motion following from (4.9). In the notation
of (4.4) we have Q1 = q, Q2 = p, A1 = p, A2 = 0, and correspondingly fab =
−εab. f is a non-singular matrix with the inverse f−1

αβ = εαβ . Correspondingly
we have the canonical Poisson brackets {q, p} = 1, {q, q} = {p, p} = 0. With
the identification Vs(q, p) = Hc(q, p), equations (4.6) take the form of Hamilton
equations of motion:

q̇ = {q, Vs} =
∂Vs
∂p

, ṗ = {p, Vs} = −∂Vs
∂q

.

2Note that the momenta conjugate to {Qα} do not appear. In fact, from (4.4) one sees that
they are constrained to be functions of Q: Pα −Aα(Q) = 0. These are primary constraints,
equal in number with the “coordinates” Q := (q, p). It is for this reason that we labeled the
coordinates Qα with a Greek index.
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4.2 The case fab singular

In the case of a singular Lagrangian, the equivalent symplectic Lagrangian can
still be written in the form (4.4), but the matrix fαβ in (4.7) is singular, i.e.,
not invertible. That Ls can still be written in the form (4.4) can be seen by
starting from the total Lagrangian,

LT =

n∑

i=1

piq̇i −H0(q, p)−
n0∑

ᾱ=1

vᾱφᾱ , (4.10)

where φᾱ = 0 are the primary constraints. The Euler derivative of LT (Q, Q̇)
yields the correct Hamilton equations of motion. Since the vα’s play the role
of auxiliary variables, we can use the equations (primary constraints)

∂LT
∂vᾱ

= φᾱ(q, p) = 0

to eliminate some of the q’s and p’s, in the Lagrangian LT . The resulting new
Lagrangian will then be of the form (4.4), but with a reduced number of degrees
of freedom. This form will actually be the starting point for the Faddeev-Jackiw
approach [Faddeev 1988] to constrained systems, which we shall discuss in the
last section of this chapter.

Having established that the symplectic Lagrangian will also be of the form
(4.4) in the case of a singular system, but with a singular matrix (4.7), let us
now proceed with the solution of the equations of motion.

Let r0 be the rank of the 2n × 2n matrix fαβ . Then there exist 2n − r0
(zero-level) zero modes of f , which - following a similar notation as that used in
chapter 2 - we denote by ~u(0,k) (k = 1, · · · , 2n−r0). Multiplying equations (4.6)
from the left with these zero modes, we are led to the zero-level Lagrangian
constraints

2n∑

α=1

u(0,k)α K(0)
α = 0 , k = 1, 2, · · ·, 2n− r0 .

These constraints only depend on Q. Some of them may vanish identically. The
remaining ones we denote by ϕ(0,a0) (a0 = 1, 2, · · · , N0).

3 The corresponding
zero modes ~u(0,a0) we refer to as “non-trivial” level-zero, zero modes.

In general there are further constraints hidden in equations (4.6). In order
to unravel them, we implement the conservation of ϕ(0,a0) = 0,

(
∂ϕ(0,a0)

∂Qα

)
Q̇α = 0 , a0 = 1, 2, · · · , N0 ,

3Note that we have denoted the constraints by ϕ in anticipation of the fact that, within
a Hamiltonian formulation, they correspond to secondary constraints associated with the
second order Lagrangian.
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and adjoin these equations to (4.6). This leads to the following enlarged set of
equations ∑

β

W
(1)
A1β

(Q)Q̇β = K
(1)
A1

(Q) , (4.11)

where W
(1)
A1β

are now the elements of a rectangular matrix 4

W
(1)
A1β

:=

(
fαβ

M
(0)
a0β

)
, (4.12)

with

M
(0)
a0β

=
∂ϕ(0,a0)

∂Qβ
,

K
(1)
A1

:=

(
~K(0)

~0

)
,

and
~K(0) = ~∇V (Q) .

Here ~0 is an N0-component vector. We now look for zero modes ~u(1,a1) (a1 =
1, 2, · · ·, N1) of W

(1), leading to possibly new constraints, and repeat the above
steps, adjoining the time derivative of the new constraints to the equations of
motion (4.11). Repeating this algorithm, the iterative process terminates after
L steps, when no new constraints are generated.

Denote the full set of constraints {ϕ(0,a0)}, {ϕ(1,a1)} · · · generated by the
algorithm by ϕa, a = 1, · · · , N , and the set (α, a) by the collective index A.
The final set of equations of motion can then be written in the form

∑

β

W
(L)
Aβ Q̇β = K

(L)
A (4.13)

where

W
(L)
Aβ :=

(
fαβ
Maβ

)
; L ≥ 1, (4.14)

with

Maβ =
∂ϕa
∂Qβ

(4.15)

and

K
(L)
A :=

(
~K(0)

~0

)
. (4.16)

4The upper entry stands for a 2n×2n matrix, while the lower entry is an N0×2n matrix.
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Denoting by ~u(L,a)(Q) the complete set of left zero-modes of the matrixW
(L)
Aβ (Q),

the constraints are given by

ϕa := ~u(L,a) · ~K(L) = 0 .

Equations (4.13) represent 2n + N equations for the 2n velocities {Q̇α}. In
general such a set of equations would be overdetermined and admit no non-
trivial solution. Since the additional N equations were however generated by a
self-contained algorithm from the original Euler-Lagrange equations, equations
(4.13) do in fact admit a non-trivial solution.

In the following we consider the case where the first order Lagrangian (4.4)
describes a purely second class system in the Dirac terminology. In that case
we make the following assertion [Rothe 2003b]:

Assertion

For a second class system the unique solution to (4.13) for the velocities is
given by

Q̇α =
∑

β

F−1
ab K

(0)
β (4.17)

where F−1 is the inverse of the matrix F obtained by extending the rectangular
matrix W defined in (4.14) to the antisymmetric square matrix

FAB :=

(
fαβ −MT

αb

Maβ 0

)
, (4.18)

with Maβ defined in (4.15), and MT
αb =Mbα.

Proof of Assertion

Consider an enlarged space ξ on which the square matrix (4.18) is to act (we
streamline the notation in a self-evident way),

ξA := (Qα, ρa) ,

and the following equations:
∑

B

FAB ξ̇B = K
(L)
A . (4.19)

As we shall prove further below, detF 6= 0 for a second class system. We can
then solve these equations for the velocities ξ̇B :

ξ̇A =
∑

B

F−1
ABK

(L)
B . (4.20)
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Let us write the inverse F−1 of the (antisymmetric) matrix (4.18) in the form

F−1
AB :=

(
f̃αβ −M̃T

αb

M̃aβ ωab

)
. (4.21)

Then F−1F = 1 implies,

f̃αγfγβ − M̃T
αcMcβ = δαβ ,

f̃αγM
T
γb = 0 ,

M̃aγfγβ + ωacMcβ = 0 , (4.22)

M̃aγM
T
γb = −δab , (4.23)

where repeated indices are summed.
Consider eqs. (4.19) which, written out explicitly, read

∑

β

fαβQ̇β −
∑

b

MT
αbρ̇b = K(0)

α , (4.24)

∑

β

MaβQ̇β = 0 .

From the definition of Maβ in (4.15) we see that the last equation states that
ϕ̇a = 0, where ϕa = 0 are the constraints hidden in the Lagrange equations
of motion. From (4.6) it follows that the second term on the lhs of (4.24)
must vanish. Making use of (4.23) this in turn implies that ρ̇a = 0 for all
a, (a = 1, · · · , N). Setting ρ̇a = 0 in (4.20), we have from (4.21) and (4.16) that

Q̇α =
∑

β

f̃αβK
(0)
β , (4.25)

0 =
∑

β

M̃aβK
(0)
β . (4.26)

Equation (4.25) is nothing but (4.17), and (4.26) is just the statement that
ϕa = 0 (within a Hamiltonian formulation these correspond to secondary con-
straints). To see this we notice that according to (4.22), the vectors

~v
(a)
C := (M̃aγ , ωac)

are the left zero modes of the matrix (4.14). Hence

ϕa ≡
∑

A

v
(a)
A K

(L)
A =

∑

β

M̃aβK
(0)
β .

This concludes the proof.
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4.2.1 Example: particle on a hypersphere

In the following we first illustrate the above considerations in terms of a sim-
ple example. Consider the following Lagrangian, which is referred to in the
literature as describing the non-linear sigma model in quantum mechanics,

L(~q, ~̇q, λ) =
1

2
~̇q
2
+ λ(~q2 − 1) , (4.27)

where ~q = (q1, · · · , qn). The equivalent symplectic Lagrangian reads,

Ls = ~p · ~̇q − Vs(q, p, λ) (4.28)

with

Vs =
1

2
~p2 − λ(~q2 − 1) .

With the identifications Qα := (~q, ~p, λ) and Aα := (~p,~0, 0) in (4.4), the equa-
tions of motion are given by (4.6), with

fαβ :=




0 −1 ~0

1 0 ~0
~0T ~0T 0




and

K(0)
α :=




−2λ~q
~p

−(~q2 − 1)


 .

The matrix f has one “zero-level” zero mode,

~u(0,1) := (~0,~0, 1) ,

implying the constraint

ϕ(0,1) = −
∑

a

u(0,1)a K(0)
a = ~q2 − 1 = 0 .

Adding the time derivative of this constraint to the equation of motion (4.6)
we are led to (4.12) with

W (1) =




0 −1 ~0

1 0 ~0
~0T ~0T 0

2~qT ~0T 0


 ,

which is seen to possess two “level-one” zero modes:

~u(1,1) = (~0, 2~q, 0,−1) , ~u(1,2) = (~0,~0, 1, 0) .
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The second zero-mode just reproduces the previous constraint, while the first
zero mode implies a new constraint

ϕ(1,1) = ~u(1,1) · ~K(1) = 2~p · ~q = 0 .

Incorporating the time derivative of this constraint into our algorithm, leads
to the level 2 matrix

W (2) =




0 −1 ~0

1 0 ~0
~0T ~0T 0

2~qT ~0T 0
2~pT 2~qT 0




,

which is seen to possess the three zero modes,

~u(2,1) =




~0
~0
1
0
0



, ~u(2,2) =




0
2~q
0
−1
0



, ~u(2,3) =




2~q
−2~p
0
0
1




.

In addition to the constraints ϕ(0,1) = 0, ϕ(1,1) = 0, these imply a new con-
straint

ϕ(2,1) := 2λ~q2 + ~p2 = 0 . (4.29)

This constraint fixes the so far arbitrary (Lagrange multiplier) λ as a function
of ~q and ~p. Hence we are taken to a third level with the corresponding enlarged
matrix given by

W (3) =




0 −1 ~0

1 0 ~0
~0T ~0T 0

2~qT ~0T 0
2~pT 2~qT 0
4λ~qT 2~pT 2~q2



.

As one readily checks, W (3) has no new zero modes. Hence the algorithm
terminates at this point, and the equation of motions (4.13) takes the form

∑

β

W
(3)
Aβ Q̇β = K

(3)
A .
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Proceeding as described above, we extend the matrix W (3) to a square matrix
F . This results in the invertible matrix,

F =




0 −1 ~0 −2~q−2~p −4λ~q

1 0 ~0 ~0 −2~q −2~p
~0T ~0T 0 0 0 −2~q2

2~qT ~0T 0 0 0 0
2~pT 2~qT 0 0 0 0
4λ~qT 2~pT 2~q2 0 0 0



.

As we shall demonstrate in the following section, the elements of this matrix are
just {ΩA,ΩB}, where ΩA are the full set of primary and secondary constraints
associated with the symplectic Lagrangian (4.28). The coordinates qi, momenta
pi and λ are then given by solving eq. (4.17) or (4.25).

4.3 Interpretation of W (L) and F

In the above Lagrangian approach the concept of a primary constraint did
not appear. On the other hand, from the Dirac point of view, the symplectic
Lagrangian (4.4) describes a system with a primary constraint for each of the
2n coordinates Qα,

φα(Q,P ) := Pα −Aα(Q) = 0 , α = 1, · · · , 2n , (4.30)

where Pα is the momentum canonically conjugate to Qα. Since the Lagrangian
(4.4) is first order in the time derivatives, the corresponding Hamiltonian on
ΓP , H0, is just given by the potential Vs(Q),

H0 = Vs(Q) , (4.31)

and hence does not depend on the momenta. The dependence on the momenta
enters only in the total Hamiltonian via the primary constraints:

HT (Q,P ) = Vs(Q) + vαφα(Q,P ) . (4.32)

As a consequence we have that the Dirac algorithm applied to this symplectic
formulation will only generate the first level of secondary constraints, and comes
to a stop at this point. Let us look at this in more detail.

Persistence of the primary constraints will in general lead to secondary
constraints, which we label as before by an index a0: ϕa0 = 0. It is easy to
show that they are identical with the constraints generated at the lowest level
of the Lagrangian algorithm. Indeed, consider the persistence equations for the
primary constraints φα:

{φα, HT } ≈ {φα, Vs}+ {φα, φβ}vβ = 0 . (4.33)
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From (4.30) and the definition of fαβ in (4.7) we see that

{φα, φβ} = fαβ(Q) . (4.34)

Hence equations (4.33) read,

fαβv
β = K(0)

α , (4.35)

where K
(0)
α has been defined in (4.8). Multiplying (4.35) with the (level-zero)

left-zero modes u(0,k) of f corresponds in the Dirac language to searching for
linear combinations of the primary constraints which have weakly vanishing
Poisson brackets with all the primary constraints. This is evident from (4.34).
These left zero modes will depend only on the Qa’s. Correspondingly we have
for the independent (level-zero) secondary constraints

ϕ(0,a0)(Q) =
∑

β

u
(0,a0)
β

∂Vs
∂Qβ

,

which are now only functions of the Qα’s, and thus have vanishing Poisson
brackets with H0. Hence their time persistence leads to

∑

β

vβ{ϕ(0,a0), φβ} =
∑

β

M
(0)
a0β

vβ = 0 ,

where M
(0)
a0β

= ∂ϕ(0,a0)

∂Qβ
. Adjoining these equations to (4.35) we have that

W
(1)
A1β

vβ = K
(1)
A1

, (4.36)

where A1 stands for the set (α, a0) and W
(1) is given by (4.12). Upon noting

that
Q̇α = {Qα, HT } = vα (4.37)

we are led to (4.11). Since the secondary constraints ϕ(0,a0) and the poten-
tial Vs only depend on the Qα’s, the Dirac algorithm for the first order La-
grangian (4.4) terminates, for the first order Lagrangian (4.4), at this point.
To extract the remaining information embodied in the Lagrangian algorithm
discussed in section 2, we must now proceed in a way completely analogous to
the Lagrangian algorithm. Thus by taking appropriate linear combinations of
equations (4.36), new constraints may be generated which are again functions
of only the Qα’s. This just corresponds to looking for left-zero modes of W (1).
The new constraints are thus identical with those derived in the Lagrangian
approach at Lagrangian level “one”. Proceeeding in this way we of course re-
cover all the constraints generated by the Lagrangian algorithm, and are finally
led to eq. (4.13).
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The matrix (4.14) can also be rewritten in terms of Poisson brackets as
follows

W
(L)
Aβ :=

(
{φα, φβ}
{ϕa, φβ}

)
,

where ϕa now denote the complete set of secondary constraints. This fol-
lows immediately from the definition (4.15) and the structure of the primary
constraints (4.30). Furthermore, the extended matrix FAB defined in (4.18)
can also be written in terms of Poisson brackets. Thus consider the extended
Hamiltonian

HE = H + vαφα + λaϕa , (4.38)

where H is given by (4.31). Next consider the persistence equation for the
primary constraints,

{φα, vβφβ + λbϕb} −
∂Vs
∂Qα

≈ 0 ,

and the persistence equation for the secondary constraints (which only depend
on Q),

{ϕa, vβφβ + λbϕb} ≈ 0 .

They can be combined to the weak equations

(
fαβ {φα, ϕb}

{ϕa, φβ} {ϕa, ϕb}

)(
vβ

λb

)
≈
(

∂Vs
∂Qα

0

)
.

Upon noting that {ϕa, ϕb} = 0, since the secondary constraints only depend
on the Qα’s, and making use of {ϕa, φβ} = (∂ϕa/∂Qβ) = Maβ , as well as of
(4.37), we are led to equation (4.19), with λb playing the role of ρb. These
equations can also be written in the compact form

{ΩA,ΩB}ξB = K
(0)
A ,

where ΩA := (φα, ϕa). If the ΩA’s form a second class system, then the matrix
FAB in (4.18) is invertible, as we had claimed before. Hence the extension of the
rectangular matrix (4.12) to the square matrix (4.18) corresponds to working
with the extended Hamiltonian (4.38), rather than with the total Hamiltonian
(4.32).

4.4 The Faddeev-Jackiw reduction

In the Dirac approach of dealing with singular systems, the dynamical equations
involve the variables of the entire phase space, including also unphysical gauge
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degrees of freedom. This remains true even after fixing a gauge and introducing
Dirac brackets. Observables are then restricted by the requirement that they
“commute” with all the first class constraints. A systematic algorithm for
arriving at a set of Hamilton equations of motion involving only the physical
(unconstrained) degrees of freedom has been proposed by Faddeev and Jackiw
(FJ) [Faddeev 1988]. That this algorithm is equivalent to the Dirac procedure
has been shown in [Garćıa 1997]. Here we shall only summarize the basic steps
of the Faddeev-Jackiw approach and discuss a simple example.

Starting from a second order Lagrangian L(q, q̇) describing a constrained
system, the objective is to arrive at a first order Lagrangian, possessing a
canonical form of the type (4.1), where the coordinates qi and momenta pi
(i = 1, · · · , n) are replaced by a reduced set of canonically conjugate variables
q∗n and p∗n (n = 1, · · · , n∗) which are completely unconstrained, and whose
dynamics is described by the standard Hamilton equations of motion with a
reduced Hamiltonian H∗(q∗, p∗). This is accomplished by the Faddeev-Jackiw
algorithm:

i) By Darboux’s theorem 5 it is always possible to perform a transforma-
tion from the qi, pi (i = 1, · · · , n) to a new set of variables q′i, p

′
i, Za (i =

1, · · · , n′; a = 1, · · · , 2n− 2n′) with (q′i, p
′
i) canonically conjugate variables, so

that (4.1) takes the form

L′
s =

n′∑

i=1

p′iq̇
′
i − U(q′, p′, Z) . (4.39)

Note that the Za’s do not possess a canonically conjugate partner and thus
play the role of auxiliary variables.

ii) Next make use of the Euler-Lagrange equations of motion for the auxil-
iary variables,

∂L′
s

∂Za
= 0 ,

to express as many as possible of the Za’s in (4.39) in terms of the q′i’s, p
′
i’s,

and the remaining Z’s, which we denote by λā. This is allowed since the Z’s
play the role of auxiliary variables. One is then led to a Lagrangian having the
form 6

L′
s =

n′∑

i=1

p′iq̇
′
i −H(q′, p′)−

∑

ā

λāΩā(q
′, p′) . (4.40)

Note that the λā’s now appear linearly. This must be the case since we have
assumed that we eliminated the maximum number of Za’s. At this point we

5See [Jackiw 1993] for a simplified derivation.
6We continue to label the symplectic Lagrangian with L′

s although its functional form has
changed.
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see that the last term on the rhs of (4.40) implies the constraints Ωā(q
′, p′) = 0

among the canonically conjugate variables. These are true Lagrangian con-
straints of the theory defined by L.

iii) Next we implement the constraints via the equation of motion

∂L′
s

∂λā
= 0 .

Elimination of the dependent variables using these constraints will in general
lead to a non-canonical form for the new Lagrangian. After performing another
Darboux transformation, one is then again left with an expression of the form
(4.39), but with a reduced set of canonical pairs (q ′′

i , p
′′
i ), i = 1, . . . , n′′, and a

reduced set of new auxiliary Z-fields:

L”s =
n′′∑

i=1

p ′′
i q̇

′′
i − U(q ′′, p ′′, Z ′) .

One now repeats the above steps over and over again until one is left with an
expression involving no longer any auxiliary fields and having the canonical
form,

L∗
s =

∑

n

p∗nq̇
∗
n −H∗(q∗, p∗) .

Here the algorithm stops.
Clearly the practical application of this algorithm may become quite in-

volved, especially because of the Darboux transformations. Other algorithms
have been presented subsequently in the literature [Barcelos-Neto 1992, Mon-
tani 1993], which avoid the in general technically difficult Darboux transfor-
mation, but may fail under certain conditions [Rothe 2003b].

We conclude this chapter by presenting a simple example involving only one
Darboux transformation.

Example

Consider the second order Lagrangian

L =
1

2
ẋ2 − axẏ +

b

2
(x − y)2 . (4.41)

The following steps represent a useful guide for initiating the reduction process.
There is one primary constraint

φ = py + ax = 0 . (4.42)



4.4 The Faddeev-Jackiw reduction 65

The canonical Hamiltonian on the primary surface thus reads,

H0 =
1

2
p2x −

b

2
(x− y)2 .

A convenient starting point for constructing the symplectic Lagrangian now
proceeds from the “total” Lagrangian

LT = pxẋ+ py ẏ −H0 − λφ ,

where φ is the primary constraint (4.42). Eliminating py via the primary con-
straint by setting py = −ax in the expression for LT , yields the new Lagrangian

Ls = (px + ay)ẋ− 1

2
p2x +

b

2
(x− y)2 ,

where a total derivative has been dropped. We now perform a (trivial) Darboux
transformation by setting

p1 = px + ay , q1 = x . (4.43)

We are then left with

L′
s = p1q̇1 −

1

2
(p1 − ay)2 +

b

2
(q1 − y)2 . (4.44)

The Lagrangian L′
s is of the form (4.39) with y playing the role of an auxiliary

variable Z. We now make use of the equation of motion

∂L′
s

∂y
= 0

to eliminate y in favor of (q1, p1),

y =
ap1 − bq1

γ
, (4.45)

where
γ = a2 − b .

Introducing this expression in (4.44), we obtain the following reduced La-
grangian which only involves the unconstrained variables q1 and p1, and has
the canonical form

LFJ = q̇1p1 −H∗(q1, p1)

with the reduced Hamiltonian

H∗(q1, p1) = − b

2γ
(p1 − aq1)

2 . (4.46)
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At this point the FJ reduction process terminates, and the quantization can
proceed in the standard way for an unconstrained system.

In terms of the original variables the constraint (4.45) reads

apx − b(x− y) = 0 , (4.47)

which we recognize to be the secondary constraint as obtained from the original
Hamiltonian associated with the second order Lagrangian (4.41). The Poisson
bracket of the primary constraint (4.42) with the secondary constraint (4.47)
is given by a2 − b ≡ γ. Hence for γ 6= 0 the system is second class and the
transformation (4.45) is well defined, while the singularity at γ = 0 reflects the
fact that the constraints become first class for γ = 0.

Using (4.43) and (4.45) in order to eliminate q1 and p1 in favor of x and y,
it is a straightforward matter to verify that the Hamilton equations of motion
associated with the reduced Hamiltonian (4.46) are equivalent to the second
order Lagrange equations of motion associated with the Lagrangian (4.41).

Although we have found it helpful to start from the total Lagrangian, the
FJ-approach does not require the notion of primary and secondary constraints,
nor their classification into first and second class. We should remark however
that such a reduction process may be difficult to carry out since it requires
knowledge of the Darboux transformation. Thus one may have to resort after
all to Dirac’s method in order to circumvent this problem.



Chapter 5

Local Symmetries within
the Dirac Formalism

5.1 Introduction

The Lagrangian approach to local symmetries described in chapter 2 has the
merit of yielding directly the transformation laws for the coordinates in terms
of an independent set of time dependent parameters, whose number equals the
number of independent gauge identities generated by the Lagrangian algorithm.
The fact that local symmetries are intimately tied to the existence of first class
constraints in the Hamiltonian formalism is not manifest in this approach. In
this chapter we consider the problem of unravelling the local symmetries of a
theory from a purely Hamiltonian point of view. This is a necessary prerequisite
for quantizing the theory.

In the following we shall consider purely first class systems. We will there-

fore denote the primary constraints φ
(1)
α1 , and the complete set of constraints

Ω
(1)
A1

simply by φα and ΩA, respectively. Furthermore, the first class Hamilto-

nianH(1) defined in (3.65) coincides with the HamiltonianH , weakly equivalent
to the canonical Hamiltonian H0 evaluated on the primary surface. The gen-
eralization to the case of mixed systems is straightforward and will be reserved
for a comment at the end of this chapter.
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5.2 Local symmetries and canonical transfor-

mations

The physical state of a system at any time t should be uniquely determined by
specifying q(t) and p(t). 1 If however q(t) and p(t) are not uniquely determined
by the initial values q(t0) and p(t0), this implies a condition on a function f(q, p)
to be an observable of the theory.

Consider the time evolution of a general function F (q(t), p(t)), which in the
following we simply denote by f(t). We then have 2

f(t0 + δt) = f(t0) + ḟ(t0)δt+O((δt)2)

≈ f(t0) + {f(t0), HT }δt+O((δt)2)

≈ f(t0) + {f(t0), H}δt+ vβ{f(t0), φβ}δt+O((δt)2) ,

where f(t0) = F (q(t0), p(t0)), with (q(t0), p(t0)) a point located on the primary
surface. For another choice of the parameters vβ (vβ → v′β), f(t0) will evolve
as follows

f ′(t0 + δt) ≈ f(t0) + {f(t0), H}δt+ v′β{f(t0), φβ}δt+O((δt)2).

The difference δf between the two results is given to order O(δt) by

δf ≈ δρβ{f(t0), φβ}+O((δt)2) , (5.1)

where δρβ = δt(v′− v)β. Hence φβ are generators of infinitesimal (local) point-
transformations with infinitesimal parameters δt(v′ − v)β . Observables O(q, p)
should be invariant under such transformations mediating between the two
trajectories. For this to be the case we must have

{O, φβ} ≈ 0 , ∀β.

Consider now two consecutive infinitesimal point-transformations

f
εαφα−→ f ′ γ

βφβ−→ f ′′ ,

and compare this with

f
γβφβ−→ f̃ ′ εαφα−→ f̃ ′′ .

1In the following q and p denote collectively the complete set of coordinates and canonical
momenta. Furthermore, we shall make extensive use of the Einstein summation convention.

2Poisson brackets are always understood to be evaluated at equal times.
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Explicitly we have

f ′′ ≈ f ′ + γα{f ′, φα}
≈ f + εα{f, φα}+ γα{f + εβ{f, φβ}, φα} ,

with a corresponding expression for f̃ ′′ with ε and γ interchanged. For the
difference f̃ ′′ − f ′′ we then obtain

f̃ ′′ − f ′′ ≈ εαγβ
(
{{f, φβ}, φα} − {{f, φα}, φβ}

)
+ ηα{f, φα}

≈ εαγβ{f, {φβ, φα}}+ ηα{f, φα} , (5.2)

where
ηα = εβ{γα, φβ} − γβ{εα, φβ} .

The difference (5.2) of two such successive transformations should again leave
physics invariant. Now, by assumption, the φα belong to a first class system
{ΩA} in the sense of Dirac. Hence

{φα, φβ} = UDαβΩD .

But (5.2) can only be written in form (5.1), provided the Poisson algebra of the
first class primary constraints closes on itself: {φα, φβ} = Uγαβφγ . Since this
is in general not the case, this indicates, that in fact all first class constraints
- primary and secondary - need to be included as generators of local point
transformations, and that observables must be invariant under transformations
generated by all the first class constraints:

{O(q, p),ΩA} ≈ 0 (O : observable) . (5.3)

This is known as Dirac’s conjecture, and will be the subject of chapter 6.
Accordingly, we are led to consider symmetry transformations in phase space
of the form

qi(t) → qi(t) + δqi(t) , pi(t) → pi(t) + δpi(t) ,

where
δqi(t) = εA(t){qi(t),ΩA} , δpi(t) = εA(t){pi(t),ΩA} , (5.4)

(A = 1, · · · , N1) with N1 the number of first class constraints. The parameter-
functions εA can in principle depend implicitly on time through the coordinates
and momenta, as well as explicitly on time.

The above transformations are transformations in the unconstrained phase
space. But physics is restricted to take place at any time on the surface defined
by the constraints. In fact, if (q, p) is a point located on the constrained surface
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ΩA(q, p) = 0 (A = 1, · · ·N1), then this is also true for (q + δq, p+ δp). Indeed,
with (5.4) we have,

ΩA(q + δq, p+ δp) = ΩA(q, p) + εB{ΩA,ΩB} ≈ 0 ,

since the constraints are first class, and ΩA(q, p) vanishes for all A.

For a general function f(q, p), eq. (5.4) implies that

δf(q, p) = εA(t){f(q, p),ΩA} . (5.5)

In the following we now show that the functions εA cannot all be chosen arbi-
trarily.

5.3 Local symmetries of the Hamilton

equations of motion

Consider the Hamilton equations of motion (3.22), i.e.,

q̇i = {qi, H}+ vα{qi, φα} ,
ṗi = {pi, H}+ vα{pi, φα} , (5.6)

ΩA(q, p) = 0 , ∀A .

We have written these equations as strong equalities, where it is always un-
derstood that the Poisson brackets must be calculated before imposing the
constraints. Note that we have made use of our freedom to add explicitly also
the secondary constraints, since they are implied by the consistency of the
equations of motion (3.22).

Equations (5.6) involve the arbitrary “velocities” vα(t), which we expect
to be associated with gauge degrees of freedom. Suppose that for a given set
of functions vα(t) the solution to the equations of motion are given by qi(t)
and pi(t). We then look for new solutions differing by δqi(t) and δpi(t), with
the vα(t)’s replaced by v′α(t) = vα(t) + δvα(t). If the vα(t)’s are indeed gauge
degrees of freedom, then physical observables must take the same values on
both trajectories. Define

F i(q, p) = {qi, H} ; Giα(q, p) = {qi, φα},
F̃i(q, p) = {pi, H} ; G̃iα(q, p) = {pi, φα} .

Consider further the following infinitesimal variations δqi and δpi, induced by
the first class constraints ΩA,

δqi(t) = εA(t){qi(t),ΩA} = εA(t)

(
∂ΩA
∂pi(t)

)
,

δpi(t) = εA(t){pi(t),ΩA} = −εA(t)
(
∂ΩA
∂qi(t)

)
,
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where ΩA = ΩA(q(t), p(t)), and the εA’s are (so far still arbitrary) infinitesimal
functions of time. The above equations can also be written in the (weak) form

δqi ≈ {qi(t), G(t)} , δpi ≈ {pi(t), G(t)} ,

where
G = εA(t)ΩA(t) (5.7)

is the generator of the transformations induced by the first class constraints.
We now demand that if qi and pi are a solution to (5.6), then qi + δqi and

pi + δpi will be solution to 3

d

dt
(qi + δqi) = F i(q + δq, p+ δp) + v′αGiα(q + δq, p+ δp) ,

d

dt
(pi + δpi) = F̃i(q + δq, p+ δp) + v′αG̃iα(q + δq, p+ δp) ,

ΩA(q + δq, p+ δp) = 0 ,

for some suitably chosen v′α. Note that we have allowed v′α to differ from
vα, consistent with our requirement of form invariance. Making use of the
equations of motion for qi(t) and pi(t), and of ΩA(q(t), p(t)) = 0, we are led to
the conditions

d

dt
δqi = δF i + vαδGiα + δvαGiα , (5.8)

d

dt
δpi = δF̃i + vαδG̃iα + δvαG̃iα , (5.9)

δΩA = 0 , (5.10)

where δvα = v′α − vα, and

δF i = εB(t){{qi, H},ΩB} , δGiα = εB(t){{qi, φα},ΩB} , (5.11)

δΩA = εB(t){ΩA,ΩB} .
Similar expressions hold for δF̃ i and δG̃iα with qi replaced by pi. Note that,
as already remarked, the condition (5.10) is automatically fulfilled, since the
constraints ΩA are first class, and qi(t) and pi(t) satisfy ΩA(q(t), p(t)) = 0.

Now, from (5.4) it follows that

d

dt
δqi = ε̇A(t){qi,ΩA}+ εA(t)

d

dt
{qi,ΩA} ,

3In the following we suppress the time-argument of the phase space variables and Lagrange
multipliers.
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where, making use of the equations of motion

d

dt
{qi,ΩA} ≈ {{qi,ΩA}, H}+ vα(t){{qi,ΩA}, φα} .

Corresponding expressions hold for d
dtδpi and

d
dt{pi,ΩA}. Inserting the expres-

sions for d
dtδq

i, d
dtδpi, δF

i, δGiα, δF̃i and δG̃iα into (5.8) and (5.9), and making
use of the Jacobi identity, one is led to the following on-shell conditions on εA

and δvα,

[ε̇A − εB(V A
B + vβUAβB)]{qi,ΩA} − δvα{qi, φα} ≈ 0 ,

where V A
B (q, p) and UAβB(q, p) are defined through

{ΩA,ΩB}=UDABΩD , (5.12)

{H,ΩA}= V B
A ΩB . (5.13)

From here we conclude that the Hamilton equations of motion remain form
invariant under on-shell transformations of the form (5.4), if [Banerjee 1999]

ε̇a ≈ εB(V a
B + vβUaβB) , (5.14)

δvα ≈ ε̇α − εB(V α
B + vβUαβB) , (5.15)

where the small latin index a labels the first class secondary constraints. Hence
the number of independent functions εB(t) equals the number of primary con-
straints. Note that (5.14) and (5.15) are on-shell equations, and that no specifi-
cation has been made as to how the first class constraints have been chosen! On
shell means that the structure functions V A

B (q, p), UAβB(q, p) are evaluated for

qi(t) and pi(t) satisfying the Hamilton equations of motion on the constrained
surface for a given set of functions vα(t).

5.4 Local symmetries of the total and extended

action

In the previous section we have studied the local symmetries of the Hamilton
equations of motion, generated by the first class constraints. The so obtained
relations among the εA parameters, the Lagrange multipliers and the variations
δvα must also follow by studying the local symmetries of the total action, since
its variation leads to the Hamilton equations of motion (5.6).
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i) Local symmetries of the total action

Consider the total action

ST =

∫
dt
(
piq̇

i −HT

)
,

where
HT = H + vβφβ .

For a general variation pi → pi + δpi, q
i → qi + δqi we have

δ(pq̇) = p
d

dt
(δq) + δp

dq

dt

=
d

dt
(pδq)− ṗδq + δpq̇ ,

where for simplicity we have dropped the (summation) index i on the coordi-
nates and momenta. In particular, for transformations of the form (5.4) we
obtain

δ(pq̇) =
d

dt
(pδq)− εA{q,ΩA}ṗ+ εA{p,ΩA}q̇

=
d

dt

[
εA
(
p
∂ΩA
∂p

− ΩA

)]
+ ε̇AΩA . (5.16)

Consider next δHT . Since H is first class, 4 it follows from (5.5), making use
of (5.12) and (5.13), that

δHT = εB(V A
B ΩA + vβUAβBΩA) + δvαφα ,

or 5

δST =

∫
dt
[
ε̇AΩA − εB(V A

B + vβUAβB)ΩA − δvαφα
]
.

Note that we have not made use of the equations of motion. Requiring that
δST = 0 thus leads again to (5.14) and (5.15), but this time off-shell.

ii) Local symmetries of the extended action

The dynamics of observables, i.e., quantities whose Poisson brackets with the
first class constraints vanish weakly, is equally well described by the equations

4Recall again that we are discussing a purely first class system.
5We assume that the boundary term arising from the total time derivative does not

contribute, i.e., that the εA’s vanish at the boundary.
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of motion (3.22), or by replacing the total Hamiltonian in (3.22) by the extended
Hamiltonian

HE = H + ξAΩA . (5.17)

Hence all first class constraints are now treated on the same level. It must
however be remembered that the extended Hamiltonian can only be defined
after having generated all the constraints via the Dirac algorithm, using the
total Hamiltonian. The variation with respect to the qi’s, pi’s and the ξA’s of
the extended action

SE =

∫
dt (q̇ipi −HE)

leads to the full set of Hamilton equations of motion including all the con-
straints.

Since observables are insensitive to the Lagrange parameters ξA in (5.17),
any transformation of the coordinates and momenta that can be absorbed by
these parameters will leave observables invariant. We therefore expect that the
number of arbitrary functions parametrizing the generator in (5.7) will now
be equal to the total number of first class constraints. In fact, consider the
variation induced by a gauge transformation of the form (5.4). One readily
verifies that

δSE =

∫
dt[ε̇BΩB − εA(V B

A + ξCUBCA)ΩB − δξBΩB] ,

so that the requirement of gauge invariance now leads to

δξB = ε̇B − εA(V B
A + ξCUBCA) .

Thus there are no longer any restrictions on the parameters {εA}, which are
now arbitrary functions of q(t), p(t) and t.

Example

Consider once more the Lagrangian (3.52):

L =
1

2
ẋ2 + ẋy +

1

2
(x− y)2 .

The corresponding extended Hamiltonian (5.17) reads

HE =
1

2
p2x − (px − x)y − 1

2
x2 + ξ1φ+ ξ2ϕ ,

where
φ := py = 0 , ϕ := px − x = 0
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are the primary and secondary (first class) constraints. The corresponding
equations of motion take the form,

ẋ= {x,HE} = px − y + ξ2,

ẏ= {y,HE} = ξ1 ,

and the generator of gauge transformations (5.7) reads

G = ε1py + ε2(px − x) .

Taking ε2 to be only a function of time, we have

δx = {x,G} = ε2; δy = ε1; δpx = ε2; δpy = 0.

The structure functions defined in (5.12 ) and (5.13 ) are given by UABC = 0
and

V BA :=

(
0−1
0 1

)
,

so that
δξ1 = ε̇1, δξ2 = ε̇2 + ε1 − ε2 .

The above transformations are symmetry transformations of the Hamilton
equations of motion generated by HE .

5.5 Local symmetries of the Lagrangian action

In the previous section we have studied the (off-shell) local symmetries of the
total and extended action. We now show, that the corresponding Lagrangian
action

S =

∫
dt L(q, q̇) (5.18)

is also invariant under a similar set of gauge transformations, but with the
Lagrange multipliers vα identified with the (arbitrary) velocities q̇α. To show
this we first rewrite the Lagrangian L(q, q̇) in terms of the coordinates qi, the
independent momenta

pa =
∂L

∂q̇a
,

and the velocities q̇α. The q̇a’s are then functions of qi, pa and q̇α (see (3.6)):

q̇a = fa(q, {pb}, {q̇α}) . (5.19)

Expressed in these variables the Lagrangian L(q, q̇) is given by

L(q, {fa}, {q̇α}) = L̃(q, {pa}, {q̇α}) .
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Consider the canonical Hamiltonian evaluated on the primary surface pα −
gα(q, {pa}) = 0:

H0(q, {pa}) = paf
a + gαq̇

α − L̃ .

The action (5.18) then takes the form

S =

∫
dt (paf

a + gαq̇
α −H0) ,

where the integrand is now a function of {qi}, {pa} and {q̇α}. Consider a
variation of the action,

δS =

∫
dt [δ(paf

a) + δ(gαq̇
α)− δH0] . (5.20)

The first term appearing in the integrand can also be written in the form

δ(paf
a) = faδpa +

d

dt
(paδq

a)− ṗaδq
a , (5.21)

where d
dtδq

a has been identified with δfa, as follows from (5.19) and d
dtδq = δq̇.

An analogous expression holds for the second term:

δ(gαq̇
α) = q̇αδgα +

d

dt
(gαδq

α)− ġαδq
α . (5.22)

Next consider the variation (5.5) of gα. With φα ≡ pα−gα(q, pa), we have that

δgα = εA{pα,ΩA} − εA{φα,ΩA} ,

=−εA ∂ΩA
∂qα

− εA{φα,ΩA} .

Furthermore

δqα = εA
(
∂ΩA
∂pα

)
.

Making further use of
(
q̇i
∂ΩA
∂qi

+ ṗi
∂ΩA
∂pi

)
=

d

dt
ΩA ,

we have from (5.21) and (5.22) that

δ(paf
a + gαq̇

α) =
d

dt

[(
pi
∂ΩA
∂pi

− ΩA

)
εA
]
+ ε̇aΩa − εAq̇α{φα,ΩA}. (5.23)

The total derivative does not contribute to the action, since it is assumed that
εA vanishes at the endpoints of the integration.
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Finally, consider the variation δH0:

δH0 = εA{H0,ΩA} = εAV BA ΩB ,

where we have made use of (5.13) with H = H0, and of the fact that, because
we are considering a purely first class system, H0 is itself first class. With (5.23)
one then finds that (5.20) vanishes on the surface of the primary constraints if
the conditions

ε̇a = εB(V a
B + q̇βUaβB) (5.24)

are satisfied. This is nothing but the condition (5.14) with vα identified with
the undetermined velocity q̇α, and with V a

B and UaβB evaluated on the primary
surface.

Example

The Lagrangian

L =
1

2
ẋ2 + ẋ(y − z) +

1

2
(x− y + z)2

leads to two primary constraints,

Ω1 := py = 0 Ω2 := pz = 0 .

The canonical Hamiltonian reads

H0 =
1

2
p2x − (y − z)px −

1

2
x2 + x(y − z) .

From Ω1 and Ω2 we generate just one secondary constraint,

Ω3 = {H0,Ω1} = −{H0,Ω2} = x− px .

This exhausts all secondary constraints. All the constraints are first class.
Hence we expect the Lagrangian to possess a local symmetry. One symmetry
is obvious: L is invariant under x→ x, y → y+ε, z → z+ε. But the Lagrangian
is actually invariant under a larger set of infinitesimal transformations, as we
now show.

For the structure functions UDAB and V A
B defined in (5.12) and (5.13) we

have V 3
1 = −V 3

2 = V 3
3 = 1 and UDAB = 0. Recalling that ε1 and ε2 are

the parameters associated with the primary constraints, the recursion relation
(5.24) then leads to the following equation for the parameter ε3 associated with
the secondary constraint Ω3 = 0:

ε̇3 − ε1 + ε2 − ε3 = 0 .
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Since there are two primary first class constraints, the solution involves two
parameters, which we choose to be ε3 = α(t) and ε2 = β(t). One is thus led to
the solution

ε1 = α̇− α+ β .

The corresponding symmetry-transformations (5.4) of the coordinates are then
given by,

δx=−α(t) ,
δy= α̇− α+ β ,
δz = β .

As expected, one finds that the variation of the Lagrangian induced by these
transformations is just a total derivative,

δL = − d

dt
(αx) ,

so that δS = 0. Note that upon making the substitutions α → −β, β → α, the
above set of transformations coincide with (2.36).

5.6 Solution of the recursive relations

In the following we shall seek a solution to (5.24) under the following assump-
tions [Banerjee 2000a]:

i) The Poisson bracket of any constraint with the M primary constraints is
a linear combination of only the primary constraints. This implies UaβB = 0,
and hence the absence of the last term in (5.24).

ii) The structure functions V a
B are either constants, or may be arbitrary

functions of the phase space variables, provided that there are no “tertiary”
constraints. That is, the Dirac algorithm terminates at the first level. Impor-
tant bosonic examples are the Maxwell and Yang-Mills theories in the absence
of matter sources.

In order to solve equations (5.24) with these restrictions it is convenient to
organize the constraints into “families”, where the parent of each family, labeled

by “α”, is given by a primary constraint φ
(α)
0 , and the remaining members φ

(α)
i ,

i = 1, 2 · ··, are recursively derived from [Shirzad 1999, Banerjee 2000a]

{H,φ(α)i−1} = φ
(α)
i , i = 1, ..., Nα . (5.25)

The (not necessarily independent) set of constraints generated this way is then

given by φ
(α)
i (α = 1 · · ·M ; i = 0 · · ·Nα). With the above notation for the
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constraints, the structure functions V B
A in (5.24) are correspondingly replaced

by V αβij , and have, for i < Nα, the simple form

V αβij = δαβδi,j−1 , i = 0, · · ·, Nα − 1 . (5.26)

In this notation
{H,φ(α)i } =

∑

j,β

V αβij φ
(β)
j . (5.27)

Notice that V αβNαj remains undetermined by our algorithm. In order to ensure
that the constraints thus obtained are irreducible, we must adopt some system-
atic procedure. A possibility is to implement the Dirac algorithm level by level,
decending from all primary constraints simultaneously. Scanning one by one
through every member at each level, we terminate a family “α”, if at a given

level Nα, the Poisson bracket of the constraint φ
(α)
Nα

with H can be written
as a linear combination of all the other constraints obtained up to this point.
This ensures the irreducibility of the constraints thus obtained. Organizing the
families in this particular way then implies that V αβNαj = 0 for j > inf{Nα, Nβ}.
But whatever the procedure one may adopt for obtaining the irreducible set of
constraints, the Poisson bracket of the final member of each family with H is
given by,

{H,φ(α)Nα
} =

M∑

β=1

inf(Nα,Nβ)∑

j=0

V αβNαjφ
(β)
j ,

where M is the number of primary constraints. Correspondingly equation
(5.24) now reads [Banerjee 2000a]

0 =
dε

(α)
i

dt
−

M∑

β=1

Nβ∑

j=0

ε
(β)
j V βαji , i = 1, · · ·, Nα . (5.28)

Let us choose as independent parameter-functions those associated with the
last member in each family, and let them be arbitrary functions of time:

αβ := ε
(β)
Nβ

(t) . (5.29)

Making use of (5.26), equations (5.28) then take the form

dε
(α)
i

dt
− ε

(α)
i−1 −

M∑

β=1

αβV βαNβi = 0 , i = 1, · · ·, Nα . (5.30)

The solution to this set of equations can be constructed iteratively, by starting
with the last member of a family:

ε
(β)
Nβ−1 =

dαβ

dt
−

M∑

γ=1

αγV γβNγNβ . (5.31)
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Continuing in this fashion, one easily sees that the general solution can be
written in the form

ε
(α)
i =

Nα−i∑

n=0

M∑

β=1

dnαβ

dtn
Aβαi(n) , i = 0, · · ·, Nα , (5.32)

with the normalization
AβαNα(0) = δβα , (5.33)

following from our choice of parametrization (5.29). Substituting (5.32) into
(5.30) and comparing powers in the time derivatives, one is led to the recursion
relations

Aβαi(n−1) = Aβαi−1(n) , i = 1, · · ·, Nα,
with the “initial conditions”

Aβαi−1(0) = −V βαNβi , i = 1, · · ·, Nα ,

following from a comparison of (5.31) with (5.32). It is easy to see, that these
recursion relations determine the complete solution, from which the Lagrangian
gauge symmetries can be obtained. The result is summarized in the following
table, where the entries are the coefficients Aβαi(n).

n = 0 n = 1 n = 2 n = 3 n = 4 · · ·
i = Nα δβα 0 0 0 · · · · · ·

i = Nα − 1 −V βαNβ ,Nα δβα 0 · · · · · · · · ·
i = Nα − 2 −V βαNβ,Nα−1 −V βαNβNα δβα 0 · · · · · ·
i = Nα − 3 −V βαNβ,Nα−2 −V βαNβNα−1 −V βαNβNα δβα 0 · · ·

· · · · · · · · · · · · · · · · · · · · ·

With εA and ΩA replaced by ε
(α)
i and φ

(α)
i respectively, the infinitesimal gauge

transformations δq` =
∑
α,i ε

(α)
i {q`, φ(α)i } take the form

δq` =

M∑

β=1

∑

n≥0

dnαβ

dtn
ρ`(n)β(q, p) ,

with

ρ`(n)β(q, p) =

M∑

α=1

∑

j≥0

θ(Nα − n− j)Aβαj(n)
∂φ

(α)
j

∂p`
,

where θ is the Heaviside theta-function with θ(0) = 1, and where it is un-
derstood that the dependence on the canonical momenta on the rhs has been
replaced by the respective expressions in terms of the Lagrangian variables.
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In the case where all the families contain at most two members, and where
the structure functions U γ

aB vanish 6 we can relax the above assumption con-

cerning the constancy of the structure functions V αβij , since our iterative scheme
already terminates with equation (5.31) with Nα = 1 for all α. With (5.4) an
infinitesimal gauge transformation δqi then takes the form

δq` =
∑

β

αβ{q`, φ(β)0 }+
M∑

β=1

(
dαβ

dt
−

M∑

γ=1

αγV γβ11

)
{q`, φ(β)1 } .

Example

The following modified version of the Nambu-Goto model [Hwang 1983] has
the above mentioned features.

Consider the action

S =

∫
dσ

(
1

2

ẋ2

λ
− µ

λ
ẋx′ +

1

2

µ2

λ
x′2 − 1

2
λx′2

)
, (5.34)

where the 4-vector xµ(τ, σ) labels the coordinates of a “string” parametrized
by τ and σ, with the “dot” and “prime” denoting the derivative with respect to
τ and σ, respectively. There are two primary constraints, π1 = 0 and π2 = 0,
where π1 and π2 are the momenta conjugate to the fields λ(τ, σ) and µ(τ, σ),
respectively. Hence in our notation

φ
(1)
0 = π1 , φ

(2)
0 = π2 .

The canonical Hamiltonian on the primary surface reads,

H0 =

∫
dσ{λ

2
(p2 + x′2) + µp · x′} , (5.35)

where pµ is the four-momentum conjugate to the coordinate xµ. The con-
servation in time of the primary constraints leads respectively to secondary
constraints, which in our notation read

φ
(1)
1 =

1

2
(p2 + x′2) = 0 , φ

(2)
1 = p · x′ = 0 .

6Examples are the U(1) Maxwell theory, the SU(N) Yang-Mills theories, as well as the
example discussed next.
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One readily checks that there are no further constraints. These secondary
constraints are just the primary constraints of the Nambu-Goto string model.
They satisfy the Poisson brackets. 7 (we suppress the τ variable)

{φ(1)1 (σ), φ
(1)
1 (σ′)}= φ

(2)
1 (σ)∂σδ(σ − σ′)− φ

(2)
1 (σ′)∂σ′δ(σ − σ′) ,

{φ(1)1 (σ), φ
(2)
1 (σ′)}= φ

(1)
1 (σ)∂σδ(σ − σ′)− φ

(1)
1 (σ′)∂σ′δ(σ − σ′) (5.36)

{φ(2)1 (σ), φ
(2)
1 (σ′)}= φ

(2)
1 (σ)∂σδ(σ − σ′)− φ

(2)
1 (σ′)∂σ′δ(σ − σ′) .

All other Poisson brackets vanish. The constraints are seen to be first class. In
our terminology, we thus have two families, each with two members.

Note that the Hamiltonian (5.35) is of the form

H0 =

∫
dσ
(
λφ

(1)
1 (σ) + µφ

(2)
1 (σ)

)
, (5.37)

i.e., it is just a linear combination of the level one constraints. It is therefore
called a “zero-Hamiltonian”. The structure functions V αβij , defined in (5.27),
are read off from the Poisson brackets

{H0, φ
(1)
0 } = φ

(1)
1 , [H0, φ

(2)
0 ] = φ

(2)
1 ,

and

{H0, φ
(1)
1 } = −λ∂σφ(2)1 − 2λ′φ(2)1 − µ∂σφ

(1)
1 − 2µ′φ(1)1 ,

{H0, φ
(2)
1 } = −λ∂σφ(1)1 − 2λ′φ

(1)
1 − µ∂σφ

(2)
1 − 2µ′φ

(2)
1 .

They are given by

V 11
11 (σ, σ

′) = V 22
11 (σ, σ

′) = − (µ(σ)∂σ + 2µ′(σ)) δ(σ − σ′) ,

V 12
11 (σ, σ

′) = V 21
11 (σ, σ

′) = − (λ(σ)∂σ + 2λ′(σ)) δ(σ − σ′) .

Since for the example in question the maximum levels for the two chains gen-

erated from φ
(1)
0 and φ

(2)
0 are N1 = N2 = 1, it follows from (5.31) that our

iterative scheme for finding the solution to (5.28) already ends at the first step,

with ε
(α)
0 given by

ε
(α)
0 =

dαα

dτ
−
∫
dσ′

2∑

β=1

αβ(σ′)V βα11 (σ′, σ) .

7In obtaining these Poisson bracket relations, identities such as

f(σ′)∂σδ(σ − σ′) = (∂σf(σ))δ(σ − σ′) + f(σ)∂σδ(σ − σ′)

have been used.
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We thus obtain

ε
(1)
0 =

dα1

dτ
− µ∂σα

1 + µ′α1 − λ∂σα
2 + λ′α2 ,

ε
(2)
0 =

dα2

dτ
− µ∂σα

2 + µ′α2 − λ∂σα
1 + λ′α1 . (5.38)

From here and (5.4) we now compute the corresponding transformation laws
for the fields to be

δxµ = α1pµ + α2∂σx
µ , (5.39)

δλ= ε
(1)
0 , δµ = ε

(2)
0 . (5.40)

Making use of the expressions for ε
(α)
0 derived above, we verify that these

transformation laws agree with that quoted in the literature [Batlle 1990].

5.7 Reparametrization invariant approach

In the previous section we considered a restricted class of gauge transformations
(5.4), with a parametrization tied to first class constraints generated recursively
according to (5.25). In this section we consider transformations which are form
invariant under redefinitions of the constraints. As before, we shall concentrate
on purely first class systems.

Consider the total action

ST =

∫ t2

t1

dt [piq̇
i −H(q, p)− vαφα] . (5.41)

Next consider a variation δST . Making use of δq̇i = d
dtδq

i one obtains, after
dropping a total time derivative

δST =

∫
dt

[(
q̇i − ∂H

∂pi
− vα

∂φα
∂pi

)
δpi −

(
ṗi +

∂H

∂qi
+ vα

∂φα
∂qi

)
δqi − δvαφα

]
.

The Hamilton equations of motion, together with the primary constraints follow
by requiring that δST vanishes for arbitrary variations δqi, δpi and δv

α. For a
local symmetry transformation, qi → qi+ δqi, pi → pi+ δpi this variation must
vanish without making use of the equations of motion. Consider a variation of
the form

δqi =
∂G

∂pi
= {qi, G} , δpi = −∂G

∂qi
= {pi, G} , (5.42)

with
G(q, p, t) = εA(q, p, t)ΩA(q, p) . (5.43)
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On the constrained surface the transformations (5.42) evidently coincide with
the corresponding variations (5.4). One readily finds that

δST =

∫
dt

(
∂G

∂t
− {H,G} − vα{φα, G} − δvαφα

)
,

where we have dropped a total derivative dG
dt . The total action is trivially

invariant if 8

∂G

∂t
− {H,G} − vα{φα, G} − δvαφα = 0 . (5.44)

Note that the choice of the first class constraints in (5.43) is left unspecified,
and in particular depends on the algorithm generating them. Thus any linear
combination of the constraints, with non-singular q and p dependent coefficients
is still first class. Any redefinition of the constraints can however be absorbed
into a redefinition of the functions εA. Hence the equations determining the
εA’s must be form invariant under reparametrization. For this it is important,
that the q and p dependence of the εA’s be taken into account when calculating
the Poisson brackets.

Consider now equation (5.44). As always the primary and secondary con-
straints are labeled by small Greek and Latin indices, respectively. Since, by
assumption, all the constraints are first class, eq. (5.44) implies the following
equations for the parameters εA = εA(q, p, t):

∂εa

∂t
− εB{V aB + vβ(t)UaβB}+ {εa, H}+ vβ(t){εa, φβ} ≈ 0 , (5.45)

δvα ≈ ∂εα

∂t
− εB{V α

B + vβ(t)UαβB}+ {εα, H}+ vβ(t){εα, φβ} , (5.46)

which are to be compared with the on-shell relations (5.14) and (5.15). Thus
equations (5.45) and (5.46) have the same form as (5.14) and (5.15) on the
space of solutions, since in this case

∂εA

∂t
+ {εA, H}+ vα{εA, φα} ≈ dεA

dt
.

One readily verifies that equations (5.45) and (5.46) are form invariant under
the transformations

ΩA(q, p) → Ω̃A(q, p) = Λ B
A (q, p)ΩB(q, p) ,

8This equation can also be written in the compact form [Banerjee 2000b],

∂G

∂t
− {HT , G} = 0 ,

if one agrees to formally define δvα ≡ {vα, G}.
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εA(q, p) → ε̃A(q, p) = εB(q, p)(Λ−1)
A

B (q, p) ,
vα → ṽα = vβ(Λ−1) αβ (q, p) ,

and
V A
B (q, p) → Ṽ A

B (q, p) , UAβB(q, p) → ŨAβB(q, p) ,

where ŨAβB(q, p) and Ṽ A
B (q, p) are defined in terms of the constraints Ω̃A by

equations analogous to (5.12) and (5.13).
We now look for solutions to (5.45). In the following we will restrict our-

selves to systems with only one primary constraint Ω1 = 0. If the (first class)
secondary constraints are generated successively by the Dirac algorithm ac-
cording to (5.25), starting with the primary constraint, i.e.

ΩA+1 = {H,ΩA} ; A ≤M − 1 , (5.47)

with M the total number of (first class) constraints, then 9

UA1B = 0 for A > B .

Note that A and B are further restricted by A ≤ M , B ≤ M , and that the
non-vanishing components of V A

B are given by

V A
A−1 = 1; A = 2, · · ·,M

and possibly V A
M , A = 1, · · · ,M . Making use of this information, one derives

the following recursion relation

εM−n =
(
WM−n+1
M−n

)−1
[∂εM−n+1

∂t
+ {εM−n+1, H}+ v{εM−n+1,Ω1}

−
M∑

A=M−n+1

εAWM−n+1
A

]
; n = 1, . . . ,M − 1 , (5.48)

where
WA
B (q, p) = V AB (q, p) + vUA1B(q, p) .

Equations (5.48) cannot be solved in general. Solutions can however be ob-
tained for the case where εM is only an explicit function of t: εM = α(t). Then
the above equation allows one to determine εM−1 as a function of v(t), α(t),
α̇(t), and the canonical variables, since in this case the second and third terms
on the rhs of (5.48) vanish for n = 1. Thus εM−1 is now determined. This

9Persistence of the constraints in time requires that {ΩA,HT } ≈ 0. Hence, following
the Dirac algorithm (5.25), a new constraint is generated from ΩB only if {Ω1,ΩB} =∑

A
UA
1BΩA vanishes on the subspace defined by Ω1 = 0, Ω2 = 0, · · · ,ΩB = 0, i.e., if

UA
1B = 0 for A > B.
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allows one to descend to εM−2. Proceeding in this way we find that εM−n,
n = 1, · · ·,M − 1 takes the form

εM−n =

n∑

`=0

ρ
(M−n)
` (q, p; v, v̇, · · ·, dn−1v/dtn−1)

d`α

dt`
.

Correspondingly the transformation law for the coordinates and momenta have
the form

δqi =

M∑

k=1

M−k∑

`=0

f
(k)
i` (q, p; v, v̇, · · ·, dM−k−1v/dtM−k−1)

d`α

dt`
, (5.49)

δpi =
M∑

k=1

M−k∑

`=0

h
(k)
i` (q, p; v, v̇, · · ·, dM−k−1v/dtM−k−1)

d`α

dt`
. (5.50)

The above variations ensure that the total action associated with an arbitrary
phase space trajectory q(t), p(t) remains invariant. Thus if qi(t), pi(t) minimize
the total action, then this is also true for qi + δqi, pi + δpi, and v replaced by
v + δv, for a suitable choice of δv.

We remark that the (off shell) transformations (5.49) and (5.50) do not leave
the total Hamiltonian invariant for functions εA(q, p, t) which depend explicitly
on time. This follows immediately from

δHT = {H,G}+ vα{φα, G}+ δvαφα

which for εA and δvα satisfying (5.45) and (5.46), and hence (5.44), implies
that (see (5.44))

δHT =
∑

A

∂εA

∂t
ΩA ,

which only vanishes weakly.
The solutions to the fundamental equation (5.45) have been obtained as-

suming that εM is only a function of time. The corresponding transformation
laws for the coordinates and momenta are then functions of the multiplier v(t)
and time derivatives thereof, the canonical variables, as well as of explicit time.

Finally let us observe that both transformation laws discussed above, i.e.,
(5.4) and (5.42), are consistent with the commutativity δq̇i(t) = d

dtδq
i on the

level of the solutions to the equations of motion. Thus consider the difference

∆ =

(
d

dt
δqi − δq̇i

)
(5.51)

with
δqi = {qi, G} = εA{qi,ΩA}+ {qi, εA}ΩA .
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Hence, using the Hamilton equations of motion,

d

dt
δqi ≈ dεA

dt
{qi,ΩA}+ εA{{qi,ΩA}, H}+ vαεA{{qi,ΩA}, φα} ,

where we have made use of the persistency equation dΩA
dt ≈ 0. Furthermore,

since εA are in general functions of q, p, t we have

dεA

dt
≈ ∂εA

∂t
+ {εA, HT } .

Making use of the Jacobi identity (3.23) we have that

d

dt
δqi ≈

[
∂εA

∂t
− {HT , ε

A}
]
{qi,ΩA}+ εA{{HT ,ΩA}, qi}+ εA{{qi, HT },ΩA} ,

where the Lagrange multipliers in HT do not participate in the computation
of the Poisson brackets.

On the other hand, again making use of the equations of motion we have
that

δq̇i ≈ {{qi, HT }, G}+ δvα{qi, φα} ,
so that on Γ, making use of (5.12) and (5.13), (5.51) is given by

∆ ≈
[
∂εA

∂t
− {HT , ε

A} − εB(V A
B + vβUAβB)− δvαδαA

]
{qi,ΩA} ,

where Ωα ≡ φα. This expression vanishes on account of (5.45) and (5.46). A
similar expression with qi replaced by pi is obtained for

(
d
dtδpi − δṗi

)
.

Example

We now give an example which demonstrates how a reparametrization invariant
formulation can be used to simplify the transformation laws. Consider the
Lagrangian (2.6), i.e.,

L =
1

2
(q̇2 − eq1)2 +

1

2
(q̇3 − q2)

2 .

There exists just one primary constraint Ω1 := p1 = 0 . The total Hamiltonian
is thus given by HT = H + vp1, where

H =
1

2
p22 +

1

2
p23 + eq1p2 + q2p3 .
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Persistence in time of the primary constraint leads to the secondary constraint

Ω2 := {H,Ω1} = eq1p2 = 0 ,

which in turn leads to a tertiary constraint

Ω3 = {H,Ω2} = eq1p3 = 0 . (5.52)

There are no further constraints. All the constraints are first class. Note that
we have defined the constraints in accordance with the scheme (5.47). We are
free to do so, since any other realization of the constraints is equivalent to
redefining the parameters in the definition of the generator (5.43). 10 The only
non-vanishing structure functions V A

B and UA1B are given by

V 2
1 = V 3

2 = 1 ,

U2
12 =U3

13 = −1 .

A solution to (5.48) can now be obtained with the Ansatz, that the parameter
ε3, associated with the last constraint generated from the primary, is only a
function of time, i.e., ε3 = α(t). At this point we have clearly made a special
choice tied to a particular realization of the constraints. Having obtained a
solution, we are then free to realize the constraints in different ways, thereby
redefining the parameters. With the above choice of constraints, and setting
ε3 = α(t) one finds for the solution of (5.48)

ε3 = α ,

ε2 = α̇+ vα,

ε1 = α̈+ 2vα̇+ v̇α+ αv2 ,

δv =
d3α

dt3
+ 2vα̈+ 3α̇v̇ + v2α̇+ 2αvv̇ + αv̈ = ε̇1 . (5.53)

Note that the parameters do not depend on the canonical variables, but only on
α(t), the Lagrange multiplier v, and time derivatives thereof. It then follows
from q̇1 ≈ {q1, HT } that v = q̇1. Hence, δv = δq̇1. On the other hand
δq1 = {q1, G} = ε1, where G is the generator G = εAΩA. Commutativity
of the time derivative and δ-operations implies that δq̇1 = δv = ε̇1, which
coincides with the rhs of (5.53).

By redefining the constraints, the identification v = q̇1 may be lost, and
the parameters εB may be replaced by expressions depending on the canonical
variables. Thus consider e.g. the following reparametrization of the constraints

Ω1 → Ω̄1 = e−q1p1 ,

10In example 3 of section 3.2.3 we had chosen the constraints to be p1 = p2 = p3 = 0.
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Ω2 → Ω̄2 = p2 ,
Ω3 → Ω̄3 = p3 ,

which, in particular, implies that v → v̄ = eq1v = eq1 q̇1. The generator is
now given by G = ε̄AΩ̄A, where the new parameters ε̄A now take the form:
ε̄3 = eq1α , ε̄2 = eq1ε2 ε̄1 = eq1ε1. More explicitly one has that

ε̄3 = eq1α

ε̄2 =
d

dt
(eq1α)

ε̄1 =
d2

dt2
(eq1α)

δv̄ =
d3

dt3
(eq1α) .

The fact, that the expressions (5.45) and (5.46) also involve time derivatives
suggests [Costa 1985] that the observables O(q, p) of a theory described by a
singular Lagrangian, should possess the property (5.3), although G only gener-
ates symmetry transformations provided that the gauge parameters satisfy the
relations (5.46). One refers to this as the “Dirac conjecture”. In the following
chapter we will discuss in detail in which sense this conjecture holds.

We close this chapter with a remark. The generalization of the above symmetry
considerations to systems with first and second class constraints is straight-
forward. For mixed systems we had shown in chapter 3 that the Hamilton
equations of motion for an arbitrary function of the canonical variables can be
written in the form (3.69). The gauge degrees of freedom are contained entirely
in the sum over α1 on the rhs. These equations of motion are equivalent to

ḟ ≈ {f, H̄T }

where
H̄T = H(1) + vα1φ(1)α1

with H(1) defined in (3.65). One thus only has to replace H by H(1) in all our
expressions above, in order to include also the second class constraints. This
means of course that the coefficient functions V B

A must also be computed from
(5.13) with H replaced by H(1).



Chapter 6

The Dirac Conjecture

6.1 Introduction

In this chapter we shall make our earlier statements concerning “Dirac’s con-
jecture” more precise. This conjecture states that the generators of the local
symmetries of the action are given by the complete set of first class constraints.
In the following we will restrict ourselves to purely first class systems. 1 Hence
H(1) = H in (3.65). Starting from an equivalent first order Lagrangian for-
mulation, where the Euler-Lagrange equations are just the Hamilton equations
of motion, we make use of the Lagrangian methods discussed in chapter 2, in
order to establish a direct connection between the gauge identities generated
by the Lagrangian algorithm and the generators of gauge symmetries of the
total action. 2 We then discuss several examples, which have been cited in the
literature as counterexamples to Dirac’s conjecture, in order to point out some
subtleties, and show that the Dirac conjecture holds, if properly interpreted.

6.2 Gauge identities and Dirac’s conjecture

Before embarking on a detailed discussion of the Dirac conjecture, we want to
provide the reader with a guide of our line of reasoning.

As mentioned above, our aim is to use purely Lagrangian methods to obtain
the transformation laws for the coordinates, momenta and Lagrange multipli-
ers which leave the total phase-space action invariant. As we will see, these
transformation laws are of the form (5.4), where i) all the first class constraints

1The case of a mixed system has been studied in [Rothe 2003c].
2For an alternative discussion of Dirac’s conjecture see [Castellani 1982/90, Di Stefano

1983, Costa 1985, Cabo 1986, Gracia 1988, Gitman 1990].
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must be included on the rhs, and ii) the constraints are generated in a partic-
ular way. To show this we will first construct a Lagrangian L(Q, Q̇), linear in
the velocities Q̇, so that its Euler derivatives lead to the Hamilton equations of
motion of the theory in question, if the coordinates Qa are properly identified
with the phase-space variables associated with the second order Lagrangian
of primary interest. We can then study the symmetries of the corresponding
action making use of the Lagrangian methods developed in chapter 2. Pro-
ceeding as in that chapter, one searches for left zero modes of the kinetic term
of the various Euler derivatives generated iteratively starting from the zeroth
level. Crucial for the analysis is that at each level the Euler derivatives and
zero modes have a generic structure determined by the first class constraints
of the theory. The algorithm stops once no new zero modes are generated,
and one is left with only gauge identities. From these gauge identities one
then extracts the transformation laws for the Qa’s, and correspondingly for the
coordinates qi and momenta pi of the Hamiltonian formulation. These take
the form (5.4) with the εA’s restricted by (5.14). While the form (5.4) of the
transformation laws will be strictly proven, the last mentioned property will
only be demonstrated explicitly for an arbitrary system with two primary, and
one secondary constraint. That it must be true in general follows from the fact
that, by construction, the transformations leave the total action invariant. It
is nevertheless instructive to demonstrate this for a particular type of system.

We now prove the above made assertions [Rothe 2002, 2003c, 2004]. 3 Since
our analysis proceeds along the lines of chapter 2, we will denote, as in that
chapter, the level ` of the algorithm by a corresponding superscript. The labels
of the coordinates will however differ from those in chapter 2 for reasons which
will become clear.

Let φ
(0)
α = 0 (α = 1, 2, · · ·, N0) be the primary constraints associated with

a second order Lagrangian L(q, q̇), 4 where qi, (i = 1, · · · , n) are coordinates
in configuration space, and let H0(q, p) be the corresponding canonical Hamil-
tonian defined on the primary surface. One readily verifies that the Euler-
Lagrange equations associated with the first order (total) Lagrangian

LT (q, p, q̇, ṗ, λ, λ̇) =

n∑

i=1

piq̇i −HT (q, p, λ) (6.1)

3Reference [Rothe 2002] contains some printing errors. In particular the index “a” in
Eq. (56) of that reference takes the values a = 2, · · · ,M , and α in Eq. (59) runs over
1, 2, · · · , 2n+ 1, and not from 1 to 7, as stated in the paragraph following (59).

4Notice that the labeling of the primary and secondary constraints differs from that in
chapter 5, and follows that of [Rothe 2004], except that latin indices are replaced by greek
indices, in agreement with the conventions followed in this book.
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with

HT (q, p, λ) = H0(q, p) +

N0∑

α=1

λαφ
(0)
α ,

reproduces the Hamilton equations of motion including the primary constraints,
if we regard qi, pi and λα as coordinates in a 2n+N0 dimensional configuration
space. We now write (6.1) in the form

LT =

2n+N0∑

a=1

aa(Q)Q̇a −HT (Q) , (6.2)

where
Qa := (~q, ~p, λ1, · · ·, λN0)

and

HT (Q) = H(Q1, · · ·, Q2n) +

N0∑

α=1

Q2n+αφ
(0)
α .

The non-vanishing elements of aa are given by ai = Qn+i = pi (i = 1, · · · , n).
The 2n+N0 components of the Euler derivative are

E(0)
a =

d

dt

(
∂LT

∂Q̇a

)
− ∂LT
∂Qa

=−
2n+N0∑

b=1

W
(0)
ab Q̇b +K(0)

a , (6.3)

with
W

(0)
ab = ∂aab − ∂baa ,

the (2n+N0)× (2n+N0) matrix

W(0) =




0 −1 ~0 · · · ~0
1 0 ~0 · · · ~0
~0T ~0T 0 · · · 0
· · · · ·
· · · · ·
· · · · ·
~0T ~0T 0 · · · 0




,

and

K(0)
a =

∂HT

∂Qa
,
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where 1 is an n × n unit matrix, ~0 are N0-component null column vectors
(associated with the absence of λ̇α in LT ), and ~0

T is the transpose of ~0.

The variation of the total action

ST =

∫
dt LT (Q, Q̇) (6.4)

is given by

δST = −
∑

a

∫
dt E(0)

a δQa , (6.5)

where we have dropped a boundary term. The left-zero modes of W(0) are
given by

~v(0)(α) =
(
~0,~0, n̂(α)

)
,

where n̂(α) is an N0-component unit vector with the only non-vanishing com-
ponent in the αth place. Hence

~v(0)(α) · ~E(0) = ~v(0)(α) · ~K(0) = φ(0)α . (6.6)

We thus recover on-shell the (first class) primary constraints φ
(0)
α = 0.

We now adjoin the time derivative of the primaries {φ(0)α } to ~E(0) and

construct the 2n+ 2N0 component (level one) vector ~E(1):

~E(1) =

(
~E(0)

d
dt
~φ(0)

)
, (6.7)

where ~φ(0) is a column vector with components (φ
(0)
1 , · · ·, φ(0)N0

). ~E(1) vanishes

on shell, i.e. for ~E(0) = 0. The components of ~E(1), which we label by a1, can
be written in the form

E(1)
a1 = −

∑

a

W (1)
a1aQ̇a +K(1)

a1 (Q) ,

where

~K(1) =

(
~K(0)

~0

)
,
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and W(1) is now the rectangular matrix

W(1) =




0 −1 ~0 · · ·~0
1 0 ~0 · · ·~0
~0T ~0T 0 · · · 0
· · ·
· · ·
· · ·
~0T ~0T 0 · · · 0

−∇φ(0)1 −∇̃φ(0)1 0 · · · 0
· · ·
· · ·
· · ·

−∇φ(0)N0
−∇̃φ(0)N0

0 · · · 0




.

Here

∇ := (∂1, · · ·, ∂n) , ∇̃ := (∂n+1, · · ·, ∂2n) .

We seek new constraints by looking for left zero modes of W(1). They are N0

in number, and are given by

~v(1)(α) :=
(
−∇̃φ(0)α ,∇φ(0)α ,~0, ê(0)(α)

)
, (6.8)

where ~0 is an N0-component null vector, and ê(0)(α) is an N0-component unit
vector, with the only non-vanishing component in the αth position. This leads
to

~v(1)(α) · ~E(1) = ~v(1)(α) · ~K(1) =
∑

i

(
∂φ

(0)
α

∂qi

∂HT

∂pi
− ∂HT

∂qi

∂φ
(0)
α

∂pi

)

= {φ(0)α , HT } ,

or

~v(1)(α) · ~E(1) = {φ(0)α , H} −
∑

γ

λγ{φ(0)γ , φ(0)α } , (6.9)

which by constuction vanish on shell (i.e., for ~E(0) = ~0). Poisson brackets will
always be understood to be taken with respect to the canonically conjugate
variables qi and pi. In order to determine the constraints and gauge identities
we can proceed iteratively either “chain by chain” [Loran 2002], or “level by
level”. For the purpose of illustration let us adopt the former procedure. Since
we are studying a purely first class system, (6.9) will imply a new constraint,
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provided that {φ(0)γ , φ
(0)
α } is a linear combination of primaries. 5 In that case

we have a new constraint which we define in the strong sense:

φ(1)α := {φ(0)α , H} . (6.10)

Notice that in the chain by chain procedure of generating the constraints the
subscript α labels the parent of the chain (i.e., a primary constraint) and thus
always takes the values 1, · · · , N0, whereas the upper index labels the “decen-
dents” whose number Lα is determined by the parent. From (6.9) and (6.10)
we have that,

φ(1)α = ~v(1)(α) · ~E(1) +
∑

γ

λγ{φ(0)γ , φ(0)α } . (6.11)

Define the structure functions C
[``′k]
αβγ by

{φ(`)α , φ
(`′)
β } =

∑

γ,k

C
[``′k]
αβγ φ(k)γ . (6.12)

They are the UCAB’s defined in (5.12) written in the new notation. Then (6.11)
becomes

φ(1)α = ~v(1)(α) · ~E(1) +
∑

β,γ

λγC
[000]
γαβ (~v(0)(β) · ~E(0)) , (6.13)

where use has been made of (6.6). Note that φ
(1)
α is again a function of only q

and p.
We now repeat the process and adjoin the time derivative of the constraint

(6.13) to the equations of motion to construct ~E(2):

~E(2) =




~E(0)

d
dt
~φ(0)

d
dt
~φ(1)


 .

This leads to a matrix W(2):

E(2)
a2 =

∑

a

W (2)
a2aQ̇a +K(2)

a2 (Q) .

As we continue with this iterative process, the number of new zero modes
generated at each new level will in general be reduced, as “gauge identities” are
being generated along the way (see below). Hence the number of components

of ~φ(`) will in general decrease, as the level ` increases.

5If this is not the case then (6.9) determines one of the λγ ’s as a function of the rest, and
the algorithm stops.
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The constraints φ
(`)
α with ` ≥ 1 can be iteratively constructed from the recursion

relation,

φ(`+1)
α = ~v(`+1)(α) · ~E(`+1) +

∑̀

`′=0

∑

β,γ

λγC
[0``′]
γαβ φ

(`′)
β , ` ≥ 0 , (6.14)

where
φ(`+1)
α := {φ(`)α , H} , (6.15)

and the sum over β in (6.14) runs over all constraints φ
(`′)
β at level `′. The zero

modes at level ` + 1 have the following generic form :

~v(`+1)(β) = (−∇̃φ(`)β ,∇φ(`)β ,~0, ê(`)(β)) , ` ≥ 0 . (6.16)

Here ê(`)(β) is an N0 + N1 + · · · + N` component unit vector with the only

non-vanishing component at the position of the constraint φ
(`)
β in the array

(~φ(0), ~φ(1), · · ·, ~φ(`)). The iterative process in a chain labeled by “α” will come
to a halt at level ` = Lα + 1, when

φ(Lα+1)
α = {φ(Lα)α , H} =

Lα∑

`=0

∑

β

h
[Lα`]
αβ φ

(`)
β . (6.17)

Making use of (6.14) and (6.17), and setting ` = Lα in (6.14), this equation
takes the form

Gα := ~v(Lα+1)(α) · ~E(Lα+1) −
Lα∑

`=0

∑

β

K
[Lα`]
αβ φ

(`)
β ≡ 0 , (6.18)

where
K

[Lα`]
αβ = h

[Lα`]
αβ −

∑

γ

λγC
[0Lα`]
γαβ . (6.19)

Equation (6.18) expresses the fact, that the φ-chain labeled by “α” ends in
a “gauge identity” at the level Lα + 1. Since each chain must end in a
gauge identity, there will be as many gauge identities as there are primary
constraints. 6

Iteration of (6.14), starting with ` = 0, allows us to express all the con-

straints in terms of scalar products ~v(`) · ~E(`). Substituting the resulting ex-
pressions into (6.18), and multiplying each of the gauge identities Gα ≡ 0 by
an arbitrary function of time uα(t), the content of all the identities can be
summarized by an equation of the form

N0∑

α=1

Lα+1∑

`=0

ρ(`)α (Q, u)
(
~v(`)(α) · ~E(`)

)
≡ 0 , (6.20)

6Recall that we have restricted ourselves to purely first class systems.
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where

~E(`) =




~E(0)

d
dt
~φ(0)

d
dt
~φ(1)

·
·
·

d
dt
~φ(`−1)




. (6.21)

Now, because of the generic structure of the eigenvectors (6.16) we have from
(6.21)

~v(`+1)(α) · ~E(`+1) =
2n∑

a=1

(
v(`+1)
a (α)E(0)

a

)
+
dφ

(`)
α

dt
, ` = 0, · · · , Lα , (6.22)

where n is the number of coordinate degrees of freedom, and the constraints φ
(`)
α

appearing on the rhs can be expressed, by iterating (6.14), in terms of scalar

products ~v(k) · ~E(k), which in turn can be decomposed in the form (6.22). Upon
making a sufficient number of “partial decompositions” udv = d(uv)−vdu, the
identity (6.20) can be written in the form

N0∑

α=1

Lα∑

`=0

ε(`)α

2n+N0∑

a=1

(
v(`+1)
a (α)E(0)

a

)
+

N0∑

α=1

ε̃α

2n+N0∑

a=1

(v(0)a (α)E(0)
a )− dF

dt
≡ 0 ,

(6.23)

where ε
(`)
α and ε̃α depend on the N0 arbitrary functions of time {uα(t)}, as well

as on the Qa’s and time derivatives thereof. This expression is of the form 7

−
2n+N0∑

a=1

E(0)
a δQa =

dF

dt
, (6.24)

where

δQa = −
N0∑

α=1

Lα∑

`=0

ε(`)α v(`+1)
a (α)−

N0∑

α=1

ε̃αv
(0)
a (α) . (6.25)

For infinitesimal ε
(`)
α the time integral of the lhs of (6.24) is just the variation

(6.5) of the total action. Hence we conclude that the transformations (6.25)
leave the total action (6.4) invariant. But because of the generic structure of
the eigenvectors (6.16) we have from (6.25),

δqi = δQi =

N0∑

α=1

Lα∑

`=0

ε(`)α
∂φ

(`)
α

∂pi
=

N0∑

α=1

Lα∑

`=0

ε(`)α {qi, φ(`)α } , i = 1, · · · , n , (6.26)

7The minus sign has been introduced to cast the transformation laws in a standard form,
when written in terms of Poisson brackets.
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and

δpi = δQn+i = −
N0∑

α=1

Lα∑

`=0

ε(`)α
∂φ

(`)
α

∂qi
=

N0∑

α=1

Lα∑

`=0

ε(`)α {pi, φ(`)α } , (6.27)

δλα = δQ2n+α = −ε̃α , (6.28)

where, as we have seen, the ε
(`)
α ’s and ε̃α depend on N0 arbitrary functions

of time. Hence we conclude that all first class constraints act as generators
of a local symmetry of the total action, and that the transformation of the
coordinates and momenta are of the form (5.4) with the first class constraints
generated in an iterative way according to (6.15). We have thus confirmed
a proposition made in [Di Stefano 1983] regarding the form of the first class
constraints that are generators of local symmetries.

Finally we would like to emphasize, that we have implicitly asumed through-
out that the structure functions appearing in equations (6.17) and (6.18) are
finite on the constraint surface. If this is not the case, we expect that our algo-
rithm still generates the correct local off-shell symmetries of the total action if
the gauge identities are non-singular on the constrained surface, but does not
generate the symmetries on the level of the Hamilton equations of motion. This
will be demonstrated in section 4. In the following section we first illustrate our
formalism for the general case of two primary constraints and one secondary
constraint.

6.3 General system with two primaries and one
secondary constraint

In this section we apply the formalism to the case where the system exhibits

two primary constraints φ
(0)
α , α = 1, 2, and one secondary constraint φ

(1)
2 , which

in Dirac’s language is generated from the presistency in time of φ
(0)
2 . (This

is illustrated by the table below.) The specific form of the Hamiltonian is
irrelevant. The constraints are assumed to be first class.

φ
(0)
1 φ

(0)
2

φ
(1)
2

The total Lagrangian LT is given by (6.1) with N0 = 2. Proceeding as in
section 2, the primary constraints can be written in the form (6.6), where
~v(0)(1) = (~0,~0, 1, 0) and ~v(0)(2) = (~0,~0, 0, 1).

Next we construct the vector (6.7), i.e. ~E(1) = ( ~E(0), φ̇
(0)
1 , φ̇

(0)
2 ), and the

zero modes of the corresponding matrix W(1), which are given by (6.8), i.e.,
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~v(1)(1) = (−∇̃φ(0)1 ,∇φ(0)1 , 0, 0, 1, 0), ~v(1)(2) = (−∇̃φ(0)2 ,∇φ(0)2 , 0, 0, 0, 1). Since

only φ
(0)
2 is assumed to lead to a new constraint, we are immediately left with

one gauge identity at level 1, generated from φ
(0)
1 :

G1 = ~v(1)(1) · ~E(1) −
2∑

β=1

K
[00]
1β φ

(0)
β ≡ 0 ,

or

G1 = ~v(1)(1) · ~E(1) −
2∑

β=1

K
[00]
1β

(
~v(0)(β) · ~E(0)

)
≡ 0 , (6.29)

which is nothing but (6.18) with L1 = 0. On the other hand φ
(0)
2 gives rise, by

assumption, to a new constraint φ
(1)
2 at level 1, which is given by

φ
(1)
2 = ~v(1)(2) · ~E(1) +

2∑

β,γ=1

λγC
[000]
γ2β

(
~v(0)(β) · ~E(0)

)
.

We are therefore led to construct

~E(2) =




~E(0)

d
dtφ

(0)
1

d
dtφ

(0)
2

d
dtφ

(1)
2


 ,

as well as the corresponding rectangular matrix W (2) and its left zero modes,
of which only the contraction of

~v(2)(2) = (−∇̃φ(1)2 ,∇φ(1)2 , 0, 0, 0, 0, 1)

with ~E(2) leads to a new equation, which is necessarily a gauge identity, since

we have assumed that the system only possesses one secondary constraint φ
(1)
2 .

The gauge identity at level 2 has the form

G2 = ~v(2)(2) · ~E(2) −
2∑

β=1

K
[10]
2β φ

(0)
β −K

[11]
22 φ

(1)
2 ≡ 0

or

G2 = ~v(2)(2) · ~E(2) −
2∑

β=1

K
[10]
2β

(
~v(0)(β) · ~E(0)

)
(6.30)

−K
[11]
22


~v(1)(2) · ~E(1) +

2∑

β,γ=1

λγC
[000]
γ2β

(
~v(0)(β) · ~E(0)

)

 ≡ 0 .
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Multiplying the gauge identities (6.29) and (6.30) by the arbitrary functions
u1(t) and u2(t), respectively, and taking their sum, the resulting expression
can be written in the form (6.20). Upon making a sufficient number of “partial
differential decompositions”, one finds, after some algebra, that the information
encoded in the gauge identities can be written in the form (6.23), where

ε
(0)
1 =−u1
ε
(1)
2 =−u2
ε
(0)
2 = u̇2 + u2K

[11]
22

δλα =−u̇2
∑

γ

λγC
[000]
γ2α − u2K

[10]
2α − u1K

[00]
1α

− u2K
[11]
22

∑

γ

λγC
[000]
γ2α + ü2δ2α − u̇1δ1α +

d

dt

(
u2K

[11]
22

)
δ2α

are the only non-vanishing parameters. The corresponding transformation laws
for the coordinates qi and momenta pi are given by (6.26) and (6.27).

Having obtained ε
(0)
1 , ε

(0)
2 , ε

(1)
2 and δλα expressed in terms of u1(t) and u2(t),

one now verifies that the ε
(`)
α are solutions to the recursion relations following

from the requirement that the transformation laws (6.26) and (6.27) be sym-
metries of the total action. In the present notation where the label A of εA

in (5.14) is replaced by the pair (`, α), labeling the level and (parent) primary
constraint, the relations (5.14) and (5.15) take the form

dε
(`)
α

dt
+
∑

`′=0

∑

β

ε
(`′)
β K

[`′`]
βα = 0 , ` ≥ 1

and
δλα = ε̇(0)α +

∑

`′=0

∑

β

ε
(`′)
β K

[`′0]
βα . (6.31)

In our case these equations reduce to

dε
(1)
2

dt
+

2∑

β=1

ε
(0)
β K

[01]
β2 + ε

(1)
2 K

[11]
22 = 0 , (6.32)

and
δλα = ε̇(0)α −

∑

β

ε
(0)
β K

[00]
βα − ε

(1)
2 K

[10]
2α = 0 , (6.33)

where we have made use of the fact that, because of the way in which the

constraints have been generated, K
[`1]
α1 = 0 (α = 1, 2), K

[01]
22 = 1, K

[01]
12 = 0,

C
[001]
αβγ = 0, and K

[00]
22 = −

∑
γ λ

γC
[000]
γ22 . Substituting (6.31) into (6.32) and

(6.33) one then verifies that the above equations are indeed satisfied.
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6.4 Counterexamples to Dirac’s conjecture?

In the literature it has been stated that Dirac’s conjecture is not always correct
[Cawley 1979, Henneaux 1992, Miscovic 2003]. In the following we present
three models which have served as examples for this and show, that there is no
clash with Dirac’s conjecture when interpreted as described in section 2.

Example 1

An example considered in [Henneaux 1992] is given by the Lagrangian

L =
1

2
eq2 q̇21 . (6.34)

In the following we analyze this system in detail, and point out some subtleties
leading to an apparent clash with Dirac’s conjecture.

The Lagrange equations of motion can be summarized by a single equation

q̇1 = 0 . (6.35)

Hence q2 is an arbitrary function.
Equation (6.35) does not possess a local symmetry. On the Hamiltonian

level the system nevertheless exhibits two first class constraints, which, as we
now show induce transformations which are off-shell symmetries of the total
action

∫
dt LT , with LT defined in (6.1). However only one of the constraints

generates a symmetry of the Hamilton equations of motion.
From (6.34) we obtain for the (only) primary constraint

φ(0) = p2 = 0 . (6.36)

The canonical Hamiltonian evaluated on the primary surface is given by

H0(q, p) =
1

2
e−q2p21 ,

and the first order total Lagrangian reads

LT (q, p, λ; q̇, ṗ, λ̇) =
∑

i

piq̇i −H0(q, p)− λφ(0) .

Considered as a function of the “coordinates” qi, pi, λ and their time deriva-
tives, it has the form (6.2) with 2n + N0 = 5, Qa = (~q, ~p, λ), and ai = pi
(i = 1, 2) for the non-vanishing components of aa.

The Euler derivatives are given by (6.3), where W
(0)
ab = ∂aab − ∂baa are

the elements of a 5 × 5 matrix with non-vanishing components W13 = W24 =
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−W31 = −W42 = −1. The equations of motion are given by E
(0)
a = 0, and

yield the Hamilton equations of motion

q̇1 − e−q2p1 = 0 , q̇2 − λ = 0 , (6.37)

ṗ1 = 0 , ṗ2 −
1

2
e−q2p21 = 0 ,

as well as the constraint (6.36). We now proceed with the construction of the
constraints and gauge identities as described in section 2. Since we have only
one primary constraint, the formalism simplifies considerably.

The matrixW
(0)
ab has one left zero-mode ~v(0) = (0, 0, 0, 0, 1), whose contrac-

tion with ~E(0) just reproduces on shell the primary constraint: ~v(0) · ~E(0) = φ(0).
Proceeding in the manner described in section 2, we construct ~E(1) and the
corresponding left eigenvector of W (1), v(1) = (0,−1, 0, 0, 0, 1), leading to the

secondary constraint ~v(1) · ~E(1) = φ(1), where

~E(1) =

(
~E(0)

dφ(0)

dt

)
=

(
~E(0)

d
dt(~v

(0) · ~E(0))

)
, (6.38)

and

φ(1) =
1

2
e−q2p21 . (6.39)

Note that by construction φ(1) = 0 on shell, as seen from (6.36) and (6.37).
Since {φ(0), φ(1)} = φ(1), the constraints φ(0) and φ(1) form a first class system.
The algorithm is found to stop at level “2” where the following gauge identity
is generated,

~v(2) · ~E(2) + λ~v(1) · ~E(1) ≡ 0 ,

with

~v(2) = (−e−q2p1, 0, 0,−
1

2
e−q2p21, 0, 0, 1) ,

and

~E(2) =




~E(0)

dφ(0)

dt
dφ(1)

dt


 =




~E(0)

d
dt(~v

(0) · ~E(0))
d
dt(~v

(1) · ~E(1))


 . (6.40)

The gauge identity can be reduced to the form

5∑

a=1

[
v(2)a E(0)

a +
d

dt
(v(1)a E(0)

a ) +
d2

dt2
(v(0)a E(0)

a )

+ λ[(v(1)a E(0)
a ) +

d

dt
(v(0)a E(0)

a )]
]
≡ 0 .
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Multiplying this expression by an arbitrary function of time ε(t), this identity
becomes of the form (6.24), with

δQa = εv(2)a + (λε − ε̇)v(1)a +

(
ε̈− d

dt
(λε)

)
v(0)a . (6.41)

In terms of the Hamiltonian variables, qi, pi and λ, (6.41) implies the following
transformation laws

δq1 =−εe−q2p1 = ε(1){q1, φ(1)} ,
δq2 == ε̇− λε = ε(0){q2, φ(0)} ,
δp1 = 0 , (6.42)

δp2 =−1

2
εe−q2p21 = ε(1){p2, φ(1)} ,

δλ= ε̈− d

dt
(λε) = ε̇(0) ,

where
ε(0) = ε̇− λε , ε(1) = −ε .

One readily verifies, that the ε(`) satisfy the recursion relations (5.14). We have
thus verified that the transformations generated by the first class constraints
(6.36) and (6.39), obtained iteratively in the systematic way according to (6.15),
do indeed generate a symmetry of the action. This symmetry is realized off
shell and requires the full set of transformation laws (6.42). On the other hand,
the (also first class) constraint φ̃(1) := p1 = 0, although formally equivalent
to the secondary constraint (6.39), is not a generator of a local symmetry
of the total action. Indeed, as observed in [Henneaux/Teitelboim 1992], p1
induces translations in q1, which is not a symmetry of the total Lagrangian.
Note further that on the constrained surface, the variations of δq1 and δp2
vanish. Thus φ(1) becomes an “ineffective” generator on shell. The remaining
symmetry is just the statement δλ = d

dtδq2, which is consistent with (6.37),
i.e., with δq̇2 = δλ. It has no analogue on the level of the Lagrange equations
of motion following from (6.34).

Example 2

The following example taken from [Miskovic 2003] illustrates our comment
made at the end of section 2 regarding the case where the structure functions
(6.19) are singular on the constrained surface, while the gauge identitites are
well defined on that surface.

Consider the Lagrangian,

L =
1

2
q̇2 + ufk(q) , k > 1 ,
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with f(q) analytic in the neighborhood of f(q) = 0, which has been classi-
fied as being of “type II” in [Miskovic 2003]. 8 The canonical Hamiltonian
evaluated on the primary surface pu = 0 is given by H0 = 1

2p
2 − ufk(q), and

correspondingly the first order Lagrangian reads

LT (Q, Q̇) = pq̇ + puu̇− 1

2
p2 + ufk(q)− λpu ,

where Q = (q, u, p, pu, λ). The Euler-Lagrange equations derived from LT are
just the Hamilton equations of motion. Following the Lagrangian algorithm
of section 2 we obtain for the left zero modes of the matrix W (`), at levels
` = 0, 1, 2,

~v(0) = (0, 0, 0, 0, 1)

~v(1) = (0,−1, 0, 0, 0, 1) ,

~v(2) = (0, 0, fk−1f ′, 0, 0, 0, 1) ,

leading to the constraints

φ(0) := ~v(0) · ~E(0) = pu = 0 ,

φ(1) := ~v(1) · ~E(1) = fk(q) = 0 ,

and the gauge identity

~v(2) · ~E(2) − kp(ln f)′~v(1) · ~E(1) = 0 , (6.43)

where the prime denotes the derivative with respect to q. Since k > 1, the
second term on the lhs of (6.43) is well defined on the constrained surface

~v(1) · ~E(1) = fk(q) = 0, and in fact vanishes there. The “coordinate” dependent
factor kp(ln f)′ in (6.43) is nothing but the structure function K in (6.19).
This function is singular on the constrained “surface” f(q) = 0, whereas the
gauge identity (6.43) is finite there and “generates” off-shell the correct local
symmetry transformation of the total action, as we now demonstrate.

In the present example ~E(1) and ~E(2) have again the form of (6.38) and
(6.40), respectively. Making use of these relations, and multiplying the gauge
identity (6.43) by ε(t), one finds that the resulting identity can be written in
the form (6.24) with δQa the infinitesimal transformations,

δ q = 0 ,

δ u = ε̇+ εkp(ln f)′ ,

δ p = εkfk−1f ′ , (6.44)

δ pu = 0 ,

δ λ = ε̈+
d

dt
(εkp(ln f)′) .

8In order to simplify the discussion we have restricted ourselves to two degrees of freedom,
q and u.
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These transformations are only defined off-shell. Computing the corresponding
variation δLT one finds that it is given by a total time derivative

δLT =
d

dt
(εfk(q)) .

In accordance with our expectations, one verifies that δQa can be written in
the form

δQa =

1∑

`=0

ε`{Qa, φ(`)} , a = 1, · · · , 4 ,

where

ε0 = ε̇+ εkp(ln f)′ ,

ε1 =−ε .
For the Lagrange multiplier one has δλ = d

dtε0.
The infinitesimal transformations (6.44) represent symmetry transforma-

tions of the total action, away from the constraint surface fk(q) = 0. They are
not defined on the surface fk(q) = 0. Correspondingly they do not represent
symmetries of the Hamilton equations of motion.

Example 3: bifurcations

We now consider an example of a system exhibiting bifurcations of constraints,
such as considered in [Lusanna 1991], and show that also in this case our algo-
rithm generates correctly the gauge symmetries of the total action, whereas the
first class constraints corresponding to a particular branch of these bifurcations
- which are not part of our iterative algorithm - do not generate gauge sym-
metries of the total action. Consider the so-called “Christ-Lee model” [Christ
1980] discussed in [Lusanna 1991], and defined by the Lagrangian

L =
1

2
q̇21 +

1

2
q̇22 − q3(q1q̇2 − q2q̇1)− V (q21 + q22) +

1

2
q23(q

2
1 + q22) ,

with V (x) some potential. The equivalent first order Lagrangian in our ap-
proach reads,

LT =
∑

i

piq̇i −
1

2
p21 −

1

2
p22 − q3(q1p2 − q2p1)− V (q21 + q22)− λp3 .

The Euler-Lagrange equations take the form E
(0)
a (Q, Q̇) = 0, where

E
(0)
1 = ṗ1 + p2q3 + ∂1V , E

(0)
2 = ṗ2 − p1q3 + ∂2V ,

E
(0)
3 = ṗ3 + (q1p2 − q2p1) , E

(0)
4 = −q̇1 + p1 − q2q3 ,

E
(0)
5 =−q̇2 + p2 + q1q3 , E

(0)
6 = −q̇3 + λ , E

(0)
7 = p3 ,
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and Qa : (q1, q2, q3, p1, p2, p3, λ). Going through the procedure of section 2 we
arrive at a level zero and level one constraint,

φ(0) := ~v(0) · ~E(0) = p3 = 0 , φ(1) := ~v(1) · ~E(1) = q2p1 − q1p2 = 0 ,

where ~v(0) = (0, 0, 0, 0, 0, 0, 1) and ~v(1) = (0, 0,−1, 0, 0, 0, 0, 1), and ~E(1) has the
form (6.38). The iterative process stops at level two, with the gauge identity

~v(2) · ~E(2) ≡ 0, where ~E(2) has the form (6.40) and with the level 2 zero mode
given by ~v(2) = (−q2, q1, 0,−p2, p1, 0, 0, 0, 1). The simple form of this identity

reflects the fact that the structure functions K
[2`]
αβ in (6.19) vanish for the case

in question. Explicitly one has

~v(2) · ~E(2) =
∑

a

[(
~v(2) · ~E(0)

)
+
d

dt

(
~v(1) · ~E(0)

)
+
d2

dt2

(
~v(0) · ~E(0)

)]
≡ 0.

(6.45)
This equation, when multiplied by ε(t), can be written in the form (6.24) with
F = ε̇φ(0) − εφ(1). The {δQa} can be compactly written as

δQa =

1∑

`=0

ε`{Qa, φ(`)} , δλ = ε̈ ,

where ε0 = ε̇, ε1 = −ε.
The constraints φ(0) = 0 and φ(1) = 0 are first class and are thus found

to generate a gauge symmetry of the total action, in agreement with Dirac’s
conjecture.

Suppose now that we had chosen instead of φ(1) = 0 any one of the following
bifurcations: i) q1 = q2 = 0, ii) p1 = p2 = 0, iii) q1 = p1 = 0, and iv)
q2 = p2 = 0. Consider for instance the case i). 9 Then we continue at level

one with the constraints, φ̄
(1)
1 := q1 = 0 φ̄

(1)
2 := q2 = 0. The requirement

of persistence in time then leads to two new constraints at level two: φ̄
(2)
1 =

p1 = 0 , φ̄
(2)
2 := p2 = 0. Since ˙̄φ

(2)

1 ≈ 0 and ˙̄φ
(2)

2 ≈ 0 there are no further
constraints. We thus see that the system of constraints has been reduced
to a mixed system with two second class constraints, and just one first class
constraint φ(0) := p3 = 0. Correspondingly we are led to consider Ḡ = εp3 as a
potential generator for a local symmetry. One readily verifies that all variations
vanish except for δq3 and δλ. Hence

δLT = (ε̇− δλ)p3 − ε(q1p2 − q2p1) = (ε̇− δλ)φ(0) + εφ(1) .

To have a symmetry we must demand that δλ = ε̇ and φ(1) = 0, so that LT
only exhibits a local invariance on the restricted surface defined by the first

9We are leaving herewith our algorithm, since with the choice of a particular branch the
constraint can no longer be written in the form ~v(1) · ~E(1) = 0.
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class constraint φ(1) = 0, generated at level 1 by the algorithm of section 2, i.e.
Ḡ does not generate an off-shell symmetry of the total action.

Summarizing, our examples have elucidated several important points: i)
The replacement of constraints, generated iteratively by our algorithm, by a
formally equivalent set of constraints is, in general, not allowed, and in fact may
obliterate the full symmetry of the total action. That the validity of Dirac’s
conjecture depends crucially on the chosen form for the constraints has already
been noted in [Di Stefano 1983]. ii) The second example illustrated that our
algorithm may generate correctly the symmetries of the total action away from
the constrained surface, although the structure function K is singular on that
surface. The gauge identity was however well defined everywhere. Finally,
example 3 illustrated that in the case of bifurcations of constraints, the choice
of a particular branch may change the structure of the first class constraints,
such as to be in conflict with Dirac’s conjecture. We emphasize that such a
procedure is excluded in our algorithm.



Chapter 7

BFT Embedding of Second
Class Systems

7.1 Introduction

As we have remarked at various occations, the quantization of systems involving
second class constraints may present serious problems on operator as well as
functional level, because of the possible non-polynomial structure of the Dirac
brackets involved. As we will see in the following chapter, the Hamilton-Jacobi
formulation of second class or mixed systems is also problematic. On the
other hand purely first class systems admit an elegant quantization with a
canonical Poisson bracket structure, based on the existence of a nilpotent charge
as generator of a BRST symmetry. Furthermore such systems also allow for a
straightforward Hamilton-Jacobi formulation. It is therefore desirable to find a
way of embedding a system with mixed first and second class constraints into
a purely first class system.

In this chapter we will make use of a general canonical formalism developed
by Batalin, Fradkin and Tyutin [Batalin 1987/91] for converting in a systematic
way a pure second class system into a first class one, by increasing the number
of degrees of freedom to include unphysical ones. The second class system
can then be understood as a gauge theory in a particular gauge, and can be
quantized along the lines to be discussed in chapters 11 and 12.

Since we shall deal with purely second class systems, we will simplify the

notation by simply denoting the second class constraints Ω
(2)
A2

by Ωα. The
subindex has been chosen to facilitate a comparison with the literature, and
does not follow our previous convensions, where the Greek indices were use to
label the primary constraints.
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7.2 Summary of the BFT-procedure

To begin with we provide the reader with a short summary of the basic proce-
dure, given by Batalin, Fradkin and Tyutin (BFT), for converting a second class
system to an equivalent first class system, where gauge invariant observables
are identified in a unique way with corresponding observables in the original
second class theory. The following discussion is carried out entirely on the
classical level [Batalin 1991].

Let Ωα(q, p) denote the second class constraints associated with some Hamil-
tonian H(q, p). Recall that the number of such constraints is always even. Let
their number be NΩ. Following BFT, we extend the space by introducing for
each constraint Ωα a field φα with Poisson brackets

{φα, φβ} = ωαβ . (7.1)

The Poisson bracket of two functions f(φ) and g(φ) is then given by

{f, g} =
∑

α,β

∂f

∂φα
ωαβ

∂g

∂φβ
(7.2)

with ωαβ a c-numerical matrix which is antisymmetric in the following sense

ωβα = −(−1)εαεβωαβ , (7.3)

but can otherwise be freely chosen. Here εα is the Grassmann signature of
φα. 1 The φα’s have vanishing Poisson brackets with the remaining variables.
Because of the simplectic structure of (7.1) one can always construct linear
combinations θᾱ and pθᾱ of the {φα} such that the non-vanishing brackets take
the canonical form.

{θᾱ, pθβ̄} = δᾱβ̄ ,

where ᾱ, β̄ run over half the number of values of α, β.
The next step consists in constructing a new set of constraints Ω̃α(q, p, φ) =

0 which are in strong involution,

{Ω̃α, Ω̃β} = 0 , (7.4)

and satisfy the boundary condition

Ω̃α|φ=0 = Ωα . (7.5)

1Equation (7.3) includes the case where the φα’s are Grassmann valued. For bosonic
(fermionic) variables the Grassmann signature is given by ε = 0 (ε = 1). In the following we
will however consider purely bosonic systems.
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Here, and in what follows, it will always be understood that Poisson brackets
of tilde-variables are taken with respect to the extended phase space. A corre-
sponding Lagrangian L̃ is not evoked at any stage. Whatever this Lagrangian
may be, the constraints Ω̃α = 0, following from it, being first class, generate a
local symmetry of L̃. Hence (gauge invariant) observables Ã in the extended
system are required to satisfy

{Ã, Ω̃α} = 0 , (7.6)

together with
Ã(q, p, φ)|φ=0 = A(q, p) . (7.7)

In particular, the Hamiltonian of the extended system must itself be gauge
invariant and therefore satisfy 2

{H̃, Ω̃α} = 0 , (7.8)

with
H̃(q, p, φ)|φ=0 = H(q, p) . (7.9)

An observable Ã of the embedded system which satisfies (7.6) and (7.7) is said
to be the gauge invariant extension of A of the original system. This extension
is not unique. Thus we can always add terms proportional to the first class
constraints of the embedded system, since these are in strong involution.

We now prove a number of propositions which will play a central role in the
discusssion to follow. But first a definition:

Definition: An embedding is called locally regular if there exists an open
neighbourhood of {φα} = 0, where Ωα = Ω̃α, ∀α implies that φα = 0, ∀α.

We then have

2In the BFT scheme the new Hamiltonian is also required to be in strong involution with
the constraints. This must not be so. In [Shirzad 2004] an alternative scheme was proposed,
where the new Hamiltonian is in weak involution with the constraints in a “chain” generated
from a given primary constraint in a way smilar to (5.47), except for the last member in the
chain, which is taken to be in strong involution with the Hamiltonian:

{Ω̃α, Ω̃β} = 0

{H̃, Ω̃α} = Ω̃α+1 , α = 1, · · · , N − 1

{H̃, Ω̃N} = 0 .
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Proposition 1

An embedding where the new constraints satisfy (7.4) and (7.5), and are an-
alytic in the auxiliary variables within a neighbourhood of φ = 0, provides a
locally regular embedding.

Indeed, because of (7.5) and the assumed analyticity property, we may write

Ω̃α = Ωα +Xαγφ
γ + · · · , (7.10)

where the “dots” stand for terms of higher order in the auxiliary variables φα.
The Xαγ may depend on q and p. Hence, because of (7.4)

{Ω̃α, Ω̃β}|φ=0 = Qαβ +Xαγω
γδXT

δβ = 0 , (7.11)

where Qαβ is the “Dirac” matrix defined by

{Ωα,Ωβ} = Qαβ . (7.12)

Since the matricesQαβ and ωαβ are invertible, the matrixXαβ is also invertible.

Then (7.10) implies that φα = Xαβ(Ω̃β − Ωβ), where the matrix Xαβ is the
inverse of Xαβ . From this we conclude that proposition 1 holds.

As we have already pointed out, the gauge invariant extension of observables
A(q, p) of the second class system is not unique. Different extensions, satisfying
(7.6), may differ, because of (7.4), by terms proportional to the first class
constraints of the embedded system. This leads us to

Proposition 2

A particular gauge invariant extension of A(q, p) can be obtained by simply
replacing the qi’s and pi’s by their gauge invariant extensions, i.e. the q̃i’s and
p̃i’s:

Ã = A(q̃, p̃) .

The gauge invariance of Ã, i.e. {Ã, Ω̃α} = 0, is then guaranteed by the chain
rule

{Ã, Ω̃α} =

n∑

i=1

[
∂Ã

∂q̃i
{q̃i, Ω̃α}+

∂Ã

∂p̃i
{p̃i, Ω̃α}

]
,

where all Poisson brackets are computed in the extended space, making use of
(7.2). This can be easily proven. The same expression holds for Ω̃α replaced
by B̃(q̃, p̃). The advantage of this particular extension is that the embedding
procedure need not be repeated for every observable separately, but need only
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be carried out once for the dynamical variables in question. Moreover, in cases
where the expansion in the auxiliary variables terminates after the first order
term, the form of the tilde-variables q̃ and p̃ can be frequently obtained by
inspection, whereas this is not the case for the strongly involutive Hamiltonian
H̃ .

Proposition 3

For φ = 0, the Poisson bracket of two observables Ã(q, p, φ) and B̃(q, p, φ),
which are analytic in the neighbourhood of φ = 0, equals the Dirac bracket of
the corresponding observables A and B of the second class system

{Ã, B̃}φ=0 = {A,B}D . (7.13)

Proof

Let Ã = A+aγφ
γ+· · ·, where the dots stand for higher orders in φ. Because

of (7.10) we then have

{Ã, Ω̃β}|φ=0 = {A,Ωβ}+ aλω
λρXβρ = 0 ,

or

aγ = −{A,Ωα}Xδαωδγ ,

where ωαβ and Xαβ are the inverse of the matrices ωαβ and Xαβ :

ωαγω
γβ = δ βα , XαγXγβ = δαβ .

Similar expressions hold with A replaced by B, and aγ replaced by bγ . Now

{Ã, B̃}φ=0 = {A,B}+ aγω
γδbδ ,

where

aλω
λρbρ =

∑

α,β

{A,Ωα}
(
XωXT

)−1

αβ
{Ωβ, B} .

From (7.11) we have, using matrix notation,

Q = −XωXT .

Hence we obtain

{Ã, B̃}φ=0 = {A,B} −
∑

α,β

{A,Ωα}Q−1
αβ{Ωβ, B} ≡ {A,B}D .
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This proves proposition 3. From (7.13) and the equations of motion for second

class systems (see (3.69) with v
(1)
α1 = 0) it follows that the latter are also given

by

˙̃A|φ=0 = {Ã, H̃}φ=0

Ω̃α|φ=0 = 0.

Hence the requirements (7.4) to (7.9) are sufficient for ensuring that the correct
(second-class) dynamics is reproduced within the gauge invariant sector of the
embedded theory, as is made manifest above in the gauge φα = 0. 3

7.3 The BFT construction

Let us now come to the actual procedure followed by BFT for constructing the
tilde variables [Batalin 1991]. We will consider purely bosonic systems. The
embedding procedure requires the construction of the first class constraints and
first class Hamiltonian, satisfying (7.4) and (7.8), respectively. This is a purely
algebraic problem whose solution is in general not unique. In fact, the only
information regarding the new variables φα is that their Poisson brackets are
given by (7.1) with ωαβ satisfying (7.3). Assuming a locally regular embedding
we now make the following power series ansatz for the first class constraints
Ω̃α satisfying (7.4) and (7.5):

Ω̃α = Ωα +

∞∑

n=1

∑

α1···αn
Ω

(n)
α;α1···αn(q, p)φ

α1 · · ·φαn . (7.14)

Inserting this ansatz into (7.4) one finds that

Ω̃α = Ωα +Ω
(1)
α;β(q, p)φ

β + · · · , (7.15)

where Ω
(1)
α;β(q, p) must be a solution to

(
Ω(1)
α;ρΩ

(1)
β;σ

)
ωρσ = −Qαβ (7.16)

with Qαβ defined in (7.12). The solution to (7.16) is not unique. Thus, first of
all, we have complete freedom in choosing an invertible antisymmetric matrix

3The dynamics of observables in the embedded theory in an arbitrary gauge, is given by
˙̃A = {Ã, H̃}. Note that it does not involve any Lagrange multipliers since observables are in
strong involution with the first class constraints.
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ωαβ ; and secondly, having chosen ωαβ , the coefficients Ω
(1)
α;β are only fixed up

to the following transformations,

Ω
(1)
α;β → Ω(1)

α;γS
γ
β ,

where
SαγS

β
δω

γδ = ωαβ .

Having obtained a solution for Ω
(1)
α;β , one next constructs the first class Hamilto-

nian H̃(q, p, φ) associated with the new set of constraints by making an ansatz
analogous to (7.14), i.e.

H̃ = H +

∞∑

n=1

∑

α1···αn
H

(n)
α1···αn(q, p)φ

α1 · · ·φαn ,

which satisfies the requirement (7.9). We remark that even if the new first class
constraints are linear in the variables φ, the Hamiltonian H̃ will involve also
bilinear expressions in the φα’s, sinceH is itself at least quadratic in the original
variables (q, p). Here proposition 2 is of great help in the construction of the
new Hamiltonian. This construction requires however the knowledge of the
gauge invariant dynamical variables. In [Batalin 1987/91] prescriptions have
been given for constructing the new Hamiltonian. 4 Rather than reproducing
here the extensive set of formulae, we will illustrate the formalism in terms of a
number of non-trivial examples. Before doing so it is however useful to discuss
the basic ideas for a very simple quantum mechanical example involving only
two degrees of freedom.

Consider the Lagrangian,

L =
1

2
ẋ2 + ẋy − 1

2
(x− y)2 , (7.17)

which, as we have seen in example 1 of chapter 3, describes a second class
system with one primary and one secondary constraint:

Ω1 := py = 0 Ω2 := px − 2y + x = 0 . (7.18)

Since the constraints are second class, they merely fix the Lagrange multiplier
v in the total Hamiltonian through the persistence of Ω2: v = 1

2 (px − x). The
total Hamiltonian then takes the form,

HT =
1

2
(px − y)2 +

1

2
(x− y)2 +

1

2
(px − x)py ,

4For an application of the prescription given in [Batalin 1987] see [Banerjee 1994].
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and leads to the equations of motion

ẋ = y − x , ẏ = y − x ,

ṗx = y − x , ṗy = px − 2y + x = 0 , (7.19)

together with the constraints (7.18). The rhs of these equations are nothing but
the Dirac brackets of the dynamical variables with the canonical Hamiltonian.
We now proceed to embed this system into a larger phase space by introducing
two new degrees of freedom (corresponding to the number of constraints to be
converted), which we choose to be a canonical pair (θ, pθ). This corresponds
to the choice ωαβ = εαβ in (7.1), and the identification θ = φ1, pθ = φ2. By
inspection we have for the new first class constraints

Ω̃1 := py + θ = 0 , Ω̃2 := px + x− 2y − 2pθ = 0 , (7.20)

which are in strong involution: {Ω̃1, Ω̃2} = 0. From the requirements (7.6) and
(7.7) for an observable we readily obtain for the tilde-variables,

x̃ = x+
1

2
θ , ỹ = y + pθ ,

p̃x = px −
1

2
θ , p̃y = py + θ , (7.21)

which are in strong involution with the first class constraints (7.20). These
take the form

Ω̃1 := p̃y = 0 , Ω̃2 := p̃x − 2ỹ + x̃ = 0 (7.22)

and are seen to be of the same form as (7.18). The fundamental Poisson
brackets of the tilde variables (7.21) are non-canonical:

{x̃, ỹ} =
1

2
, {ỹ, p̃x} =

1

2
, {x̃, p̃x} = 1 , {x̃, x̃} = 0 .

{ỹ, p̃y} = 0 , {x̃, p̃y} = 0 , {p̃x, p̃y} = 0 .

As one easily checks, these brackets (defined in the extended space) are identical
with the corresponding Dirac brackets of the original second class system, in
accordance with proposition 3. 5 Making use of proposition 2, a possible choice
for the corresponding first class Hamiltonian is given by

H̃ = H0(x̃, ỹ, p̃x) ,

where

H0(x, y, px) =
1

2
(px − y)2 +

1

2
(x− y)2

5Since the transformations (7.21) are linear in θ and pθ, there is no need for setting
θ = pθ = 0.
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is the canonical Hamiltonian evaluated on the primary surface py = 0 of the
second class system. Hence

H̃ =
1

2
(px − y − 1

2
θ − pθ)

2 +
1

2
(x− y +

1

2
θ − pθ)

2 . (7.23)

Making use of (7.21) and the constraints (7.22), the equations of motion gen-

erated by H̃ according to ˙̃A = {Ã, H̃} read

˙̃x = ỹ − x̃ , ˙̃y = ỹ − x̃ , ˙̃px = ỹ − x̃ , ˙̃py = 0 ,

which are seen to be of the same form as (7.19). These must be supplemented
by the constraints (7.22).

We now proceed to discuss some less simple examples.

7.4 Examples of BFT embedding

In the following we discuss a number of non-trivial models, both quantum
mechanical and field theoretical, and their BFT-embedding into a gauge theory.

7.4.1 The multidimensional rotator

Consider the motion of a particle on a hypersphere Sn−1, as described by the
Lagrangian [Hong 2004],

L =
1

2
~̇q
2
+ λ~q · ~̇q , (7.24)

where {qa} (a = 1, . . . , n) are the embedding coordinates for the Sn−1 manifold,
~q = (q1, . . . , qn), and λ is the Lagrange multiplier implementing the second-

class constraint ~q · ~̇q = 0, following from the geometrical constraint ~q · ~q = q2 =
constant. 6 From (7.24) we obtain for the canonical momenta conjugate to the
multiplier λ and the coordinates qa: pλ = 0, pa = q̇a + λqa. The canonical
Hamiltonian on ΓP reads

H0(q, p, λ) =
1

2

n∑

a=1

(pa − λqa)
2. (7.25)

The Dirac algorithm is readily shown to lead to a pair of second-class con-
straints,

Ω1 := pλ = 0, Ω2 := ~q · ~p− λq2 = 0, (7.26)

with the Poisson brackets

Qαβ ≡ {Ωα,Ωβ} = εαβq
2 .

6For an analogous discusssion of the O(3) non-linear sigma model see [Hong 2003].
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Here q2 =
∑

a q
2
a. We now convert this algebra of second class constraints

into a strongly involutive one, by suitably embedding the model into a larger
dimensional phase space. Following the same procedure as before we introduce
a pair of canonically conjugate variables (θ, pθ). The new strongly involutive
constraints can once again be constructed by inspection

Ω̃1 := Ω1 + θ = 0 ; Ω̃2 := Ω2 − q2pθ = 0 . (7.27)

Next we construct in the extended space the first-class variables (q̃a, p̃a) as
(in general non-canonical) gauge invariant extensions of the canonical pairs
(qa, pa). They are obtained, as always, by making a power series ansatz in the
auxiliary variables θ and pθ and demanding that they be in strong involution
with the first-class constraints. In the present example the answer cannot be
obtained by simple inspection, but requires some work. After some tedious
algebra, one finds [Hong 2004]

q̃a = qa

(
q2 + 2θ

q2

)1/2

,

p̃a =

(
pa + 2qaλ

θ

q2
+ 2qapθ

θ

q2

)(
q2

q2 + 2θ

)1/2

, (7.28)

λ̃= λ+ pθ, p̃λ = pλ + θ .

Note that these solutions reflect an infinite power series in θ. One readily
computes the following Poisson brackets in the embedding phase space,

{q̃a, p̃b} = δab , {q̃a, q̃b} = 0 , {p̃a, p̃b} = 0 , (7.29)

which in this example happen to be canonical, as well as

{λ̃, q̃a}=− q̃a
q̃2

, {λ̃, p̃a} =
p̃a
q̃2

− 2λ̃
q̃a
q̃2

,

{p̃λ, p̃a}= 0 , {λ̃, p̃λ} = 1 , {p̃λ, q̃a} = 0 ,

which involve the gauge invariant extension of the Lagrange multiplier and its
conjugate momentum. The rhs of these brackets evaluated at θ = pθ = 0
are just the Dirac brackets of the corresponding variables in the second class
system, with the constraints implemented strongly.

In terms of the coordinates (7.28) the Hamiltonian, in strong involution
with the first class constraints, can be written - making use of proposition 2 -
in the compact form

H̃ = H0(q̃, p̃, λ̃) =
1

2

∑

a

(p̃a − λ̃q̃a)
2 , (7.30)
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where H0(q, p, λ) is the canonical Hamiltonian (7.25). This is the explicit
gauge invariant expression for the Hamiltonian which, written in terms of
(qa, pa, λ, θ, pθ) reads,

H̃(q, p, λ, θ, pθ) =
1

2
η2
∑

a

(pa − λqa − qapθ)
2 , (7.31)

where

η =

(
q2

q2 + 2θ

) 1
2

. (7.32)

The strongly involutive constraints take the form

Ω̃1 := p̃λ = 0, Ω̃2 := q̃ · p̃− λ̃q̃ · q̃ = 0,

which again display manifest form invariance with respect to the second-class
constraints (7.26). The Hamiltonian (7.31) is in strong involution with these
constraints.

Since Ω̃i and all observables are now in strong involution with the con-
straints, we can impose the constraints strongly. Solving Ω̃2 = 0 for λ̃, one can
thus effectively reduce the Hamiltonian (7.30) to the form

H̃ =
1

2

∑

a

(
p̃a − q̃a

(q̃ · p̃)
q̃2

)2

. (7.33)

Note that the q̃a and p̃a satisfy the canonical Poisson algebra (7.29). Hence in
the first class formulation with the Hamiltonian (7.33) we can treat the particle
motion as that of an unconstrained system.

7.4.2 The Abelian self-dual model

As a field-theory example we consider the self-dual (SD) model in 2+1 dimen-
sions described by the Lagrangian density [Townsend 1984]

LSD =
1

2
fµf

µ − 1

2m
εµνλf

µ∂νfλ , (7.34)

where fµ = fµ(x). The corresponding field equations read

fµ −
1

m
εµνλ∂

νfλ = 0 . (7.35)
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The Lagrangian (7.34) describes a purely second-class system with three pri-
mary constraints

Ω0 := π0 = 0 , Ωi := πi +
1

2m
εijf

j = 0 ; (i, j = 1, 2) , (7.36)

and one secondary constraint

Ω3 :=
1

m
(f0 − 1

m
εij∂

if j) = 0 . (7.37)

Here πµ are the canonical momenta conjugate to fµ. The secondary constraint
follows from the requirement of the persistence in time of Ω0 = 0:

{Ω0(x), HT } ≈ 0 ,

where HT is the total Hamiltonian

HT = H0 +

2∑

α=0

∫
d2x vαΩα ,

and the vα(x)’s are Lagrange multiplier fields. H0 is the canonical Hamiltonian

H0[f
0, f i] =

∫
d2x

(
−1

2
fµfµ +

1

m
εijf

0∂if j
)
. (7.38)

The non-vanishing (equal-time) Poisson brackets of the Ωα’s are given by

{Ω0(x),Ω3(y)}=− 1

m
δ2(x− y) ,

{Ωi(x),Ωj(y)}=
1

m
εijδ

2(x− y) ,

{Ωi(x),Ω3(y)}=
1

m2
εij∂

jδ2(x− y) .

where i, j = 1, 2. We now convert this second class system into a first class
system by introducing a set of four scalar fields, φα(x) , α = 0, . . . , 3, corre-
sponding to the number of constraints to be converted. Their Poisson algebra
is given by (7.1), i.e.

{φα(x), φβ(y)} = ωαβ(x, y) .

Let us try the following simple linear ansatz for the new constraints, analogous
to (7.15), 7

Ω̃α(x) = Ωα(x) +

∫
d2z

[∫
d2y B γ

α (x, y)ωγβ(y, z)

]
φβ(z) , (7.39)

7For the remaining part of this chapter it is understood that all space-time arguments x, y,
z, etc. appearing in two-dimensional (spacial) integrals, such as e.g. (7.39), or as arguments
in functions, such as ωµν(x, y) and B ν

µ (x, y), are taken at equal times.
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where ωαβ is the inverse of ωαβ. As we have already emphasized, this antisym-
metric matrix can be chosen freely. In terms of B β

α relation (7.16) becomes

∫
d2ξd2ξ′ B ρ

α (x, ξ)B σ
β (y, ξ′)ωσρ(ξ, ξ

′) = −Qαβ(x, y) . (7.40)

To obtain a solution for B ρ
α (x, y), it is convenient to choose ωαβ as follows

[Banerjee 1997b]

ω03(x, y) =
1

m
δ2(x− y) ,

ωij(x, y) =
1

m
εijδ

2(x− y) ,

ω0i(x, y) =
1

m2
εik∂

kδ2(x − y) .

Having made a choice for ωαβ, the non-vanishing coefficient functions B γ
α (x, y)

in (7.39) are now determined from (7.40) to be

B 3
0 (x, y) = δ2(x− y) ,

B j
i (x, y) = δijδ

2(x− y) ,

with B α
β (x, y) = B β

α (y, x). The inverse matrix ωαβ of ωαβ is given by

ω−1 =




0 0 0 −m
0 0 −m −∂x1
0 m 0 −∂x2
m−∂x1 −∂x2 0


 δ2(x − y) .

The first class functions Ω̃α are now readily obtained:

Ω̃0(x) = Ω0(x) −
1

m
φ0(x) ,

Ω̃i(x) = Ωi(x) +
1

m
εikφ

k(x) +
1

m2
εik∂

kφ0(x) , (7.41)

Ω̃3(x) = Ω3(x) +
1

m
φ3(x) +

1

m2
εk`∂

`φk(x) .

One verifies that they are strongly involutive.
Having obtained the new constraints, we next construct the gauge invariant

fields f̃µ, and then obtain the new gauge invariant Hamiltonian H̃ according to
proposition 2 from (7.38). For this we only need to know f̃0 and f̃ i. These can
be easily constructed by making again a linear ansatz in the auxiliary fields.
One finds that

f̃0 = f0 + φ3 , f̃ i = f i + φi .
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Hence we can make the following choice for H̃ :

H̃ = H0[f
0 + φ3, f i + φi] . (7.42)

At the classical level we could of course work just as well with the second class
formulation. Not so if we are interested in quantizing the system. In chapter
11 we will use the first class formulation to quantize this model.

7.4.3 Abelian self-dual model and Maxwell-Chern-Simons
theory

It is instructive to discuss the above Abelian SD-model still from another point
of view. In the previous example, all the constraints when converted to first
class constraints satisfying a strongly involutive algebra. The corresponding
embedded version was a gauge theory involving four extra auxiliary fields,
and the connection between the original and the new constraints was fairly
complicated.

Alternatively, one can also consider a partial embedding, in which only
some of the constraints are implemented strongly via appropriate Dirac brack-
ets, while the remaining ones are converted to first class making use of the
BFT formalism. This leads again to a gauge theory but with fewer number of
gauge degrees of freedom. Gauge invariant observables in this reduced gauge
theory should have the same algebraic properties with respect to these Dirac
brackets (which implement only a subsubset of constraints strongly), as their
counterparts in the SD-model with all the constraints implemented strongly.
The abelian SD-model is a simple example demonstrating this. At the same
time this alternative approach allows one to prove - at least on classical level -
its equivalence with the Maxwell-Chern-Simons theory. 8 The equivalence on
quantum level will be demonstrated in chapter 11 using functional techniques.

In the following we choose to implement strongly the constraints Ωi (i =
1, 2), with the (equal time) Poisson algebra [Banerjee 1995b]

{Ωi(x),Ωj(y)} ≡ Qij(x, y) =
1

m
εijδ

2(x − y) .

This is accomplished by introducing the following Dirac bracket defined in the
subset Ωi of the constraints, and denoted in the following by D′:

{A(x), B(y)}D′ = {A(x), B(y)} (7.43)

−
2∑

i,j=1

∫
d2zd2z′{A(x),Ωi(z)}Q−1

ij (z, z′){Ωj(z′), B(y)} ,

8See [Deser 1984] for an alternative discussion.
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where
Q−1
ij (x, y) = −mεijδ2(x − y) .

Hence
{A(x),Ωi(y)}D′ ≡ 0 , i = 1, 2

for arbitrary A(x). In particular we have {Ωi(x),Ωj(y)}D′ ≡ 0.

Below we list some relevant non-vanishing (equal time) Dirac brackets:

{f i(x), f j(y)}D′ =−mεijδ2(x− y) ,

{f0(x), f i(y)}D′ = 0 ,

{f i(x), πj(y)}D′ =
1

2
δijδ

2(x− y) ,

{f0(x),Ω0(y)}D′ = δ2(x − y) , (7.44)

{f0(x),Ω3(y)}D′ = {f i(x),Ω0(y)}D′ = 0 ,

{f i(x),Ω3(y)}D′ =− 1

m
∂iδ2(x− y) ,

{πi(x), πj(y)}D′ =−1

2
εijδ

2(x− y) .

Consider next the Hamilton equations of motion. They can be written in the
form

ḟµ ≈ {fµ, H0}D′ +
∑

α=0,3

λα{fµ,Ωα}D′

π̇µ ≈ {πµ, H0}D′ +
∑

α=0,3

λα{πµ,Ωα}D′

together with the constraints (7.36) and (7.37). 9 H0 is the canonical Hamil-
tonian evaluated on the primary surface (7.38).

9Consider for simplicity a system with a finite number of degrees of freedom. The H-
equations read

q̇i = {qi,H0}+
∑

α=0,3

λα{qi,Ωα}+

2∑

r=1

µr{qi,Ωr} ,

ṗi = {pi,H0}+
∑

α=0,3

λα{pi,Ωα}+

2∑

r=1

µr{pi,Ωr} ,

together with the constraints (7.36) and (7.37)

Ωr = 0, Ωα = 0 , r = 1, 2 , α = 0, 3 .

From the persistence of the constraints Ωr = 0 one readily determines the Lagrange multi-
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Note that Ω0 and Ω3 form a second class system with respect to the above
Dirac brackets:

{Ω3(x),Ω0(y)}D′ =
1

m
δ2(x− y) . (7.45)

We now embed this system into a gauge theory by converting the second
class constraints Ω0 = 0 and Ω3 = 0 into a first class system with respect
to the D′-Dirac brackets. Hence it is clear that in the following embedding
procedure, all Poisson brackets in the BFT-presription discussed above must
be replaced by the corresponding D′-Dirac brackets. Since only Ω0 and Ω3

are to be converted to first class constraints, we will require only two auxiliary
fields. These can always be chosen as a canonical pair having vanishing D′-
brackets with all other fields,

{α(x), π(α)(y)}D′ = δ2(x− y) .

In the present case we can immediately write down the new first class con-
straints

Ω̃0 =Ω0 + α , (7.46)

Ω̃3 =Ω3 +
1

m
π(α) . (7.47)

Making use of (7.45) we see that these are in strong involution,

{Ω̃α, Ω̃β}D′ = 0 , α, β = 0, 3 .

Note that the vanishing of these brackets does not follow from the defini-
tion of the Dirac bracket, but is a consequence of the embedding! In general
{F , Ω̃α}D′ 6≡ 0. In fact, the Ω̃α’s (α = 0, 3) are generators of infinitesimal
gauge transformations:

δF(x) =
∑

α

∫
d2y θα(y){F , Ω̃α}D′ .

pliers µr :

µr ≈ −
∑

r′

Q−1
rr′

{Ωr′ , Hτ} ,

where Hτ = H0 +
∑

α=0,3
λαΩα. Inserting the expression for µr in the above expressions

for q̇i and ṗi one finds that

q̇i ≈ {qi,H0}D′ +
∑

α=0,3

λα{qi,Ωα}D′ ,

ṗi ≈ {pi,H0}D′ +
∑

α=0,3

λα{pi,Ωα}D′ .
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The Hamiltonian H̃ of the embedded theory should be invariant under these
transformations in the strong sense. To obtain H̃ we make use of proposition
2, and first construct the gauge invariant extensions of fµ(x). These can be
immediately obtained by inspection. We denote them here by Fµ (rather than
f̃µ):

F 0 = f0 + π(α) ,

F i = f i + ∂iα . (7.48)

Indeed, one verifies that
{Fµ, Ω̃α}D′ = 0 .

The gauge invariant Hamiltonian is then given by simply replacing fµ in (7.38)
by Fµ,

H̃ =

∫
d2x

(
1

2
F0

2 +
1

2
~F 2 −mF0Ω̃3

)
, (7.49)

where

Ω̃3 =
1

m

(
F 0 − 1

m
εij∂

iF j
)

is the embedded version of (7.37). The D′-brackets of the Fµ are given by

{F 0(x), F 0(y)}D′ = 0 ,

{F 0(x), F i(y)}D′ = ∂iδ2(x − y) , (7.50)

{F i(x), F j(y)}D′ =−mεijδ2(x− y) .

In the embedded theory the equations of motion for observables O, satisfying

{O, Ω̃α}D′ = 0 ,

take the simple form
Ȯ = {O, H̃SD}D′ ,

where

HSD =
1

2

∫
d2x ( ~E2 +B2) .

One then finds that the equations of motion for Fµ read

Fµ − 1

m
εµνλ∂

νFλ = 0 .

From here it follows that Fµ is divergenceless. Hence we can introduce fields
Aµ as follows:

Fµ = εµνλ∂
νAλ .
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Then (7.49) can be written in the form,

H̃ =
1

2

∫
d2x

(
~E2 +B2

)
− 1

m

∫
d2xF0

(
~∇ · ~E −mB

)
(7.51)

where
B = −εij∂iAj (7.52)

has the form of a magnetic field in 2-space dimensions, and

Ei = ∂iA0 − ∂0Ai (7.53)

is the corresponding electric field. The quantity within brackets in the last
integral in (7.51) is just m2Ω̃3,

m2Ω̃3 = ~∇ · ~E −mB ,

and hence vanishes on the space of physical solutions.
The constraint structure and Hamiltonian resembles that of the Maxwell-

Chern-Simons theory in 3 space-time dimensions, defined by the Lagrangian
density

LMCS = −1

4
FµνF

µν − m

2
εµνλA

µ∂νAλ , (7.54)

where the field strength’s Fµν ’s are related to the potentials Aµ in the usual
way. The corresponding action is invariant under the transformations Aµ →
Aµ+∂µΛ. This model possesses one primary constraint: π0 = 0. The canonical
Hamiltonian evaluated on the primary surface has the form

HMCS
0 =

1

2

∫
d2x

(
~E2 +B2

)
−
∫
d2x A0

(
~∇ · ~E −mB

)
(7.55)

where Ei and B are related to the potentials Aµ by (7.53) and (7.52). Written
in terms of canonical variables, Ei is given by

Ei = −πi +
m

2
εijA

j . (7.56)

Persistence of the primary constraint π0 = 0 yields the secondary constraint,

Ω1 := ~∇ · ~E −mB = 0

which formally coincides with m2Ω̃3 = 0. Ω1 and π0 form a first class system.
Making use of (7.52) and (7.56) one verifies that they are in strong involution
with respect to standard Poisson brackets, and have vanishing Poisson brackets
with the “electric” and “magnetic” fields (7.56) and (7.52). The first class
constraints generate a local symmetry of the equations of motion. In the gauge
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invariant sector the dynamics is determined by the first integral on the rhs of
(7.55),

Ȯ = {O, HMCS} ,

π0 = 0 ; Ω1 = 0 ,

where

HMCS =
1

2

∫
d2x ( ~E2 +B2) .

The non-vanishing Poisson brackets of the Ei’s and B are found to be

{Ei(x), Ej(y)}=−mεijδ2(x− y) ,

{Ei(x), B(y)}= εij∂
jδ2(x− y) ,

and coincide with the corresponding Dirac brackets {, }D′ of the embedded SD-
model (7.50) (recall that in the SD-model E1 = F 2, E2 = −F 1 and B0 = −F 0).
Since the dynamics of gauge invariant quantities in the embedded SD-model is
in turn equivalent to the second class dynamics of the corresponding quantities
in the SD-model, we conclude that in the gauge invariant sector of the MCS
theory this theory coincides with the SD-model.

7.4.4 The non-abelian SD model

As a less trivial application of the BFT formalism we consider the model of
Townsend et al. [Townsend 1984] generalized to the non-abelian case, with
Lagrangian density (7.34),

L = −1

2
trfµf

µ + LCS , (7.57)

where LCS is the Chern-Simons Lagrangian

LCS =
1

4m
εµνρtr

(
Fµνfρ − 2

3
fµfνfρ

)
.

Here fµ are anti-hermitian Lie-algebra valued fields

fµ = taf
a
µ ,

where {ta} are the generators of SU(N) in the fundamental representation, and
Fµν is the usual matrix valued chromoelectric field strength tensor constructed
from the fµ’s:

Fµν = ∂µfν − ∂νfµ + [fµ, fν].
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Our conventions are

[ta, tb] = ccabtc ,

tr(tatb) =−δab ,

where ccab are the structure constants of the group.
In the case of the non-abelian self-dual model, the BFT embedding leads

to an infinite power series in the auxiliary fields for the first-class phase space
variables. We shall however see that the series can be summed, and that the
auxiliary fields play the role of the Lie-algebra valued fields parametrizing a
non-abelian gauge transformation [Kim 1998a].

We begin our BFT construction of the first class constraints with a no-
tational remark. In the following, space-time indices like µ, ν, . . ., i, j . . . will
have covariant or contravariant character, as usual. The other (internal) in-
dices a, b . . . will be placed either up or down in order to keep the expressions
as transparent as possible.

Consider the non-abelian self-dual model (7.57). The momenta canonically
conjugate to f0

a and f ia are given respectively by πa0 = 0 and πai = − 1
2m εijf

j
a .

We thus have two sets of primary constraints,

Ωa0 := πa0 = 0, (7.58)

Ωai := πai +
1

2m
εijf

j
a = 0 (i, j = 1, 2) . (7.59)

These are the non-abelian analog of (7.36). The canonical Hamiltonian density
associated with the above Lagrangian is given by

H0 = −1

2
faµf

µ
a +

1

2m
εijf

a
0F

ij
a .

Persistence in time of the above constraints leads to one further (secondary)
constraint, 10

Ωa3 := fa0 − 1

2m
εijF aij = 0. (7.60)

The constraints (7.58), (7.59) and (7.60) define a second-class system. In partic-
ular this is also true for the subset of constraints (7.59), as well as for (Ωa0 ,Ω

a
3).

The Poisson-brackets of the former are given by

{Ωai (x),Ωbj(y)} =
1

m
εijδ

abδ2(x− y) , i = 1, 2 ,

10Note that the normalization of Ωa
3 differs from that in the abelian case.
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while the latter form a canonical pair,

{Ωa3(x),Ωb0(y)} = δabδ(x− y) .

Elements from different sets have vanishing Poisson brackets with each other.
As in the case of the abelian self-dual model, we shall follow here the strategy of
implementing the constraints Ωai = 0 strongly via Dirac brackets { , }D′ defined
in the subspace of these constraints. 11 In that case, {Ωai (x),Ωbj(y)}D′ ≡ 0,
while for the remaining constraints Ωa0 = 0 and Ωa3 = 0 one finds the following
Dirac brackets:

{Ωaα(x),Ωbβ(y)}D′ = Qabαβ(x, y) ; α, β = 0, 3 (7.61)

with Qabαβ given in α− β space by the matrix 12

Qabαβ(x, y) :=

(
0 −δab
δab − 1

2mc
d
abεklF

kl
d

)
δ2(x− y) . (7.62)

We next reduce the second-class system with Dirac brackets (7.61) to a first-
class system at the expense of introducing two sets of auxiliary fields {φ0a} and
{φ3a} corresponding to {Ωa0} and {Ωa3}, with Poisson (or D′-Dirac) brackets 13

{
φαa (x), φ

β
b (y)

}
= ωαβab (x, y), (7.63)

where we are free to make the choice

ωαβab (x, y) = εαβδabδ
2(x− y) (7.64)

with ε03 = −ε30 = 1. The first-class constraints Ω̃aα are now constructed as a
power series in the auxiliary fields,

Ω̃aα = Ωaα +

∞∑

n=1

Ω
(n)a;a1···an
α;α1···αn φα1

a1 · · ·φαnan , (7.65)

where the expansion coefficent functions do not depend on the auxiliary fields,
and are to be determined by the requirement that the constraints Ω̃aα be
strongly involutive in the sense of the Dirac brackets introduced above:

{
Ω̃aα(x), Ω̃

b
β(y)

}
D′

= 0. (7.66)

11i.e., we define {A,B}D′ ≡ {A,B} −
∫
d2ξd2ξ′ {A,Ωa

i (ξ)}(Q−1)
ij

ab(ξ, ξ
′){Ωb

j(ξ
′), B},

where Qab
ij (ξ, ξ

′) = {Ωa
i (ξ),Ω

b
j(ξ

′)}.
12The internal symmetry indices are placed at convenience.
13Actually the Poisson brackets coincide with the Dirac brackets, since the auxilary fields

have vanishing Poisson brackets with Ωa
i , (i = 1, 2).
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Making the Ansatz

Ω̃aα(x) = Ωaα +

∫
d2yXab

αβ(x, y)φ
β
b (y) + · · · ,

analogous to (7.10), and substituting this ansatz into (7.66) leads to lowest

order in φβb to the condition

∫
d2zd2z′Xac

αλ(x, z)ω
λδ
cd (z, z

′)Xbd
βδ(z

′, y) = −Qabαβ(x, y). (7.67)

For the choice (7.64), this equation has (up to a natural arbitrariness) the
solution [Kim 1998a]

Xab
αβ(x, y) :=

(
δab 0

1
4mc

d
abεklF

kl
d δab

)
δ2(x− y). (7.68)

In higher orders, the solution for Ω̃aα can be obtained recursively and leads to
the strongly involutive constraints [Kim 1998a, Banerjee 1997]

Ω̃a0 = πa0 + φ0a (7.69)

Ω̃a3 = fa0 − 1

2m
εijF

ij
a + φ3a −

∞∑

n=1

(−1)n

(n+ 1)!

[(
Φ0
)n]

ab

(
1

2m
εijF bij

)
(7.70)

where Φ0 is the matrix valued field,

Φ0 =
∑

d

τdφ
0
d (7.71)

with τa in the adjoint representation:

(
Φ0
)
ab

= cdabφ
0
d . (7.72)

Let us write the above expression in a more transparent form. With the choice
(7.64) for ωαβab , we see that the fields φ0a and φ3a are conjugate to one another.
Let us therefore define

θa = φ0a , πaθ = φ3a . (7.73)

Equations (7.69) and (7.70) then take the form

Ω̃a0 = πa0 + θa , (7.74)

Ω̃a3 = fa0 + πaθ − V ab(θ)(
1

2m
εijF

ij
b ) , (7.75)



130 BFT Embedding of Second Class Systems

where V ab are the matrix elements of

V (θ) = 1 +
∞∑

n=1

(−1)n

(n+ 1)!
θn (7.76)

with
θ = τdθ

d ; (τd)ab = cdab .

The construction of the first-class Hamiltonian H̃ can in principle be carried
out along similar lines as in the case of the constraints, by representing it as a
power series in the auxiliary fields and requiring {Ω̃ai , H̃}D′ = 0 subject to the
condition H̃ [f, φ = 0] = H0. It is however more economical to first construct
the first class fields f̃µa . The new Hamiltonian is then given by H̃ = H0[f̃ ]. The
“physical” fields f̃µa are again obtained as a power series in the auxiliary fields
φαa by requiring them to satisfy

{Ω̃aα, f̃µb }D′ = 0 , ∀a, b .

The iterative solution of these equations leads to an infinite series which can
be compactly written in terms of the Lie algebra valued field θ

f̃a0 = fa0 + πaθ + (Uab(θ)− V ab(θ))

(
1

2m
εijF

b
ij

)
,

f̃ai =Uab(θ)f
b
i + V ab(θ)∂iθ

b , (7.77)

where U(θ) is given by
U(θ) = eθ. (7.78)

For the first class field tensor F̃ ija one obtains,

F̃ aij = Uab(θ)F
b
ij , (7.79)

and for π̃a0 one finds
π̃a0 = πa0 + θa. (7.80)

We now observe that the first-class constraints Ω̃a0 and Ω̃a3 can be written in
terms of the physical fields as follows

Ω̃a0 = π̃a0

Ω̃a3 = f̃a0 − 1

2m
εijF̃ aij .

Thus, as expected, the first class constraints are obtained from the second class
constraints Ωa0 = 0 and Ωa3 = 0 (cf. eqs. (7.58) and (7.60)) by simply replacing
faµ and πa0 by their gauge invariant extensions. Having obtained the gauge



7.4 Examples of BFT embedding 131

invariant dynamical variables, we can write down immediately the first class
Hamiltonian density again making use of proposition 2:

H̃ = −1

2
f̃aµ f̃

µ
a +

1

2m
εij f̃

a
0 F̃

ij
a . (7.81)

Let us interpret the above results. The fields f̃ai have a simple interpretation.
Defining the group valued field g(θ) = eθ, where θ lies in the Lie-algebra of
SU(N), we have for any Lie algebra valued field A = Aata the relations

−tr(tag−1(θ)Ag(θ)) = Uab(θ)A
b ,

−tr(tag−1(θ)∂µg(θ)) = V ab(θ)∂µθ
b.

Making use of these relations we therefore see that the expression for f̃i = f̃ai ta
in (7.77) can be written in the compact form

f̃i = g−1fig + g−1∂ig. (7.82)

The fields f̃ai are thus identified with the gauge-transform of the fields fai . They
are invariant under the extended gauge transformation

f i → h−1f ih+ h−1∂ih ,

g → h−1g ,

and thus are observables in the extended space. What concerns the first-class
field strength tensor F̃ij = F̃ aijta, it follows from (7.79) that

F̃ij = g−1Fijg. (7.83)

In [Kim 1998a] the above discussed embedded version of the non-abelian
self-dual model was further explored by proving its equivalence to the theory
defined by the Stückelberg Lagrangian. 14

14For further examples of BFT embedding see e.g. [Banerjee 1993/95a/97a] and [Kim
1994/95/98b].



Chapter 8

Hamilton-Jacobi Theory of
Constrained Systems

8.1 Introduction

The Hamilton-Jacobi (HJ) equation is a partial differential equation for the
generating function of a canonical transformation from a set of canonical vari-
ables (q, p) to a new set (Q,P ), whose dynamics is governed by a vanishing
Hamiltonian H ′

0(Q,P, t) = 0. This generating function, which - in standard
textbook nomenclature - is of the type F2 and denoted in the literature by
S(q, P, t), is a solution to

H ′
0 =

∂S

∂t
+H0(q,

∂S

∂q
, t) = 0 , (8.1)

where the old and new phase space variables are related implicitly by

pi =
∂S

∂qi
, Qi =

∂S

∂Pi
.

S is called the “Hamilton principle function” (HPF). Since the new Hamiltonian
H ′

0 vanishes, the equations of motion for Qi and Pi read Q̇i = 0, Ṗi = 0,
implying that

Pi(t) = αi ; Qi(t) = βi ,

where αi and β
i are constants. In the following we denote the sets {αi} and

{βi} by α and β. As shown in any textbook on mechanics, these constants
can be conveniently identified with the constants of integration inherent in the
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solution to the HJ-equation (8.1). Hence the solution qi(t) and pi(t) to the
original Hamilton equations of motion are given implicitly by

pi(t) =
∂S(q(t), α, t)

∂qi(t)
, (8.2)

βi =
∂S(q(t), α, t)

∂αi
. (8.3)

In textbooks on mechanics, the HJ-theory is usually discussed in connection
with systems described by a non-singular Lagrangian. As we shall see, singular
systems with only first class constraints can also be dealt with in a straight-
forward way. We shall consider them briefly in the following section. On
the other hand, the HJ-formulation for second class systems is more subtle
[Dominici 1984, Rothe 2003d].

The major part of this chapter is devoted to examples demonstrating vari-
ous techniques which allow one to formulate the HJ-equations for second class
systems. Our discussion will be restricted to systems with a time independent
Hamiltonian, i.e. to conservative systems of the type studied in the previous
chapters.

Let us first discuss in some detail the reason why the HJ-formulation for
second class systems poses a problem. To this effect let us write (8.1) in the
form

H ′
0(q, p) = 0 , (8.4)

where

H ′
0(q, p) = p0 +H0(q, p) . (8.5)

HereH0 is the canonical Hamiltonian on ΓP , and q and p stand for the collection

{qi} and {pi}, i = 0, 1, · · · , n with 1

q0 = t , p0 =
∂S

∂q0
, pi =

∂S

∂qi
. (8.6)

Equation (8.4), together with (8.6), are the HJ equations for Hamilton’s Prin-
cipal Function S for the case of an unconstrained system.

8.1.1 Carathéodory’s integrability conditions

Consider now a constrained system in which not all canonical variables are
independent. As we have seen in chapters 2 and 3, the Lagrangian L(qi, q̇i) is

singular in this case, i.e the determinant of the Hessian matrix Hij = ∂2L
∂q̇i∂q̇j

1Actually, by assumption, H′
0 does not depend on q0.
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vanishes. On the Hamiltonian level this implies the existence of primary con-
straints. Let m1 be the number of such constraints. We write them in the form
appropriate for our purposes 2

H ′
α(q, p) ≡ pα +Hα(q, {pa}) = 0 , (α = 1, · · · ,m1) , (8.7)

where {pi} = ({pα}, {pa}), a = m1+1, · · · , n, and where we have set gα(q, {pa}) =
−Hα, with gα defined in (3.5). Adjoining these constraints to (8.4), we are led
to consider the coupled set of differential equations

H ′
α

(
q,
∂S

∂q

)
≡ ∂S

∂qα
+Hα

(
q,
∂S

∂qa

)
= 0 , α = 0, · · · ,m1 . (8.8)

Here we made use of the fact that, according to (3.8), H0 does not depend
on the pα’s. Continuing this line of reasoning, we supplement this system of
differential equations with a similar set of equations associated with possible
secondary constraints H ′

a(q, p) = 0. Let there be m2 such constraints. We are
then led to consider the following complete set of partial differential equations

H ′
α(q,

∂S

∂q
) = 0 , α = 0, 1, · · · ,m1 , (8.9)

H ′
a(q,

∂S

∂q
) = 0 , a = m1 + 1, · · · ,m1 +m2 .

We denote this set by

H ′
A(q,

∂S

∂q
) = 0, A = 0, 1, · · · ,m1 +m2 . (8.10)

This coupled set of differential equations only admit a solution provided the
H ′
A are in strong involution “on-shell”, in the sense [Carathéodory 1967]

{H ′
A, H

′
B}pi= ∂S

∂q
i
= 0 , (8.11)

where H ′
A is considered as a function of q and p, and S is a solution to (8.10).

The (generalized) Poisson bracket is defined by ;

{F,G} =

n∑

i=0

(
∂F

∂qi
∂G

∂pi
− ∂G

∂qi
∂F

∂pi

)
. (8.12)

In the following i, j = 0, 1, · · · , n.
2We follow here the notation of [Güler 1992].
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The above integrability conditions are easily derived from (8.10). We sup-
pose that S has been found, and that eqs. (8.10) are thus satisfied identically.
Then differentiating H ′

A(q, ∂S/∂q) = 0 and H ′
B(q, ∂S/∂q) = 0 with respect to

qi, multiplying them by −∂H′
B

∂pi
and

∂H′
A

∂pi
, respectively, and adding them, we

obtain

{H ′
A, H

′
B}p= ∂S

∂q
=

n∑

i,j=0

∂2S

∂qi∂qj

(
∂H ′

A

∂pj

∂H ′
B

∂pi
− ∂H ′

A

∂pi

∂H ′
B

∂pj

)

p= ∂S
∂q

. (8.13)

The right hand side vanishes for symmetry reasons. Hence a function S satis-
fying (8.10) implies (8.11). Equations (8.11) are Carathéodory’s integrability
conditions, which ensure that for a first class system, the complete set of equa-
tions is integrable.

8.1.2 Characteristic curves of the HJ-equations

We next show that the integrability conditions imply the “on-shell” vanishing
of the total differentials dH ′

α in the 2n + 2 dimensional phase space [Güler

1992]. 3

Consider the canonical Hamiltonian on the primary surface. It is given by
(3.7),

H0 = paf
a + gαq̇

α − L(q, q̇α, fa) , (8.14)

where we have made use of the primary constraints written in the form (3.5),
and of (3.6). This Hamiltonian was shown in chapter 3 not to depend on the
velocities q̇α. Taking the derivative of (8.5) with respect to pb, with H0 given
by (8.14), we obtain, after identifying gα(q, {pa}) with pα −H ′

α(q, p),

∂H ′
0

∂pb
= f b + pa

∂fa

∂pb
− ∂H ′

α

∂pb
q̇α −

(
∂L

∂q̇a

)

q̇a=fa

∂fa

∂pb

= f b − ∂H ′
α

∂pb
q̇α .

Noting further from (8.6) that q̇0 = 1, we can write this in the form,

f b −
n∑

α=0

∂H ′
α

∂pb
q̇α = 0 .

3By “on-shell” we mean: “on the space of solutions to the HJ-equations”.
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From here - recalling that q̇b = f b(q, {q̇α}, {pa}) - we are led to

dqb =
∂H ′

α

∂pb
dqα . (8.15)

Adding the identities (following from (8.5) and (8.7)),

dqβ =
∂H ′

α

∂pβ
dqα

we obtain

dqi =
∂H ′

α

∂pi
dqα , i = 0, 1, · · · , n . (8.16)

So far we have not made use of any dynamical equations. In fact, (8.15) divided
by dq0 ≡ dt, is nothing but the first set of Dirac’s (kinematical) equations.

Setting pi = ∂S/∂qi we have

dpi =
∂2S

∂qβ∂qi
dqβ +

∂2S

∂qb∂qi
dqb .

By differentiating (8.8) with respect to qi we obtain,

∂2S

∂qi∂qα
+

[
∂H ′

α

∂qi
+

(
∂Hα

∂pa

)
∂2S

∂qi∂qa

]

p= ∂S
∂q

= 0 ,

where we made use of the fact that we could replace Hβ by H ′
β in the second

term. Contracting this expression with dqα and making use of (8.16), we can
cast dpi into the form

dpi = −
∂H ′

α

∂qi
dqα . (8.17)

These are nothing but the Hamilton equations of motion for the momenta
generated by the total Hamiltonian of Dirac, with the momenta identified by
pi = ∂S/∂qi, and S a solution to the HJ-equations.

Consider further the differential dS(q):

dS(q) =
∂S

∂qα
dqα +

∂S

∂qa
dqa .

Making use of (8.8) and of (8.15), we can write it in the form

dS =

(
−Hβ + pa

∂H ′
β

∂pa

)

pi=
∂S

∂q
i

dqβ .
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This equation, together with (8.16) and (8.17) are the total differentials for
the characteristic curves of the HJ-equations. If they form a completely inte-
grable set, their simultaneous solution determines S uniquely from the initial
conditions. 4

Let us examine what the integrability conditions (8.11) imply for the dif-
ferential dH ′

β(q, ∂S/∂q
a), with S a solution to the HJ-equations. Using (8.16)

and (8.17) we have

dH ′
β =

(
∂H ′

β

∂qα
+
∂H ′

β

∂qa
∂H ′

α

∂pa
−
∂H ′

β

∂pa

∂H ′
α

∂qa

)
dqα

= {H ′
β , H

′
α}dqα ,

where {, } is the generalized bracket defined in (8.12), or

dH ′
β = {H ′

β, H
′
α}dqα . (8.18)

Thus the integrability condition (8.11) implies, in particular, the vanishing
of dH ′

0 and dH ′
α, and hence Dirac’s consistency equations, stating the time

independence of the primary constraints.

On the other hand, for second class systems, these integrability conditions
are evidently violated. One can attempt to circumvent this problem in several
ways: i) One can look for a canonical change of variables in which the second-
class constraints, or linear combinations thereof, become part of a new set of
variables, which can be grouped into canonical pairs. If the Poisson brackets
of the constraints are given by constant matrices, one can always perform
such a transformation. This may however not be possible in general. ii) One
can make use of the BFT procedure described in chapter 7 and embed the
second class system into a first class one by suitably enlarging the phase space,
Proceeding from there, we will present two ways in obtaining the solutions for
the coordinates and conjugate momenta.

We begin our discussion with a purely first class system in order to exemplify
that no integrability problem arises in this case.

8.2 HJ equations for first class systems

For first class systems the HJ equations (8.10) can be integrated without en-
countering any inconsistency. We illustrate this by the following example:

4The generalization to systems which include elements of the Berezin algebra has been
carried out in [Pimentel 1998].
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Consider the Lagrangian

L =
1

2
ẋ2 + ẋy +

1

2
(x− y)2 , (8.19)

which leads to one primary and one secondary constraint,

H ′
1 := py = 0. , H ′

2 := px − x = 0 , (8.20)

respectively. The Hamiltonian is given by

H0 =
1

2
p2x −

1

2
x2 − ypx + xy

so that the integrability condition (8.11) is satisfied:

{H ′
0, H

′
1} = H ′

2 , {H ′
0, H

′
2} = 0 , {H ′

1, H
′
2} = 0 .

The HJ-equation takes the form

H ′
0 =

∂S

∂t
+

1

2

(
∂S

∂x
− y

)2

− 1

2
(x− y)2 = 0 . (8.21)

The constraint equations (8.20) lead to the additional conditions,

∂S

∂y
= 0 ,

∂S

∂x
− x = 0 . (8.22)

Let us rewrite (8.21) as follows:

∂S

∂t
+

1

2

(
∂S

∂x

)2

− 1

2
x2 =

(
∂S

∂x
− x

)
y . (8.23)

Equations (8.22) together with (8.23) state that S does not depend on y or t.
It then follows from ∂S

∂x − x = 0 that

S =
1

2
x2 .

Note that no integration constant (aside from an irrelevant additive constant)
appeared! Hence, according to (8.2) and (8.3), we are left with only the equa-
tion px = ∂S/∂x. This reflects the fact that the two Euler-Lagrange equations
reduce to a single equation ẋ− x = −y, whose solution for x(t) is only known
once y(t) is given. 5 Note that this equation is just the constraint equation

5For a given y(t) the solution is given by

x = x(0)et −
(∫ t

0

dτ e−τy(τ)

)
et .
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H ′
2 = 0. In fact, from (8.22) we recover the primary and secondary constraints,

py =
∂S

∂y
= 0 , px =

∂S

∂x
= x ,

and nothing more.

8.3 HJ equations for second class systems

Consider now a purely second class system where the integrability relation
(8.11) is violated. Hence we do not expect to find a HPF from which one can
obtain the solutions for the coordinates q and momenta p via (8.2) and (8.3).

In the following we will discuss two approaches for obtaining the HJ equa-
tions for such a system, of which the first one, to be discussed next, cannot
be realized in general. The second approach makes use of the BFT embed-
ding discussed in the preceding chapter, turning the system into a first class
system, where gauge invariant quantities are identified with the corresponding
quantities of the second class theory. The HJ-equations can then be integrated
consistently. We illustrate both approaches with several examples.

8.3.1 HPF for reduced second class systems

Our strategy, to be illustrated by several examples, will be the following [Rothe
2003d]: given a Lagrangian we first generate all the constraints, following the
Dirac algorithm. We then look for a possible canonical transformation from
the set of phase space variables (qi, pi) to a new set consisting of two mutually
“commuting” subsets 6 of canonically conjugate pairs, (q∗a, p

∗
a) and (q̃α, p̃α),

where {q̃α} and {p̃α} are identified with a suitably chosen complete set of
primary and secondary constraints q̃α = 0 and p̃α = 0. Since the number
of second class constraints is even, this can always be realized for linear con-
straints, but may be difficult, if not impossible, in the general case. Denoting
by F2(q; p

∗, p̃; t) the generating function for this canonical transformation, the
new Hamiltonian will be given by

H̃(q∗, p∗, q̃, p̃) = H0(q(q
∗, p∗, q̃, p̃), p(q∗, p∗, q̃, p̃)) +

∂F2

∂t
, (8.24)

where q(q∗, p∗, q̃, p̃) and p(q∗, p∗, q̃, p̃) are obtained by solving the coupled set
of equations

pi =
∂F2

∂qi
, q̃α =

∂F2

∂p̃α
, q∗a =

∂F2

∂p∗a
. (8.25)

6“Commute” stands as a short hand for “having vanishing Poisson brackets”.
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In terms of the new variables the extended action reads, 7

SE =

∫
dt

[∑

a

p∗aq̇
∗
a +

∑

α

p̃α ˙̃qα − H̃(q∗, p∗, q̃, p̃)−
∑

α

λαq̃α −
∑

α

ηαp̃α

]
.

With the above canonical change of variables, the equations of motion for
the “star” variables are determined from H̃ by implementing the constraints
directly in the new Hamiltonian:

q̇∗a = {q∗a, H̃(q∗, p∗, 0, 0)} , ṗ∗a = {p∗a, H̃(q∗, p∗, 0, 0)} ,

while the equations for the remaining coordinates and momenta are just the
persistency equations for the constraints. With respect to the phase-space coor-
dinates (q∗, p∗) the problem has thus been reduced to that of an unconstrained
system, and the Hamilton-Jacobi theory, described in the previous section, can
be applied without encountering an inconsistency. Indeed, in terms of the new
variables the relevant HJ-equations read

∂S

∂t
+ H̃(q∗,

∂S

∂q∗
, q̃,

∂S

∂q̃
) = 0

together with the constraint equations,

q̃α = 0 ,
∂S

∂q̃α
= 0 .

From these equations we see that S is only a function of q∗ and t. Hence our
problem reduces to solving the differential equations

H∗(q∗,
∂S

∂q∗
) +

∂S

∂t
= 0 ,

where

H∗(q∗, p∗) = H̃(q∗, p∗, q̃ = 0, p̃ = 0) .

The main problem therefore consists in finding the generating function F2 which
takes us from the set (q, p) to the new canonical sets (q∗, p∗) and (q̃, p̃).

7To formulate the general problem it is convenient to work with the extended action, where
all of the constraints are implemented via Lagrange multipliers. Since all the constraints
are generated from the total Hamiltonian HT (involving only the primary constraints) via
the Dirac self-consistent algorithm, the Lagrange multipliers associated with the secondary

constraints will turn out to vanish weakly in a variational calculation (see eq. (3.63)).
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8.3.2 Examples

In the following we will illustrate the above ideas in terms of some examples
[Rothe 2003d]. We shall be rather detailed in the first example, in order to
emphasize various aspects of the problem.

Example 1

Consider the Lagrangian (8.19) with a reversal of the sign in the last term:

L =
1

2
ẋ2 + ẋy − 1

2
(x− y)2 . (8.26)

The total Hamiltonian reads

HT = H0 + ηpy ,

with

H0 =
1

2
(px − y)2 +

1

2
(x − y)2

the canonical Hamiltonian evaluated on the primary surface φ :≡ py = 0. The
Dirac algorithm leads to a secondary constraint ϕ = 0,

{φ,H0} = −2ϕ , ϕ = y − 1

2
(px + x) .

There are no further constraints. Since {ϕ, φ} = 1, these constraints are second
class and canonically conjugate to each other.

If we would proceed naively and make the replacement py → ∂S
∂y in the

primary constraint py = 0, then this would imply that S is independent of y.
This would be in conflict with the equation obtained by making the substitution
px = ∂S

∂x in the secondary constraint ϕ = 0. This reflects the non-commutative
structure of our second class system, and corresponding violation of the inte-
grability condition (8.11).

In order to circumvent this difficulty, we make a canonical transformation
to a new set of variables (q∗, p∗) and (q̃, p̃), in which one of the canonically
conjugate pairs are chosen to be the constraints themselves:

q̃ = ϕ , p̃ = φ ,

q∗ = x− 1

2
py , p∗ = px +

1

2
py . (8.27)

These are two “commuting” sets of canonically conjugate variables:

{q̃, p̃} = 1 , {q∗, p∗} = 1 .
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All other Poisson brackets vanish. As expected for a canonical transformation
one also checks that

pxẋ+ pyẏ = p∗q̇∗ + p̃ ˙̃q +
1

2

d

dt
(p∗p̃− 1

2
p̃2) ,

so that the kinetic contribution to the action takes the same form in the new
set of variables. The corresponding generating functional F2(x, y; p

∗, p̃) for the
transformation (8.27) is readily constructed:

F2 = (p∗ − 1

2
p̃)x+ p̃y − 1

2
p̃p∗ +

1

8
p̃2 .

The inverse transformations to (8.27) read

x= q∗ +
1

2
p̃ , px = p∗ − 1

2
p̃ ,

y=
1

2
(q∗ + p∗) + q̃ , py = p̃ . (8.28)

Expressed in terms of the new variables the new total Hamiltonian H̃T takes
the form

H̃T = H̃0 + ηp̃ ,

where

H̃0(q
∗, p∗, q̃, p̃) =

1

2

[
1

2
(p∗ − q∗)−

(
p̃

2
+ q̃

)]2
+

1

2

[
1

2
(q∗ − p∗) +

(
p̃

2
− q̃

)]2
.

(8.29)
The equations of motions read,

q̇∗ =
1

2
(p∗ − q∗)− 1

2
p̃ ,

ṗ∗ =
1

2
(p∗ − q∗)− 1

2
p̃ ,

˙̃p = −2q̃ ,

˙̃q = η − 1

2
(p∗ − q∗) +

1

2
p̃ ,

together with the constraints q̃ = p̃ = 0. From their persistency in time we
see that the 3rd equation reproduces the secondary constraint q̃ = 0, while the
4th equation fixes the Lagrange multiplier η as expected. The dynamics of the
star variables on the constrained surface is now determined by the Hamiltonian
H̃0(q

∗, p∗, 0, 0) = 1
4 (p

∗ − q∗)2.
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Consider now the HJ-equations associated with the constraints q̃ = p̃ = 0.
With p̃ replaced by ∂S/∂q̃ we conclude from p̃ = 0 that the HPF does not
depend on q̃. Hence the HJ-equation associated with H̃0 becomes

∂S

∂t
+

1

4

(
∂S

∂q∗
− q∗

)2

= 0 , (8.30)

where we have set q̃ = 0 and p̃→ ∂S/∂q̃ = 0 in (8.29).
Since the Hamiltonian H̃ is independent of time we can now make the usual

separation ansatz
∂S

∂t
= −α2 ,

with α a constant, so that equation (8.30) has the solution

S(q∗, α, t) = ±2αq∗ +
1

2
q∗2 − α2t . (8.31)

Notice that S depends only on one integration constant α. A further integration
constant is then introduced according to (8.3),

β =
∂S

∂α
,

which then implies 8

β = 2q∗ − 2αt .

With

p∗ =
∂S

∂q∗
= αt+ 2α+

1

2
β

the problem is now solved in the standard way. Taking account of the con-
straints q̃ = p̃ = 0 one obtains from (8.28)

x =
1

2
β + αt , y = (α+

1

2
β) + αt , (8.32)

which is the most general solution to the Euler-Lagrange equations following
from (8.26).

Example 2: The Landau model in the zero mass limit

The Lagrangian of a spinless charged particle, moving on a 2-dimensional plane
in a harmonic oscillator potential in the presence of a constant background
magnetic field B perpendicular to the 12-plane, can be written in the form

LLandau =
m

2
~̇q
2
+
B

2
~q × ~̇q − k

2
~q2 ,

8Without loss of generality we have chosen the + sign in (8.31).
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where (in two space dimensions) ~q× ~̇q =
∑2
i,j=1 εijq

iq̇j . In the zero-mass limit
this Lagrangian reduces to

L =
B

2
~q × ~̇q − k

2
~q2 .

There exist only two primary constraints

φi =
1√
B
pi +

√
B

2
εijq

j

with non-vanishing Poisson brackets

{φi, φj} = εij .

We perform the following change of variables from qi, pi to q, p and p̃1 =
φ1, p̃2 = φ2,

p̃1 =
1√
B
p1 +

√
B

2
q2 , p̃2 =

1√
B
p2 −

√
B

2
q1 ,

q =
1

2
q1 +

1

B
p2 , p = p1 −

B

2
q2 ,

where q and p correspond to the “star variables” introduced before. The inverse
transformations read

q1 = q − 1√
B
p̃2 , q2 =

1

B
(
√
Bp̃1 − p) ,

p1 =
1

2
(
√
Bp̃1 + p) , p2 =

1

2
(Bq +

√
Bp̃2) . (8.33)

In terms of the new coordinates the canonical Hamiltonian evaluated on the
constrained surface takes the form,

H∗ =
k

2

(
q2 +

1

B2
p2
)
.

Hence we have for the HJ equation,

∂S

∂t
+

k

2B2

(
B2q2 +

(
∂S

∂q

)2
)

= 0 ,

with the solution

S(q, α, t) = −αt+B

∫ q

dq′
√

2α

k
− q′2 + const.
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From the equation β = ∂S
∂α we then obtain in the usual way the solution

q(t) =

√
2α

k
cos(ωt+ b) ,

with ω = k/B and b a constant.
We return to the original variables by setting in (8.33) the constraints p̃1

and p̃2 equal to zero, and using

p =
∂S

∂q
= B

√
2α

k
− q2 .

We thus obtain

q1 = q , q2 = − p

B
= −

√
2α

k
sin(ωt+ b) .

8.3.3 HJ equations for second class systems via BFT em-
bedding

As we have seen, a naive extension of the Hamilton-Jacobi theory to second
class constrained systems is condemned to failure right from the outset since
it leads to differential equations which are in direct conflict. Mathematically
this conflict is expressed by the violation of the integrability condition (8.11).
Above we have presented a possible way out of this dilemma. The drawback
was that the transition to the reduced phase space is in practice restricted to
rather simple situations.

We now present another method which is generally practicable. It is based
on the replacement of the second class system by an equivalent first class sys-
tem, using the BFT construction described in the previous chapter. The HJ
equations are then integrable, since the system is in strong involution. Choose
the auxiliary fields of the BFT construction to be sets of mutually commuting
canonically conjugate pairs (θα, pθα), α = 1, · · · , N , where 2N is the number
of 2nd class constraints. Since the number of second class constraints to be
converted is even, this can be done, and implies a particular choice of the
simplectic matrix ωαβ in (7.1).

In the following we denote by S̃(q, θ, α, t) the HPF of the BFT embedded
system, with α a set of integration constants, and by Ω̃A(q, θ; p, p

θ) = 0 the set
of first class constraints in strong involution. If H̃(q, θ, p, pθ) is the Hamiltonian,
then S̃ is a solution to the following set of equations

∂S̃

∂t
+ H̃

(
q, θ,

∂S̃

∂q
,
∂S̃

∂θ

)
= 0, (8.34)
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Ω̃A

(
q, θ,

∂S̃

∂q
,
∂S̃

∂θ

)
= 0 . (8.35)

From S̃(q, θ, α, t) we then obtain the solutions for the embedding coordinates
qi, θ

α, and conjugate momenta pi, pα by expressions analogous to (8.2) and
(8.3):

pi(t) =
∂S̃

∂qi(t)
, β` =

∂S̃

∂α`
, (8.36)

pθα(t) =
∂S̃

∂θα(t)
. (8.37)

Having obtained a solution S̃ of the HJ-equations for the embedded system we
now want to arrive at the dynamical solution for the coordinates and momenta
of the original second class theory. Before we discuss this in detail we want to
make several assertions [Kleinmann 2004].

Assertion

Let ΩA(q, p) = 0 be the constraints of a second class theory, and Ω̃A(q, θ; p, pθ) =
0 the corresponding first class constraints of its embedded version. In accordance
with the BFT power series expansions of Ω̃A and H̃, assume the embedding to
be analytic in θ and pθ. Denote by S̃(q, θ, α, t) the HPF of the embedded theory,
satisfying (8.34) and (8.35), where α stands for a set of integration constants.
Furthermore define S(q, α, t) ≡ S̃(q, θ = 0, α, t). We then claim that:

S(q, α, t) solves (8.8) only in the “weak sense”,

∂S

∂t
+H0

(
q,
∂S

∂q

)
=P(s) , (8.38)

ΩA

(
q,
∂S

∂q

)
=PA(s) (8.39)

where s stands for {sA} with

sA = (∂S̃/∂θA)θ=0 ,

and where P(s) and PA(s) are polynomials in s satisfying P(0) = PA(0) = 0.
Note that these polynomials cannot all vanish identically, since this would be
in conflict with Carathéodory’s theorem.

The proof is immediate: Consider the HJ-equation (8.34). Setting θ = 0 we
have that

∂S

∂t
+ H̃0

(
q, θ = 0,

∂S

∂q
, s

)
= 0 .
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Because of the assumed analyticity of the embedding in s, it follows that

H̃0(q, θ = 0,
∂S

∂q
, s) = H0(q,

∂S

∂q
) + P(s) .

A similar reasoning applies to the constraint equation (8.35). We are therefore
led to (8.39).

How to get the solution to the second class system

i) A solution for the phase space variables of the second class theory is obtained
by a) solving the complete set of HJ equations for the HPF of the embedded
first class theory, b) determining the time dependence of these variables from
(8.36) and (8.37), and c) imposing the conditions

θα = 0 ,

(
∂S̃

∂θα

)

θ=0

= 0 , ∀α . (8.40)

This amounts to the choice of gauge θα = 0, pθα = 0, which takes us back to
the second class theory.

ii) A solution for the phase space variables of the second class theory is obtained
by a) computing from S(q, α, t) ≡ S̃(q, θ = 0, α, t) the phase space variables as
a function of time from (8.2) and (8.3), and b) taking explicit account of the
second class constraints ΩA = 0 in the form

ΩA

(
q,
∂S

∂q

)
= 0 , ∀A . (8.41)

This statement follows from i). Thus, by setting θα = 0 in (8.36), one is led to
the equations pi = ∂S/∂qi and β` = ∂S/∂α`. These equations are just those
for an unconstrained system with HPF S(q, β, t), i.e., (8.2) and (8.3). The
remaining equations pθα = (∂S̃/∂θα)θ=0 = 0 implement (8.41), as seen from
(8.39) by setting s = 0. 9

iii) Compute the solution in the embedded formulation for the gauge invariant
combinations q̃ and p̃, and make use of the fact that these coincide with the
solutions in the second class theory.

9Note that “constraint equations” (8.41), arising from (8.35) where Ω̃A does not depend
on pθα, are automatically satisfied.
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8.3.4 Examples

Let us verify the above claims in some examples.

Example 1

Consider the embedded formulation of the model described by the Lagrangian
(7.17). Our starting point is therefore the embedded Hamiltonian (7.23), i.e.

H̃ =
1

2
(px − y − θ

2
− pθ)

2 +
1

2
(x− y +

θ

2
− pθ)

2 .

From this Hamiltonian and the first class constraints, Ω̃1 = py + θ = 0 , Ω̃2 =
px + x− 2y − 2pθ = 0, we obtain for the complete set of HJ equations (8.10)

∂S̃

∂t
+

1

2

(
∂S̃

∂x
− y − 1

2
θ − ∂S̃

∂θ

)2

+
1

2

(
x− y +

1

2
θ − ∂S̃

∂θ

)2

= 0 , (8.42)

∂S̃

∂y
+ θ = 0 ,

∂S̃

∂x
+ x− 2y − 2

∂S̃

∂θ
= 0 . (8.43)

As before we make the separation ansatz ∂S̃
∂t = −α. The solution to (8.42) is

then given by having each term in brackets to be a constant:

∂S̃

∂x
− y − 1

2
θ − ∂S̃

∂θ
= γ1 ,

x− y +
1

2
θ − ∂S̃

∂θ
= γ2 .

The constants α, γ1 and γ2 are constrained to satisfy

α =
1

2
(γ21 + γ22) .

Joining these equations to the two constraint equations (8.43), we conclude
that γ1 + γ2 = 0, so that

α = γ21 = γ22 .

Integrating sequentially the above differential equations for S̃ one finds,

S̃ = (x− y)θ +
1

4
θ2 +

√
αθ +

1

2
x2 + 2

√
αx− αt+ const . (8.44)

From here we see that
(
∂S̃

∂θ

)

θ=0

= x− y +
√
α ,
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which is seen not to vanish. In fact, in agreement with our above assertion
(8.39), the rhs is proportional to the second class constraint Ω2 = px + x− 2y
with px replaced by ∂S/∂x,

2Ω2

(
x, y,

∂S

∂x
,
∂S

∂y

)
=

(
∂S̃

∂θ

)

θ=0

,

where

S = S̃|θ=0 =
1

2
x2 + 2

√
αx− αt+ const . (8.45)

Furthermore, with S given by (8.45),

∂S

∂t
+H0

(
q,
∂S

∂q

)
=
∂S

∂t
+

1

2

(
∂S

∂x
− y

)2

+
1

2
(x− y)2 =

(
∂S̃

∂θ

)2

θ=0

,

in accordance with our assertion (8.38). Notice that constraints Ωα = 0 which
do not involve pθα, such as Ω1 = 0 in this example are automatically satisfied
by our solution.

Finally, starting from the HPF for the embedded model, let us recover
the solutions of the Euler-Lagrange equations of motion for the second class
system. Following the procedure described in i) we compute from (8.44), and
the equations (8.3) and (8.2) the coordinates and momenta as a function of
time in the embedded theory:

px = x+ 2
√
α+ θ ,

py = −θ ,

pθ = x− y +
1

2
θ +

√
α ,

β =
1√
α
x− t+ θ .

Imposing the gauge conditions (8.40), leads to the solutions of the original
second class system, and in particular to

x=
√
αt+

√
αβ

y= x+
√
α =

√
αt+

√
α(β + 1) . (8.46)

The same exercise can be repeated following the prescription given in asser-
tion ii). Thus from (8.45) and the equations (8.36) and (8.37) we obtain that
px(t) = x(t) + 2

√
α, py(t) = 0, while from (the constraint equations) (8.41) we

determine y(t): y(t) = x(t) +
√
α.
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Example 2

Consider the Lagrangian [Kleinmann 2004]

L =
1

2
ẋy2 − y ,

with the canonical Hamiltonian H0 = y and constraints

Ω1 := px −
1

2
y2 = 0 , Ω2 := py = 0 . (8.47)

The embedded Hamiltonian and associated first class constraints read

H̃ = y + pθ ,

Ω̃1 = px −
1

2
(y + pθ)

2 = 0 , (8.48)

Ω̃2 = py + θ = 0 .

This Hamiltonian and the constraints are in strong involution by construction.
The HPF is obtained as the solution of the partial differential equations

∂S̃

∂t
+ y +

∂S̃

∂θ
= 0 ,

∂S̃

∂x
− 1

2
(y +

∂S̃

∂θ
)2 = 0 ,

∂S̃

∂y
+ θ = 0 .

With ∂S̃
∂t = −α this system of equations reduces to

∂S̃

∂θ
= α− y ,

∂S̃

∂x
=

1

2
α2 ,

∂S̃

∂y
= −θ .

Hence the HPF of the embedded system is given by

S̃ = −αt+ 1

2
α2x− yθ + αθ . (8.49)
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Defining

S = S̃|θ=0 = −αt+ 1

2
α2x , (8.50)

we see that
∂S

∂t
+H0

(
q,
∂S

∂q

)
= −

(
∂S̃

∂θ

)

θ=0

,

where q = (x, y) and H0 = y. The lhs is the expression appearing in the naive
HJ-equation for the original second class system, while the rhs is given by

(
∂S̃

∂θ

)

θ=0

= − 2

α+ y
Ω1

(
x, y,

(
∂S

∂x

)
,

(
∂S

∂y

))
.

This is in agreement with the above made assertion. Notice that Ω2 = 0 is
satisfied identically. Following the prescription given i), we obtain the solution
for the coordinates and momenta of the second class theory by first computing
the corresponding coordinates and momenta from (8.49), (8.36) and (8.37).
This yields

β =
∂S̃

∂α
= −t+ αx+ θ .

Imposing the gauge condition (8.40) on (8.49) leads to

x =
1

α
(t+ β) , y = α .

Alternatively, following the prescription given in assertion ii), the solution for
x, y, px and py of the second class theory is obtained by computing the coor-
dinates and momenta according to (8.2) and (8.3), with S given by (8.50), and
implementing the constraints (8.41). This leads again to the above exprssions.

Example 3

Let us consider once more the multidimensional rotator (7.24). The HJ equa-
tions for the embedded system, described by the Hamiltonian (7.31) and the
first-class constraints (7.27), read

∂S̃

∂t
+

1

2
η2
∑

a

(
∂S̃

∂qa
− qa

∂S̃

∂θ
− λqa

)2

= 0 , (8.51)

∂S̃

∂λ
+ θ = 0 , (8.52)

∑

a

qa
∂S̃

∂qa
− q2

∂S̃

∂θ
− λq2 = 0 , (8.53)
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where a = 1, · · · , N . Consider the constraint equation (8.52). With the stan-
dard separation ansatz it has the solution

S̃(t, qa, λ, θ) = −α
2

2
t+ W̃ (qa, θ)− λθ ,

where W̃ (q, θ) is so far an undetermined function. Hence (8.51) and (8.53)
become respectively

−α
2

2
+

1

2
η2
∑

a

(
∂W̃

∂qa
− qa

∂W̃

∂θ

)2

= 0. (8.54)

qa
∂W̃

∂qa
− q2

∂W̃

∂θ
= 0 . (8.55)

A trivial solution of equation (8.55) is

W̃ (q, θ) = g(q2 + 2θ) = g(q̃2) ,

which, according to (8.54), implies however the vanishing of α. Here q̃a are
the first class variables defined in (7.28). Let us therefore look for a non-trivial
solution with α 6= 0. Instead of the above trivial solution we make the ansatz

W̃ (q, θ) = f(n · q̃)

where na are the components of an n-dimensional unit vector parametrized by
n− 1 constants. Using

∂q̃c
∂qa

= η−1δca − η
2θ

q2
qaqc
q2

,
∂q̃c
∂θ

= η
qc
q2
, (8.56)

with η defined in (7.32), one readily checks that equation (8.55) is satisfied for
any f(x). This function is determined from (8.54), which now reads,

(
1− (n · q̃)2

q̃ · q̃

)
f ′2(n · q̃) = α2 ,

where the prime denotes the derivative with respect to the argument of f . The
solution to this equation has been given in [Rothe 2003d]. Setting x = n · q̃ and
r2 = q̃2, we have

f ′(x) = ± α√
1− x2

r2

,

so that, upon integration in x, the Hamilton principal function W̃ takes the
form

W̃ (q, θ) = αr tan−1 n · q̃√
r2 − (n · q̃)2

+ const . (8.57)
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W̃ involves N parameters, which we choose to be α and n1, · · · , nN−1, while the

normalization of na implies for the nth component, nn =
√
1−∑N−1

a=1 nana.

Differentiating the Hamilton principal function with respect to these constants
(new momenta in the corresponding generating functional) yields, according to
(8.2) and (8.3) the N time-independent new coordinates:

β =
∂W̃

∂α
, βa =

∂W̃

∂na
, a = 1, 2, . . . , N − 1 .

From the first equation and (8.57) we easily obtain

n · q̃ = r cos
β + αt

r
≡ r cosΩ(t) .

The solution for the “observable” q̃a then takes the following form in terms of
Ω(t):

q̃a =
1

α
(βa − (n · β)na) sinΩ(t) + rna cosΩ(t) ,

where βa is the N -dimensional vector βa = (β1, β2, . . . , βN−1, 0). Substituting
the above result into our original condition r =

√
q̃ · q̃, leads to

r =

√
β2 − (n · β)2

α2
. (8.58)

Thus the radius r is a constant of motion and fixed in terms of the 2N constant
coordinates and momenta. Knowing the gauge invariant observables, we are
immediately led to the solutions for the coordinates of the second class system.



Chapter 9

Operator Quantization of
Second Class Systems

9.1 Introduction

In chapters 3 and 5 we have discussed in detail the classical Poisson bracket
formulation of the Hamilton equations of motion for singular systems, and their
symmetries, respectively. We now turn to the problem of formulating the cor-
responding quantum theory. As we shall show, purely second class systems
allow for a straightforward operator quantization (apart from possible ordering
problems), while theories which involve also first class constraints must first
be effectively converted to second class systems by imposing an appropriate
number of gauge conditions. These are subsidiary conditions imposed from the
“outside”, i.e., they are not part of the Euler-Lagrange equations of motion.
When quantizing second class systems we shall be led to introduce an extended
Hamiltonian which includes all the constraints, primaries and secondaries, with
their respective Lagrange multipliers, and - in the case of gauge fixing - the
gauge conditions as well. The gauge conditions are chosen in such a way that,
together with the second class constraints, they turn the theory into a pure
second class system. In terms of the extended Hamiltonian the equations of
motion take a form analogous to those expressed in terms of the total Hamil-
tonian. These will be shown to be completely equivalent to the equations of
motion formulated by Dirac.
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9.2 Systems with only second class constraints

Consider a purely second class system subject to the constraints Ω
(2)
A2

= 0. Such
a system possesses no local (gauge) symmetry. As we have seen in chapter 3,
the classical equations of motion can then be written in form

q̇i = {qi, H0}D ,

ṗi = {pi, H0}D , (9.1)

Ω
(2)
A2

= 0 ,

where the second class constraints are implemented strongly by the Dirac brack-
ets. Since the Dirac brackets have the same algebraic properties as the Poisson
brackets, any Dirac bracket of two functions can be computed in the standard
way from the fundamental Dirac brackets,

{qi, pj}D = {qi, pj} −
N2∑

A2,B2=1

{qi,Ω(2)
A2

}Q−1
A2B2

{Ω(2)
B2
, pj} , (9.2)

with
QA2B2 = {Ω(2)

A2
,Ω

(2)
B2

} . (9.3)

In the case of a non-singular system, the last term on the rhs of (9.2) is
absent, and the transition to the quantum theory is effected by replacing
ih̄{qi, pj} by the commutator of the corresponding operators (denoted by a
“hat”), [q̂i, p̂j ] = ih̄δij . For a singular system with second class constraints,
this prescription is inconsistent with the constraints. Thus consider for exam-

ple the Poisson bracket of a second class constraint Ω
(2)
A with any function of the

canonical variables. This bracket will in general not vanish on the constrained
surface, in contrast to the commutator of the corresponding operators, which
by construction does. For the same reason one cannot impose the constraints
on the states |ψ >. On the other hand, since second class constraints are im-
plemented strongly by the Dirac brackets, this suggests that in the presence of
such constraints, the fundamental commutators of the canonical variables are
obtained from the corresponding Dirac brackets by the prescription

[q̂i, p̂j ] = ih̄ ̂{qi, pj}D , (9.4)

where the hat over the rhs term means, that first the Dirac bracket is computed,
and only then the expression so obtained is replaced by the corresponding
operator. Actually this prescription is only well defined if the Dirac bracket
on the rhs is a non singular expression of the canonical variables, and modulo
possible ordering problems. In any case, the quantum version of the rhs of
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(9.4) must be defined in such a way, that the second class constraints are
implemented strongly. In many cases of physical interest, the transition will be
obvious. Modulo such problems, the quantum equations of motion for a purely
second class system then take the form of strong equalities,

ih̄ ˙̂qi = [q̂i, Ĥ] ,

ih̄ ˙̂pi = [p̂i, Ĥ ] , (9.5)

Ω̂
(2)
A2

= 0 ,

where the commutators are obtained in the usual way from the fundamental
commutators (9.4).

9.3 Systems with first and second class
constraints

Let us next turn to the case where the Lagrangian also leads to first class

constraints Ω
(1)
A1

, (A1 = 1, · · · , N1), i.e., the system exhibits a local symmetry,
or “gauge invariance”. The quantization of such a system is more subtle. The
number of physical degrees of freedom is now further reduced by the number of
first class constraints. In this case it is convenient to implement the second class
constraints strongly via Dirac brackets and to include all first class constraints
explicitly in the equations of motion. This does not affect the dynamics of
gauge invariant observables. The classical equations of motion then read

q̇i = {qi, H}D + ξA1{qi,Ω(1)
A1

} ,
ṗi = {pi, H}D + ξA1{pi,Ω(1)

A1
} , (9.6)

Ω
(1)
A1

= 0 ; Ω
(2)
A2

= 0 ,

where the Dirac brackets are constructed from the second class constraints.
Correspondingly, the equation of motion for any function of the canonical vari-
ables reads

ḟ(q, p) ≈ {f,H}D + ξA1{f,Ω(1)
A1

} . (9.7)

Note that the parameters {ξA1}, reflecting the gauge degrees of freedom, are
not fixed by the requirement of persistence in time of the constraints, but are
left undetermined. Since the Poisson bracket of any function f(q, p) with a
first class constraint is weakly equivalent to the corresponding Dirac bracket,
eq. (9.7) can be replaced by

ḟ ≈ {f,H}D + ξA1{f,Ω(1)
A1

}D , (9.8)
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so that the second class constraints are now implemented strongly, while the
first class constraints continue to be implemented weakly. One would now
naively expect that on quantum level the Dirac backets, multiplied by ih̄, are
all replaced by the corresponding commutators. While this prescription is
consistent with the strong implementation of the second class constraints on
operator level, this is not the case for first class constraints. In fact, since

{f,Ω(1)
A1

}D does not vanish in general on the subspace Ω
(1)
A1

= 0, the transi-
tion to the commutator is not only inconsistent with implementation of the
constraints on operator level, but also inconsistent with their implementation

on the states |Ψ >, i.e. Ω̂
(1)
A1

|Ψ >= 0, as seen by considering matrix ele-

ments < Ψ′|[f,Ω(1)
A1

]|Ψ >. However, as we show below, one can nevertheless
formulate an operator valued quantum theory, by introducing a suitable set of
subsidary (gauge fixing) conditions, effectively turning the mixed constrained
system into a purely second class one. There is however a difference between a
purely second class system and a gauge fixed theory. While in the former case
all the constraints are part of the dynamical equations generated by a given
Lagrangian, the gauge fixing conditions are intoduced from the outside. Gauge
variant quantities will of course depend on the choice of gauge, while gauge
invariant quantities (observables) do not. This is also evident in (9.8), since

in this case the Dirac bracket of f(q, p) with Ω
(1)
A1

vanishes weakly, implying

independence of the parameters ξA1 . We now present some details.
Consider the equations of motion (9.6) written entirely in terms of Poisson

brackets,

q̇i ≈ {qi, H(1)}+ ξA1{qi,Ω(1)
A1

} ,
ṗi ≈ {pi, H(1)}+ ξA1{pi,Ω(1)

A1
} , (9.9)

where H(1) has been defined in (3.65), 1

H(1) = H −
N2∑

A2

Ω
(2)
A2
Q−1
A2B2

{Ω(2)
B2
, H} .

Since the dynamics of observables on Γ does not depend on the n1 parameters
ξA1 , we fix these parameters by introducing n1 suitable (gauge) conditions,
where n1 is the number of first class constraints. Let χA1(q, p) = 0 (A1 =
1, · · · , n1) be such a set of gauge conditions. If these conditions are to fix the
gauge completely, then the vanishing of the variation induced on χA1 by the
first class constraints, i.e.

δχA1 = εB1(t){χA1 ,Ω
(1)
B1

} = 0 ,

1Here H is understood to be weakly equivalent to the canonical Hamiltonian evaluated
on the primary surface, H0.
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must necessarily imply the vanishing of the parameters {εB1}. Hence the de-
terminant of the square matrix with elements

∆A1B1 = {χA1,Ω
(1)
B1

} (9.10)

must be different from zero, i.e.,

det ∆ 6= 0 . (9.11)

The gauge conditions must therefore be chosen such that (9.11) holds. They
must also be consistent with the equations of motion (9.9), augmented by the
gauge conditions:

ḟ = {f,H(1)}+ ξA1{f,Ω(1)
A1

} , (9.12)

Φr := (Ω(1),Ω(2), χ) = 0 , r = 1, · · · , 2n1 +N2 . (9.13)

Persistence in time of the subsidiary conditions χA1 = 0 now requires that 2

χ̇A1 ≈ {χA1 , H
(1)}+ ξB1{χA1 ,Ω

(1)
B1

} ≈ 0 .

Because of (9.11), it follows that the gauge parameters are determined:

ξA1 ≈ −
∑

B1

∆−1
A1B1

{χB1 , H
(1)} .

We therefore have that
ḟ ≈ {f,Hgf} , (9.14)

where
Hgf = H(1) −

∑

A1,B1

Ω
(1)
A1

∆−1
A1B1

{χB1 , H
(1)} (9.15)

is the gauge fixed Hamiltonian. Hence in the gauge invariant sector the equa-
tions (9.14) are equivalent to (9.7), with the parameters ξA1 fixed by the gauge
conditions χA1 = 0. These gauge conditions select from all possible trajecto-
ries one representative from each gauge orbit (assuming there exists no Gribov
ambiguity [Gribov 1978]). We now prove the following theorem :

Theorem:

In the gauge invariant sector the equations of motion (9.8) are completely equiv-
alent to the set

ḟ ≈ {f,H}D∗ ; Φr = 0 , ∀r (9.16)

2The weak equality now includes all the constraints and gauge conditions, Φr = 0.
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where
{A,B}D∗ = {A,B} −

∑

r,s

{A,Φr}Q∗−1
rs {Φs, B} , (9.17)

Q∗
rs = {Φr,Φs} , (9.18)

and
Φr := (χ,Ω(1),Ω(2)) .

Note that now the Dirac bracket involves all the constraints as well as gauge
conditions, which together form a second class system.

Proof

We first show that the equations of motion (9.14) are fully equivalent to

ḟ = {f, H̄E} , Φr = 0 , ∀r (9.19)

where
H̄E = H + ηA2Ω

(2)
A2

+ ξA1Ω
(1)
A1

+ ζA1χA1 (9.20)

is now the fully extended Hamiltonian, which includes all constraints and gauge
conditions (multiplied by Lagrange multipliers). To prove the above claim we
examine the implications of the consistency conditions Φ̇r = 0, where the time
evolution is now generated by H̄E :

a) Ω̇
(1)
A1

≈ {Ω(1)
A1
, χB1}ζB1 ≈ 0 ,

b) Ω̇
(2)
A2

≈ {Ω(2)
A2
, H}+ {Ω(2)

A2
,Ω

(2)
B2

}ηB2 + {Ω(2)
A2
, χB1}ζB1 ≈ 0 ,

c) χ̇A1 ≈ {χA1 , H}+ {χA1 ,Ω
(2)
B2

}ηB2 + {χA1,Ω
(1)
B1

}ξB1 + {χA1 , χB1}ζB1 ≈ 0 .

In a) we used the fact that the Poisson bracket of Ω
(1)
A1

with each of the first

three terms on the rhs of (9.20) vanishes on the constrained surface. 3 From
a) and (9.11) it follows, that

ζB1 ≈ 0 . (9.21)

Hence the term ζA1χA1 in HE does not contribute to the equations of motion
(9.19). It then follows from b) that

ηA2 ≈ −
∑

B2

Q−1
A2B2

{Ω(2)
B2
, H} , (9.22)

3Recall that the constraints Ω
(1)
A1

and Ω
(2)
A2

were generated by the Dirac algorithm which

involves the total Hamiltonian constructed from the canonical Hamiltonian and the primary

constraints only. Hence the Ω
(1)
A1

’s satisfy, in particular, the following equations of motion:

Ω̇
(1)
A1

≈ {Ω(1)
A1
,HT } ≈ {Ω(1)

A1
, H} ≈ 0.
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where QA2B2 has been defined in (9.3). With (9.21) and (9.22), c) reduces to

{χA1 , H
(1)}+ {χA1,Ω

(1)
B1

}ξB1 ≈ 0 ,

with the solution
ξA1 ≈ −

∑

B1

∆−1
A1B1

{χB1 , H
(1)} , (9.23)

where ∆A1B1 has been defined in (9.10). Inserting the results (9.21), (9.22),
and (9.23) in (9.20), we see that H̄E can be effectively replaced by (9.15), thus
proving the equivalence of (9.14) with (9.19), and therefore also with (9.7)
within the gauge invariant sector.

It is now an easy matter to prove the equivalence with (9.16). To this effect
we write (9.20) in the compact form

H̄E = H + ρrΦr , (9.24)

where ρ = (η, χ, ζ). The consistency equations for the constraints and gauge
conditions read

Φ̇r ≈ {Φr, H̄E} ≈ 0 .

Since the constraints {Φr = 0} form a second class system with det{Φr,Φs} =
0, we have

ρr ≈ −
∑

r′

Q∗−1
rr′ {Φr′, H} .

Inserting this expression in (9.24) one is immediately led to (9.16), which is
now a suitable starting point for making the transition to the quantum theory.
Indeed, since all constraints and gauge conditions are now implemented strongly
by the D∗-bracket, the transition to the quantum theory is effected by replacing
the D∗-bracket, multiplied by ih̄, by the corresponding commutator,

[Â, B̂] = ih̄ ̂{A,B}D∗ .

Clearly the form of the equation of motion will depend on the chosen gauge.
On the other hand, the equation of motion for observables, i.e. those func-
tions whose Poisson bracket with the first class constraints vanish weakly, are
independent of the choice of gauge.

9.3.1 Example: the free Maxwell field in the
Coulomb gauge

We now illustrate the above procedure by an example. Consider once more
the free Maxwell field. As we have seen in example 4 of chapter 3, this theory
only possesses two first class constraints (one primary and one secondary). In
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order to fix the gauge completely we therefore need two subsidiary conditions
satisfying the requirement (9.11). Since we want to realize the Coulomb gauge,

one of these conditions is clearly ~∇ · ~A = 0. For the other condition we choose
A0 = 0. 4 This leads to a non-vanishing determinant for the matrix (9.10).
Let us label the constraints and gauge conditions as follows:

Φ1 ≡ π0 = 0 , Φ2 ≡ ∂jπj = 0 ,

Φ3 ≡A0 = 0 , Φ4 ≡ ∂jA
j = 0 .

These conditions form a second class system of constraints. The non-vanishing
matrix elements Q∗

rr′ defined in (9.18) are then given by

Q∗
13(~x, ~y) = −Q∗

31(~y, ~x) = −δ(~x− ~y) ,
Q∗

24(~x, ~y) = −Q∗
42(~y, ~x) = −∇2

xδ(~x− ~y) .

The inverse of the matrix Q∗
rr′(~x, ~y) is defined by

∑

r”

∫
d3z Q∗−1

rr” (~x, ~z)Q
∗
r”r′(~z, ~y) = δrr′δ(~x− ~y) .

The non-vanishing matrix elements of Q∗−1 are easily calculated to be

Q∗−1
13 (~x, ~y) = −Q∗−1

31 (~y, ~x) = δ(~x− ~y) ,

Q∗−1
24 (~x, ~y) = −Q∗−1

42 (~y, ~x) =
1

∇2
δ(~x− ~y) , (9.25)

where 1
∇2 is defined by

1

∇2
f(~x) ≡

∫
d3z G(~x, ~z)f(~z) ,

with G(~x, ~z) the Green function of the Laplace operator,

∇2G(~x, ~y) = δ(~x− ~y) .

Consider now, e.g., the D∗-bracket (9.17), generalized to a system with an
infinite number of degrees of freedom. We have

{Ai(~x, t), πj(~y, t)}D∗ = {Ai(~x, t), πj(~y, t)}

−
∑

rr′

∫
d3zd3z′{Ai(~x, t),Φr(~z, t)}Q∗−1

rr′ (~z, ~z
′){Φr′(~z′.t), πj(~y, t)} .

4On the Lagrangian level these subsidiary conditions would be inconsistent in the presence
of sources. Within a Hamiltonian formulation, however, this is an allowed choice, since on
the level of the extended Hamiltonian any choice of A0 can be absorbed by the Lagrange
multiplier associated with the secondary (Gauss law) constraint, to be determined by the
subsidiary conditions.
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Making use of (9.25) one verifies that

{Ai(~x, t), πj(~y, t)}D∗ = (δij −
∂i∂j
∇2

)δ(~x− ~y) . (9.26)

Note that the Coulomb gauge and the secondary constraint ∂iπi = 0 are im-
plemented strongly, as expected. In the same way one finds that

{Ai(~x, t), Aj(~y, t)}D∗ = 0 , {πi(~x, t), πj(~y, t)}D∗ = 0 .

Furthermore, any D∗-bracket involving A0 or π0 vanishes identically. On quan-
tum level, (9.26) translates to

[Âi(~x, t), π̂j(~y, t)] = ih̄(δij −
∂i∂j
∇2

)δ(~x − ~y) .

This commutator is of course well known, but was constructed here within the
Hamiltonian framework. 5

Summarizing we have: the commutators of the phase-space variables are de-
termined from the D∗-brackets constructed here from the first class constraints
and corresponding gauge conditions. These are thereby implemented strongly.
Hence the corresponding operators can be set equal to the null operator. In
general the realization of the operators satisfying the correct commutation re-
lations, as dictated by the D∗-brackets, may however be difficult, if not impos-
sible.

9.3.2 Concluding remark

So far we have considered second class systems, including the case of gauge fixed
mixed systems. The basis for their quantization was always provided by their
Dirac bracket formulation, where the constraints and gauge conditions were
implemented strongly. Apart from ordering problems and possible singularities,
this allowed for an operator realization of the equations of motion.

For observables, i.e. gauge invariant quantities, Dirac has proposed an alter-
native way of dealing with first class or mixed systems on operator level [Dirac
1964]. The first class constraints are imposed as conditions on the physical
states in the form 6

Ω̂
(1)
A1

|Ψ >= 0 . (9.27)

5For less trivial examples see e.g., [Girotti 1982, Kiefer 1985].
6If second class constraints are present then we assume that they have been strongly

implemented by replacing the Poisson brackets by Dirac brackets constructed from the second
class constraints.
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The states are therefore also gauge invariant. Hence observables as well as
states depend effectively only on gauge invariant combinations of the phase
space variables. This ensures on operator level, that for two gauge invariant
states |Ψ > and |Φ >

< Ψ|[Ô, Ω̂(1)
A1

]|Φ >= 0 , A1 = 1, · · · , N1 .

In the case of purely first class systems we then have a canonical Poisson bracket

structure. In Quantum Mechanics this means that the operators Ω̂
(1)
A1

can be

realized by making the substitution pi → h̄
i
∂
∂qi

in the corresponding classical

expression, so that the condition (9.27) takes the form

Ω̂
(1)
A1

(
q,
h̄

i
~∇
)
ψ(q, t) = 0 ,

where ψ(q, t) is the wave function in configuration space corresponding to the
state |Ψ >. This is a differential equation, whose solution is the family of all
gauge invariant wave functions.

The actual realization of Dirac’s method may however not be straight-

forward. Thus the definition of the operators Ω̂
(1)
A1

may be problematic due
to ordering problems. Furthermore one in general also seeks to preserve the
classical algebraic properties of the constraints, which may also be problematic.

Another method consists in quantizing only gauge invariant degrees of free-
dom constructed from the qi’s and pi’s, and all observables are expressed in
terms of these. Hence no gauge conditions are imposed. This reduced phase
space is endowed with the standard Poisson bracket structure. For a systematic
method of arriving at such a reduced phase space formulation of the dynam-
ics we refer the reader to the last section of chapter 4. Correlation functions
of observables (which only depend on the star-variables) will have the stan-
dard path integral representation for an unconstrained system. But the price
paid for such a formulation may be too high to be useful. For example, in
a gauge theory like the Maxwell theory, the star-variables are given by the
non-local (gauge invariant) expressions for the transverse potentials and their
corresponding conjugate momenta. It is therefore of interest to develop non-
operator methods based on functional techniques. This will be the subject of
the following three chapters.



Chapter 10

Functional Quantization of
Second Class Systems

10.1 Introduction

The following discussion applies to purely second class systems, or to mixed
systems, where the gauge degrees of freedom are frozen by imposing a set of
gauge conditions. In this case the latter system is also effectively second class.
As we have seen in the previous chapter the dynamics is then conveniently
described by the extended Hamiltonian, which includes all the constraints and
gauge conditions. This allowed an operator quantization once Dirac brackets
were introduced.

For second class systems there exist standard methods for obtaining the
functional representation of the partition function. In this chapter we show
how this is achieved. As we will see, the often non-polynomial structure of the
Dirac brackets reflects itself in the functional integration measure, and makes
a perturbative treatment in such gauges difficult, if not impossible. In this
case one therefore seeks a formulation based on canonical Poisson brackets.
Such a formulation can be obtained by introducing additional ghost degrees
of freedom and will be the subject of the following chapter. In the present
chapter the partition function will be expressed as an integral over the original
Lagrangian coordinates and their conjugate momenta [Leibbrandt 1987].
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10.2 Partition function for second class systems

Consider the general case of a mixed system in a fixed gauge, with the action
given by

Sgf =

∫
dt(
∑

i

piq̇i −H − ξrΦr) , (10.1)

where the sum over “i” includes all coordinates and momenta, and where we
have collected all the constraints ΩA and gauge fixing functions χA1

into a
single “vector” as in (9.13), with N2 = 2n2, since the number of second class
constraints is always even. The equations of motion derived from the action
principle δSgf = 0 (where the variation includes the variation with respect to
ξr) read

q̇i =
∂H

∂pi
+ ξr

∂Φr
∂pi

,

ṗi = −∂H
∂qi

− ξr
∂Φr
∂qi

, (10.2)

Φr = 0 ; r = 1, . . . , 2n ,

where n = n1 + n2. Note the close analogy with the familiar Lagrangian
method of the second kind in classical mechanics for implementing a set of given
external constraints. The solutions to (10.2) also correspond to an extremum
of the action S =

∫
dt(
∑

i piq̇i −H) with the q’s and p’s restricted to the full
constrained surface Γ∗.

We next show that for gauge fixing functions χA satisfying {χA1 , χB1} = 0,
the partition function is given by

Z =

∫
DqDp

∏

r,t

δ(Φr(q, p))
∏

t

√
|det{Φr,Φr′}|ei

∫
dt[
∑

i
pi q̇i−H(q,p)] . (10.3)

To this effect let us introduce a new set of variables of which a subset consists
of the constraints Φr. Consider the Poisson bracket of these constraints,

{Φr,Φr′} = Qrr′(q, p) ; r = 1, . . . , 2n . (10.4)

Here Q is an antisymmetric matrix. Hence there exists an orthogonal matrix
V such that

V QV T = Q̃ , (10.5)

where Q̃ takes the following off diagonal form [Senjanovic 1976]

Q̃ =

(
ε

−ε

)
,
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where

ε =




1
1

·
·

1



.

Defining the following linear combinations of constraints

Φ̃r(q, p) =
∑

r′

Vrr′(q, p)Φr′(q, p) (10.6)

we have weakly
{Φ̃r, Φ̃r′} ≈ Q̃rr′ . (10.7)

Hence the variables

q̃` = Φ̃` ; ` = 1, · · ·, n ,
p̃` = Φ̃2n−`+1 ; ` = 1, · · ·, n (10.8)

form canonical pairs in the weak sense, i.e.

{q̃`, p̃`′} ≈ δ``′ (10.9)

where “weak” includes the constraints and gauge conditions. The weak equality
results from the fact that the matrix V (q, p) is in general a function of the
canonical variables, in which case it does not commute with the Poisson bracket
operation. The remaining variables q∗ ≡ {q∗a}, p∗ ≡ {p∗a}, labeling the points
on Γ∗, are then chosen, if possible, so that the q∗’s, p∗’s, q̃’s and p̃’s form a
canonical set with respect to q and p in the weak sense.

Note that if the matrix Qrr′ , and hence Vrr′ , is independent of q, p, then
the weak equality in (10.9) is turned into a strong equality. In the case where
Qrr′(q, p) depends on the phase space variables, one can nevertheless proceed
iteratively in order to implement the canonical commutation relations strongly
[Senjanovich 1976]. In some special cases, a closed solution can be constructed.
In general, however, this iterative construction is extremely cumbersome. But
since the integrations in the partition function will be clearly restricted to the
constrained surface Γ∗, a strong implementation of the commutation relations
(10.9) is not required.

The transformation from the original variables to the new set of variables
leaves the measure invariant up to a Jacobian which reduces to the identity on
Γ∗. Since this transformation is weakly canonical, we have that

∑

i

piq̇i ≈
∑

a

p∗aq̇
∗
a +

∑

`

p̃` ˙̃q` +
d

dt
F .
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Next we rewrite the δ-functions in (10.3) in terms of the new set of variables.
From (10.6) it follows that

∏

r

δ(Φ̃r) =
1

|detV |
∏

r

δ(Φr) .

Furthermore, from (10.5) and (10.4) we have that

|det V | = 1√
|det{Φr,Φr′}|

,

where we made use of the fact that |det Q̃| = 1. Hence the ansatz (10.3) leads
to the following alternative expression:

Z =

∫
Dq∗Dp∗Dq̃Dp̃

∏

`

δ(q̃`)δ(p̃`)e
i
∫
dt (
∑

a
p∗a q̇

∗
a−H∗(q∗,p∗)) ,

where

H∗(q∗, p∗) = H(q(q∗, p∗, Φ̃), p(q∗, p∗, Φ̃))|Φ̃=0 .

Upon integrating this expression over q̃ and p̃ we are led to the partition func-
tion

Z =

∫
Dq∗Dp∗ei

∫
dt (
∑

a
p∗a q̇

∗
a−H∗(q∗,p∗)) .

This is the expected result for the partition function of an unconstrained sys-
tem. Thus the variation of the action leads, as expected, to

q̇∗a =
∂H∗

∂p∗a
= {q∗a, H∗}q∗p∗ , (10.10)

ṗ∗a =−∂H
∗

∂q∗a
= {p∗a, H∗}q∗p∗ . (10.11)

We now show that these equations are indeed equivalent to (10.2). To this
effect we compute q̇i and ṗi, with the qi’s and pi’s expressed in terms of the
new variables.

q̇i =
∂qi
∂q̃`

˙̃q` +
∂qi
∂p̃`

˙̃p` +
∂qi
∂q∗a

q̇∗a +
∂qi
∂p∗a

ṗ∗a ,

with a similar expression for ṗi. On the constrained surface the first two terms
vanish, since the constraints hold for all times. Hence, making use of (10.10)
and (10.11), we conclude that

q̇i ≈ {qi, H∗}q∗p∗ ≈ {qi, H}q∗p∗ .
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The rhs, we claim, is nothing but the correspondingD∗-Dirac bracket {qi, H}D∗

evaluated on Γ∗; i.e., for p̃` = q̃` = 0:

q̇i ≈ {qi, H}D∗ .

This follows from the weak equality, 1

{A,B}D∗ ≈ {A,B}q∗p∗ , (10.12)

where the D∗-bracket is given by

{A,B}D∗ = {A,B} −
∑

r,r′

{A, Φ̃r}Q̃−1
rr′{Φ̃r′ , B} , (10.13)

and the Poisson bracket in (10.12) is calculated with respect to the star vari-
ables.

The proof of (10.12) makes use of the following property of Poisson brackets
under a canonical transformation q, p→ Q,P :

{A,B}q,p = {A,B}QP . (10.14)

Consider the Dirac bracket (10.13). The inverse of the matrix (10.7) is given
by −Q̃. Hence with the identifications (10.8), the bracket (10.13) is given by

{A,B}D∗ = {A,B}+
∑

`

{A, q̃`}{p̃`, B} −
∑

`

{A, p̃`}{q̃`, B} . (10.15)

But because of (10.14) we can now replace in a weak sense all Poisson brackets
(with respect to q and p) by the corresponding Poisson brackets with respect
to q̃, p̃, q∗ and p∗. Hence {A, q̃`} ≈ − ∂A

∂p̃`
, {A, p̃`} ≈ ∂A

∂q̃`
, {q̃`, B} ≈ ∂B

∂p̃`
,

{p̃`, B} ≈ − ∂B
∂q̃a

, so that the sums on the rhs of (10.15) reduce weakly to

−{A,B}q̃p̃. On the other hand

{A,B} ≡ {A,B}qp ≈ {A,B}q∗p∗ + {A,B}q̃p̃ .

We thus arrive at the weak equality (10.12).

Let us now return to the partition function (10.3) and write it in an alter-
native form which is valid if the gauge conditions χA1

= 0 have been chosen so
that their Poisson brackets vanish on Γ∗. 2 Consider the matrix (10.4). It has
the form,

Q =




{χ, χ} {χ,Ω(1)} {χ,Ω(2)}
{Ω(1), χ} {Ω(1),Ω(1)} {Ω(1),Ω(2)}
{Ω(2), χ} {Ω(2),Ω(1)} {Ω(2),Ω(2)}


 .

1We use the same symbol for a function considered to be either a function of q, p, or of
the new (weakly) canonical set q̃, p̃, q?, p?.

2For example, the Coulomb gauge in QED and QCD has this property.
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On the constrained surface Q reduces to:

Q|Γ∗ = {Φ̃r, Φ̃r′}|Γ∗ =




0 {χ,Ω(1)} {χ,Ω(2)}
{Ω(1), χ} 0 0

{Ω(2), χ} 0 {Ω(2),Ω(2)}


 .

For this particular form of the matrix we have

| det{Φr,Φr′}| ≈
(
det{χA1

,Ω
(1)
B1

}
)2

· | det{Ω(2)
A2
,Ω

(2)
B2

}| .

The partition function (10.3) can therefore be also written in the form [Fradkin
1977]

Z =

∫
DqDp

∏

r,t

δ(Φr(q, p))
∏

t

| det{χA1
, Ω

(1)
B1

}|
∏

t

√
| det{Ω(2)

A2
,Ω

(2)
B2

}|

× ei
∫
dt (
∑

i
pi q̇i−H(q,p)) .(10.16)

Hence the naive form for the partition function is modified by the presence
of two determinants in the measure constructed from the Poisson brackets of
the second class constraints, and from the Poisson brackets of the first class
constraints with the gauge conditions.

Example

Consider the Lagrangian (7.17). The constraints are second class and are given
in the notation of (10.8) by

q̃ = py , p̃ =
1

2
(px + x− 2y) , (10.17)

where the factor 1/2 has been introduced for convenience. With this factor
these constraints form a canonical pair in the strong sense, so that the matrix
V in (10.6) is just the unit matrix. We next introduce the variables q∗ and p∗

as follows 3

q∗ = x+ px; p∗ = px +
1

2
py ,

which again form a canonical pair in the strong sense and commute with the
constraints. Hence in this example, all equations derived in the previous section
will actually hold in the strong sense. In terms of the new variables, the original

3Notice that our choice here is different from (8.27).
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variables are given by

x= q∗ − p∗ +
1

2
q̃ , px = p∗ − 1

2
q̃ ,

y=
1

2
q∗ − p̃ , py = q̃ .

One verifies that the variables q̃, p̃, q∗ and p∗ form a canonical set, and that

(pxẋ+ py ẏ) = p∗q̇∗ + p̃ ˙̃q +
d

dt
F ,

where

F =
1

2
p∗q̃ − 1

2
p∗2 − 1

8
q̃2 − q̃p̃ .

Furthermore we have that

{x, y}q∗p∗ =
1

2
, {x, px}q∗p∗ = 1 .

Let us compare these Poisson brackets with the corresponding Dirac brackets
defined in (10.13). The only non-vanishing matrix elements of Q̃−1 are Q̃−1

12 =
−Q̃−1

21 = −1. One then finds that

{x, y}q∗p∗ = {x, y}D∗ , {x, px}q∗p∗ = {x, px}D∗

in agreement with (10.12), which here holds in the strong sense.

Gauge invariance of the partition function

In the following we consider the case of a purely first class system in a fixed
(non-dynamical) gauge, 4 and show that the partition function Zχ does not
depend on the choice of gauge conditions χA1

= 0. In particular we want to
show that

Zχ′ = Zχ

where χ′(q, p) = 0 selects another point (q′, p′) on the gauge orbit of (q, p),
connected to (q, p) by a gauge transformation

qi(t)→ q′i(t) = qi(t) + {qi, G} = qi +
∂G

∂pi

pi(t)→ p′i(t) = pi(t) + {pi, G} = pi −
∂G

∂qi
, (10.18)

4Gauge theories such as QED and QCD in the Coulomb gauge fall into this class.
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where G is the generator of gauge transformations (5.7), and where χ and χ′

are related by
χ′(q, p) = χ(q′, p′) . (10.19)

To this end we show that

Zχ′ =

∫
DqDp

∏

A1,t

δ
(
χ′
A1

(q, p)
) ∏

A1,t

δ
(
Ω

(1)
A1

(q, p)
)

(10.20)

×
∏

t

det{χ′
A1

(q, p),Ω
(1)
B1

(q, p)} exp
(
i

∫ tf

ti

dt
(∑

i

piq̇i −H(q, p)]
)
)

=

∫
Dq′Dp′

∏

A1,t

δ
(
χA1

(q′, p′)
) ∏

A1,t

δ
(
Ω

(1)
A1

(q′, p′)
)

(10.21)

×
∏

t

det{χA1
(q′, p′),Ω(1)

B1
(q′, p′)} exp

(
i

∫ tf

ti

dt
(∑

i

p′iq̇
′
i −H(q′, p′)

)
)

It then follows that correlation functions of gauge invariant observables satisfy-
ing f(q′, p′) = f(q, p) take the same value in any two gauges which are related
by a gauge transformation.

To prove the above statement we first show that the functional integration
measure is invariant under an infinitesimal transformation (10.18). This can
be seen as follows. First of all

∏

i,t

dq′i(t)dp
′
i(t) = J

∏

i,t

dqi(t)dpi(t) ,

where the Jacobian J is given by

J =
∏

t

det

(
A B
C D

)
,

and A, B, C, D are matrices with matrix elements Aij =
∂q′i(t)
∂qj(t)

, Bij =
∂q′i(t)
∂pj(t)

,

Cij =
∂p′i(t)
∂qj(t)

, Dij =
∂p′i(t)
∂pj(t)

. Since from (10.18)

∂q′i(t)

∂qj(t)
= δij +

∂2G

∂qj(t)∂pi(t)
,

etc., it follows that

J ≈
∏

t

det

(
δij +

∂2G
∂pi(t)∂qj(t)

∂2G
∂pi(t)∂pj(t)

− ∂2G
∂qi(t)∂qj(t)

δij − ∂2G
∂pj(t)∂qi(t)

)
=
∏

t

det(1l +M(t)) ,
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or 5

J =
∏

t

eln det(1l+M) = e
∑

t
Tr ln (1l+M) .

For this infinitesimal transformation Trln (1l +M) ' TrM = 0. Hence

DqDp = Dq′Dp′ . (10.22)

Consider next the change induced in the first class constraints by the above
gauge transformation. Making use of (10.18) and of the algebra (5.12) for first
class constraints, we have that

Ω
(1)
A1

(q′, p′) = Ω
(1)
A1

(q, p) +

(
∂Ω

(1)
A1

∂qi

∂G

∂pi
−
∂Ω

(1)
A1

∂pi

∂G

∂qi

)

=Ω
(1)
A1

(q, p) + εB1(t){Ω(1)
A1
,Ω

(1)
B1

}
=Ω

(1)
A1

(q, p) + εB1(t)UC1

A1B1
Ω

(1)
C1

(q, p)

=
(
δC1

A1
+ LC1

A1

)
Ω

(1)
C1

(q, p) , (10.23)

where
LC1

A1
= UC1

A1B1
εB1(t) .

From here it follows that
∏

A1,t

δ
(
Ω

(1)
A1

(q′, p′)
)
=
∏

t

[det(1 + L)]−1
∏

A1,t

δ
(
Ω

(1)
A1

(q, p)
)
.

Furthermore from (10.23) and (10.19) it follows that we have the weak equality
∏

t

det{Ω(1)
A1

(q′, p′), χB1(q
′, p′)} ≈

∏

t

det{Ω(1)
A1

(q, p), χ′
B1

(q, p)} det(1 + L)

so that, because of the δ-functions, we arrive at the strong equality
∏

t

det{Ω(1)
A1

(q, p), χ′
B1

(q, p)}
∏

C1

δ
(
Ω

(1)
C1

(q, p)
)
=
∏

t

det{Ω(1)
A1

(q′, p′), χB1(q
′, p′)}

×
∏

C1

δ
(
Ω

(1)
C1

(q′, p′)
)
. (10.24)

Finally we show that, as expected, the action is form invariant under the
infinitesimal transformation (10.18). Thus

H(q′, p′) =H(q, p) + εA1{H,Ω(1)
A1

}
=H(q, p) + εA1V B1

A1
Ω

(1)
B1

,

5In the following we treat time as discrete.
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where V B
A has been defined in (5.13). The last term vanishes on the surface

defined by the first class constraints. Furthermore

∑

i

∫ tf

ti

dt p′iq̇
′
i =
∑

i

∫ tf

ti

dt (pi + δpi)(q̇i + δq̇i)

≈
∑

i

∫ tf

ti

dt piq̇i +
∑

i

∫ tf

ti

dt(q̇iδpi − ṗiδqi) .

Making use of

δqi =
∂G

∂pi
; δpi = −∂G

∂qi

we have that

q̇iδpi − ṗiδqi = −dG
dt

+ ε̇A1(t)Ω
(1)
A1

,

so that

∑

i

∫ tf

ti

dt p′iq̇
′
i =

∑

i

∫ tf

ti

dt piq̇i+

∫ tf

ti

dt ε̇A1(t)Ω
(1)
A1

+

[
pi
∂G

∂pi
−G

]tf

ti

, (10.25)

a result that was already obtained in chapter 5 (see (5.16)). The term involving
ε̇A1 does not contribute to the functional integral because of the delta function

δ[Ω
(1)
A1

]. The last term does also not contribute for variations vanishing at the

end points of integration ti and tf , i.e., when εA1(ti) = εA1(tf ) = 0. Making
use of (10.22), (10.24) and (10.25), we are led from (10.20) to (10.21). This
proves our assertion that the partition function does not depend on the choice
of gauge. Correlators of non-gauge invariant quantities are of course gauge
dependent.



Chapter 11

Dynamical Gauges. BFV
Functional Quantization

11.1 Introduction

The path-integral quantization in so-called “non-dynamical” gauges, as dis-
cussed in the previous chapter, is not particularly suited for perturbative cal-
culations. This is well known, and is intimately linked to the fact that the
commutators of fields in such gauges have in general a non-local Dirac bracket
structure. From the perturbative point of view one would like to deal with
a formalism involving standard canonical commutation relations. One way to
achieve this would be to go to a reduced phase space as discussed in the last
section of chapter 4. In general this can however be done only at the expense
of a non-local action. On the other hand, locality of the action and a canonical
structure can be achieved by suitably enlarging the phase space by introducing
extra degrees of freedom. For QED and QCD this is well known to particle
physicists.

Quantization of gauge theories requires one to fix the gauge. Physical ob-
servables are insensitive to this since they are required to be invariant under
all the local transformations which leave the Lagrangian invariant. Examples
of such observables are the Maxwell field-strength tensor as well as non-local
fermion bilinears including a Schwinger line integral. In this chapter we will be
particularly interested in covariant gauges. Having fixed a gauge, an observ-
able will no longer exhibit a local symmetry. What is then the criterion for
identifying it as an observable? As we shall see, an observable will be required
to be invariant under transformations generated by a nilpotent charge carrying
ghost number one, the so-called BRST charge.
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Faddeev and Popov [Fadeev 1967] were the first ones to give a prescription
for QCD of how such a quantization can be carried out in configuration space.
This prescription is known as the “Faddeev-Popov” trick. In QCD, for exam-
ple, it leads to a new, gauge fixed effective Lagrangian involving dynamical
ghosts, which exhibits a remnant of the original local symmetry, generated by
a nilpotent charge. This symmetry was discovered by Becchi, Rouet and Stora,
and independently by Tyutin [Becchi 1976], and will be referred to simply as
BRST symmetry.

Although the Faddeev-Popov procedure is familiar to most theoretical par-
ticle physicists, we will discuss it in terms of a simple quantum mechanical
example, in order to emphasize those general features which are characteris-
tic for the quantization of any gauge system in a dynamical gauge. We first
construct the effective gauge fixed Lagrangian Lgf following the method of
Faddeev-Popov, and then proceed from here to obtain the corresponding gauge
fixed Hamiltonian, whose structure we eventually compare with the “unitariz-
ing” HamiltonianHU constructed along the lines discussed by Batalin, Fradkin,
Fradkina and Vilkovisky in a series of sophisticated papers [Fradkin 1975,77/78,
Batalin 1977/83b,c/86], from here on referred to as BFV.

In the following we shall denote by H any Hamiltonian weakly equivalent
to the canonical Hamiltonian. When discussing examples we shall be more spe-
cific and denote, as always, the canonical Hamiltonian defined on the primary
constrained surface by H0.

11.2 Grassmann variables

Since in this and the following chapter we shall work extensively with (anti-
commuting) Grassmann variables, we begin this chapter with a brief review of
Grassmann algebras and a discussion of the relevant expressions which will be
needed in the remaining part of this book.

i) Grassmann algebra

The elements η1, ..., ηN are said to be the generators of a Grassmann algebra,
if they anticommute among each other, i.e. if

ηiηj + ηjηi = 0, i, j = 1, ..., N. (11.1)

From here it follows that
η2i = 0. (11.2)

A general element of a Grassmann algebra is defined as a power series in the
ηi’s. Because of (11.2), however, this power series has only a finite number of
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terms:

f(η) = f0 +
∑

i

fiηi +
∑

i6=j
fijηiηj + ...+ f12...Nη1η2...ηN . (11.3)

As an example consider the function

g(η) = e
−
∑

N

i,j=1
ηiAijηj .

It is defined by the usual power series expansion of the exponential. Since the
terms appearing in the sum - being quadratic in the Grassmann variables -
commute among each other, we can also write g(η) as follows

g(η) =
∏

i,j

e−ηiAijηj ,

or, making use of (11.2),

g(η) =

N∏

i,j=1
i6=j

(1− ηiAijηj).

Next we consider the following function of a set of 2N -Grassmann variables

which we denote by η1, . . . , ηN , η̄1, . . . , η̄N :

h(η, η̄) = e
−
∑

ij
η̄iAijηj .

Proceeding as above, we now have that

h(η, η̄) =
N∏

i,j=1

(1− η̄iAijηj).

Notice that in contrast to previous cases, this expression also involves diagonal
elements of Aij .

ii) Graded derivatives

When dealing with functions f(η) of Grassmann valued variables care must be
taken of the anticommuting properties (11.1) when taking derivatives of f . In
particular left and right derivatives are no longer the same. Suppose we want
to differentiate f(η) with respect to ηi. Then the rules are the following:

a) If f(η) does not depend on ηi, then ∂ηif(η) = 0.



11.2 Grassmann variables 177

b) If f(η) depends on ηi, then the left derivative ∂/∂ηi is performed by first
bringing the variable ηi (which never appears twice in a product!) all the way
to the left, using the anticommutation relations (11.1), and then applying the
rule

∂(l)

∂ηi
ηi = 1.

c) Correspondingly, we obtain the right derivative ∂(r)

∂ηi
by bringing the variable

ηi all the way to the right and then applying the rule

∂(r)

∂ηi
ηi = 1 .

Thus for example

∂(l)

∂ηi
ηjηi = −ηj (i 6= j),

or
∂(r)

∂η̄i
η̄iηj = −ηj .

It follows from here, that the left- and right derivatives of a Grassmann odd
operator F are the same, whereas there is a relative minus sign in the case of
a Grassmann even operator B: 1

∂(l)

∂η
F (η) =

∂(r)

∂η
F (η) ,

∂(l)

∂η
B(η) =−∂

(r)

∂η
B(η) .

Another property which can be easily verified, is that

{
∂

∂ηi
,
∂

∂ηj

}
f(η) = 0 ,

where the derivatives are either left or right derivatives. Below we will present
some formulae involving the derivatives of functions depending on “bosonic”
(i.e. commuting) and “fermionic” (i.e. anticommuting) variables. To this effect
we introduce the Grassmann signature of a function f :

εf = 0 (bosonic)

εf =−1 (fermionic)

1F (B) stands symbolically for “fermionic” (“bosonic”).
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Sometimes we will also use the notation εf = ε(f). Let us furthermore denote
by θ the collection of bosonic variables {qi} and fermionic variables {ηα} on
which a general function F depends. Thus

F (θ) = F0(q) +
∑

n

∑

{`k}
F

(n)
`1...`n

(q)η`1η`2 . . . η`n .

Note that the nth term in the sum has Grassmann signature ε = 0 if n is even,
and 1, if n is odd. It is now easy to verify that the following differentiation
rules hold:

∂(l)

∂θ`
(fg) =

∂(l)f

∂θ
g + (−1)εf εθf

∂(l)g

∂θ
,

∂(r)

∂θ`
(fg) = f

∂(r)g

∂θ`
+ (−1)εgεθ

∂(r)f

∂θ`
g ,

∂(l)

∂θ`
F (f(θ)) =

∂(l)f

∂θ`
∂(l)F

∂f
,

∂(r)

∂θ`
F (f(θ)) =

∂(r)F

∂f

∂(r)f

∂θ
.

Let us apply these rules to some cases of interest. Consider the function

E(ρ̄) = e

∑
j
ρ̄jηj ,

where {ηi, ρ̄i} are the generators of a Grassmann algebra. If they were ordinary
c-numbers then we would have that

∂(l)

∂ρ̄i
E(ρ̄) = ηiE(ρ̄) .

This result is in fact also correct in general. To see this let us write E(ρ̄) in
the form

E(ρ̄) =
∏

j

(1 + ρ̄jηj).

Applying the rules of Grassmann differentiation, we have that

∂(l)

∂ρ̄i
E(ρ̄) = ηi

∏

j 6=i
(1 + ρ̄jηj).

But because of the appearance of the factor ηi we are now free to include
the extra term 1 + ρ̄iηi in the above product. Hence we arrive at the above-
mentioned naive result. It should, however, be noted, that the order of the
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Grassmann variables in
∑

i ρ̄iηi was important. By reversing this order we get
a minus sign, and the rule is not the usual one! By a similar argument one
finds that

∂(r)

∂ρi
e

∑
j
η̄jρj = η̄ie

∑
j
η̄jρj .

iii) Integration over Grassmann variables

We now state the Grassmann rules for calculating integrals of the form

∫ N∏

i=1

dηif(η),

where f(η) is a function whose general structure is given by (11.3). Since a
given Grassmann variable can at most appear to the first power in f(η), the
following rules suffice to calculate an arbitrary integral [Berezin 1966]:

∫
dηi = 0,

∫
dηiηi = 1.

When computing multiple integrals one must further take into account that
the integration measures {dηi} also anticommute among themselves, as well as
with all ηj ’s

[dηi, dηj ]+ = [dηi, ηj ]+ = 0, ∀ , i, j . (11.4)

From above we infer that
∫
dηif(η) =

∂(l)

∂ηi
f(η).

Hence the integral coincides with the left derivative.
These integration rules look very strange. But they are the appropriate

ones to allow one to obtain the path integral representation of the generating
function for gauge theories in a fixed gauge with a local effective action.

As an example let us apply these rules to the calculation of the following
integral:

I =

∫ N∏

`=1

dη̄`dη`e
−
∑

N

i,j=1
η̄iAijηj . (11.5)

We could have also denoted the Grassmann variables by η1, . . . , η2N , by setting
ηN+i = η̄i. But for reasons which will become clear later, we prefer the above
notation. To evaluate (11.5), we first write the integrand in the form

e
−
∑

i,j
η̄iAijηj =

N∏

i=1

e
−η̄i
∑

N

j=1
Aijηj .
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Since η̄2i = 0, only the first two terms in the expansion of the exponential will
contribute. Hence

e
−
∑

i,j
η̄iAijηj = (1− η̄1A1i1ηi1)(1 − η̄2A2i2ηi2 ) . . . (1 − η̄NANiN ηiN ), (11.6)

where on the rhs a summation over repeated indices i` (` = 1, · · · , N) is under-
stood. Now, because of the Grassmann integration rules (11.4), the integrand
of (11.5) must involve the product of all the Grassmann variables. We therefore
only need to consider the term

K(η, η̄) =
∑

i1,...,iN

ηi1 η̄1ηi2 η̄2 . . . ηiN η̄NA1i1A2i2 . . . ANiN , (11.7)

where we have set η̄kηik = −ηik η̄k to eliminate the minus signs appearing in
(11.6). The summation clearly includes only those terms for which all the
indices i1, . . . , iN are different. Now, the product of Grassmann variables in
(11.7) is antisymmetric under the exchange of any pair of indices i` and i`′ .
Hence we can write the above expression in the form

K(η, η̄) = η1η̄1η2η̄2 . . . ηN η̄N
∑

i1...iN

εi1i2...iNA1i1A2i2 . . . ANiN ,

where εi1i2...iN is the totally antisymmetric Levy-Civita tensor inN dimensions.
Recalling the standard formula for the determinant of a matrix A, we therefore
find that

K(η, η̄) = (detA)η1η̄1η2η̄2 . . . ηN η̄N .

We now replace the exponential in (11.5) by this expression and obtain

I =

[
N∏

i=1

∫
dη̄idηiηiη̄i

]
detA = detA .

Let us summarize our result for later convenience:

∫
D(η̄η)e

−
∑

N

i,j=1
η̄iAijηj = detA, D(η̄η) =

N∏

`=1

dη̄`dη` . (11.8)

For completeness sake we mention another important formula used to calculate

Green functions, although we will not need it in the following. This formula
allows one to calculate integrals of the type

Ii1···i`i′1···i′` =

∫
D(η̄η)ηi1 ...ηi` η̄i′1 . . . η̄i′`e

−
∑

N

i,j=1
η̄iAijηj .
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Consider the following generating functional

Z[ρ, ρ̄] =

∫
D(η̄η)e

−
∑

i,j
η̄iAijηj+

∑
i
(η̄iρi+ρ̄iηi) , (11.9)

where all indices are understood to run from 1 to N , and where the “sources”
{ρi} and {ρ̄i} are now also anticommuting elements of the Grassmann algebra
generated by {ηi, η̄i, ρi, ρ̄i}. To evaluate (11.9) we first rewrite the integral as
follows:

Z[ρ, ρ̄] =

[∫
D(η̄η)e

−
∑

i,j
η̄′iAijη

′
j

]
e

∑
i,j
ρ̄iA

−1
ij
ρi

where
η′i = ηi −

∑

k

A−1
ik ρk, η̄′i = η̄i −

∑

k

ρ̄kA
−1
ki ,

and A−1 is the inverse of the matrix A. Making use of the invariance of the
integration measure under the above transformation, 2 and of (11.8), one finds
that

Z[ρ, ρ̄] = detAe

∑
i,j
ρ̄iA

−1
ij
ρj .

Notice that in contrast to the bosonic case, this generating functional is pro-
portional to detA (instead of (detA)−1/2).

After this brief mathematical digression, we now turn to a simple quantum
mechanical analog of a theory with a local symmetry, quantized in a covariant
gauge.

11.3 BFV quantization of a quantum

mechanical model

The purpose of this section is to elucidate in terms of a simple model the main
ideas going into the BFV quantization in configuration space of a theory with
a local symmetry, and to arrive at a phase space representation of the partition
function having the structure discussed in [Fradkin 1975/77, Batalin 1977].

Consider again the Lagrangian (3.52), i.e

L =
1

2
ẋ2 + ẋy +

1

2
(x− y)2 . (11.10)

The absence of the velocity ẏ implies the primary constraint

φ ≡ py = 0 . (11.11)

2This is ensured by the Grassmann integration rules.



182 Dynamical Gauges. BFV Functional Quantization

The associated canonical Hamiltonian (evaluated on the primary surface) is
given by

H0 =
1

2
p2x − ypx +

1

2
y2 − 1

2
(x− y)2 (11.12)

and leads to a secondary constraint 3

T ≡ x− px = 0 . (11.13)

Rewriting H0 in the form

H0 =
1

2
(p2x − x2) + yT , (11.14)

we see that the variable y plays the role of a Lagrange multiplier, multiplying
the secondary constraint.

11.3.1 The gauge-fixed effective Lagrangian

The constraints (11.11) and (11.13) are evidently first class, thus signalizing
that the Lagrangian (11.10) exhibits a local symmetry. Indeed the correspond-
ing action is invariant under the infinitesimal local transformations

δx = ε(t) , δy = ε(t)− ε̇(t) . (11.15)

In fact, it is also invariant under the finite transformation x → x + α(t), y →
y+α(t)− α̇(t), with α(t) an arbitrary function. We now wish to implement on
quantum level the following (dynamical) gauge condition, involving the time
derivative of the “Lagrange multiplier” y:

ẏ + χ(x, y) = 0 . (11.16)

This gauge condition is analogous to the Lorentz condition in the Yang-Mills
case. We implement this gauge condition following the procedure of Faddeev-
Popov, which is well known in QCD. A priori this procedure is however just
a prescription (Faddeev-Popov trick), since it departs from a divergent config-
uration space partition function, but which is known to work e.g. for QED
or QCD. Nevertheless we shall use this prescription in order to motivate the
axiomatic BFV formulation discussed in section 6.

3Following Batalin and Fradkin, we denote here first class secondary constraints by Ta.
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In the following we now implement the gauge condition (11.16) á la Faddeev
and Popov [Faddeev 1967]. We first define the following functional:

∆−1[x; y] =

∫
Dα

∏

t

δ

(
dαy(t)

dt
+ χ(αx(t),αy(t))

)
, (11.17)

where Dz stands generically for the product
∏
t dz(t), and αz for the gauge

transform of z with the gauge function α(t). Clearly ∆[x, y] is gauge invariant,
i.e.

∆[αx,αy] = ∆[x, y] .

The square brackets in ∆[x, y] reminds us that ∆ is a functional of x(t) and
y(t), i.e., that it depends on the time history of x and y. Next we introduce
the unit element

1 = ∆[x, y]

∫
Dα

∏

t

δ

(
dαy(t)

dt
+ χ(αx(t),αy(t))

)

into the “naive” partition function Z =
∫
DxDy exp(i

∫
dtL). Making use

of the gauge invariance of ∆[x, y], the classical action, and the integration
measure, i.e.

S[αx,αy] = S[x, y] , DαxDαy = DxDy ,

one is led to the following expression for the partition function,

Z = Ω

∫
DxDy ∆[x, y]

∏

t

δ
(
ẏ(t) + χ(x(t), y(t))

)
eiS , (11.18)

where Ω is the infinite “gauge group volume” Ω =
∫
Dα, S is the classical

action associated with the Lagrangian (11.10), S =
∫
dt L, and where we

have redefined the fields along the way. This relabeling does not affect gauge
invariant correlation function. 4

Because of the δ-function in (11.18) we only need to know ∆[x, y] for y sat-
isfying the condition (11.16). This implies that the integration over α involves
only the infinitesimal neighbourhood of α = 0. Hence we have, using (11.15),

∆−1[x, y] =

∫ ∏

t

dε(t)
∏

t,t′

δ

(∫
dt′ D(t, t′)ε(t′)

)
= (detD)−1 ,

where D is the matrix 5

D(t, t′) =

[
d

dt
− d2

dt2
+

(
∂χ

∂x

)
+

(
∂χ

∂y

)(
1− d

dt

)]
δ(t− t′) .

4We shall frequently refer to x(t), y(t), etc. as “fields”, since they are the one-dimensional
analog of the fields in the case of non-denumerable degrees of freedom.

5We have suppressed the x, y arguments in D(t, t′).
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By introducing the Grassmann valued Faddeev-Popov ghosts c(t) and antighosts
c̄(t) with ghost numbers gh(c) = 1, gh(c̄) = −1, and recalling (11.8), one can
write detD in the form 6

detD = ∆[x, y] =

∫
Dc̄Dc ei

∫
dt L̃gh ,

where

L̃gh = c̄(ċ− c̈) + c̄
∂χ

∂x
c+ c̄

∂χ

∂y
(c− ċ) .

Finally, writing the product of the δ-functions in (11.18) as a Fourier transform

∏

t

δ
(
ẏ + χ(x, y)

)
=

∫
Dξ ei

∫
dt ξ(ẏ+χ) ,

and dropping the irrelevant (infinite) factor Ω, we arrive at the following form
for the partition function

Z =

∫
DxDyDξDc̄Dc ei

∫
dt Lgf , (11.19)

where

Lgf (x, y, ẋ, ẏ, ξ) = L(x, y, ẋ) + ξ(ẏ + χ(x, y)) + L̃gh (11.20)

is the gauge fixed Lagrangian. For later purposes it will be convenient to write
the ghost Lagrangian L̃gh in a form exhibiting only first order time derivatives,
by dropping an irrelevant total time derivative:

L̃gh → Lgh = ˙̄c(ċ− c) + c̄
∂χ

∂x
c+ c̄

∂χ

∂y
(c− ċ) . (11.21)

Having fixed the gauge, the coordinate y has been promoted to a dynamical
variable at the cost of a (t-dependent) Lagrange multiplier ξ. But we have
lost of course the original gauge symmetry. Nevertheless, the action Sgf does
exhibit a so-called BRST symmetry in the extended space, which is a remnant
of the original local symmetry. It is not difficult to obtain the corresponding
infinitesimal transformations. Let us write the BRST variation of any quantity
F in the form [Baulieu 1986]

δBF = εsF , (11.22)

6We are free to introduce the (conventional) factor i in the exponent, since it amounts
to a change of variable c̄ → ic̄, and hence to a multiplication of the partition function by a
complex number. This does not affect normalized correlation functions.
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where ε is a global (constant) infinitesimal Grassmann valued parameter, and
s is a Grassmann odd operator. Noting that c2 = 0 and (c − ċ)2 = 0, the
transformations read

sx = c , sy = c− ċ ,

sc = 0 , sc̄ = −ξ , (11.23)

sξ = 0 .

The operator s acts from the left according to the graded product rule,

s(fg) = (sf)g + (−1)ε(f)f(sg) (11.24)

where ε(f) is the Grassmann signature of f :

ε(f) = 0 : (f bosonic)

ε(f) = 1 : (f fermionic)

An alternative way of writing the BRST variation (11.22) is

δBF = ŝF ε , (11.25)

where the operator ŝ now acts from the right according to the rule,

ŝ(fg) = f(ŝg) + (−1)ε(g)(ŝf)g . (11.26)

The form (11.25) is encountered frequently in the literature. Note that the
BRST variations δBx and δBy are obtained from (11.15) by simply replacing
ε(t) by εc(t).

A very important feature of s is that it is a nilpotent operator, i.e.,

s2 = 0 . (11.27)

In fact, this is a central feature of BRST transformations in general. A simple
computation yields

δBLgf = sLgf = ε
d

dt
(xc+ ξ(c− ċ)). (11.28)

Thus δBLgf is just a total derivative, so that the action is invariant under the
transformations (11.23), as was claimed above.

Furthermore, one readily checks, taking account of the Grassmann nature
of s, that Lgf can be written in the form

Lgf = L− s [c̄(ẏ + χ(x, y))]− d

dt
(c̄(c− ċ)) . (11.29)
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Hence the corresponding gauge fixed Lagrangian differs (up to a total deriva-
tive) from the classical Lagrangian (11.10) by a BRST exact term, i.e. a term
that can be written in the form sF , and whose BRST variation vanishes iden-
tically by construction.

The equations of motion follow from the requirement that

0 = δSgf =

∫
dt δLgf =

∑

α

∫
dt

(
δqα

∂(l)Lgf
∂qα

+ δq̇α
∂(l)Lgf
∂q̇α

)
,

where δ now denotes an arbitrary variation, and qα stands for any of the vari-
ables x, y, c, c̄. Notice the appearance of the “left partial derivatives” (labeled
by a superscript l), with the differentials dqα and dq̇α appearing to the left of
the derivatives. This ordering is of course only relevant for the anticommuting
ghost variables. A similar expression holds with the differentials appearing to
the right of the corresponding “right derivatives”. The vanishing of the above
variation implies the Euler-Lagrange equations of motion,

d

dt

(
∂(l)Lgf
∂q̇α

)
− ∂(l)Lgf

∂qα
= 0 , (11.30)

or their equivalent with right derivatives. In particular, for the ghosts we are
led to the equations

c̈− ċ− ∂χ

∂x
c− ∂χ

∂y
(c− ċ) = 0 ,

¨̄c+ ˙̄c− c̄
∂χ

∂x
− c̄

∂χ

∂y
− d

dt

(
c̄
∂χ

∂y

)
= 0 .

11.3.2 The conserved BRST charge in configuration space

With the BRST symmetry of the action there is associated a conserved BRST
charge. To obtain an expression for this charge we construct the correspond-
ing conserved Noether current in the standard way by computing the on-shell
BRST variation of the Lagrangian in two alternative ways. Consider first an
off-shell variation. It is given by (11.28). On the other hand, making explicit
use of the Euler-Lagrange equations of motion (11.30), one finds that the on-
shell BRST variation has the form

δBLgf =
d

dt

(
δBx

∂Lgf
∂ẋ

+ δBy
∂Lgf
∂ẏ

+ δBc
∂(l)Lgf
∂ċ

+ δBc̄
∂(l)Lgf
∂ ˙̄c

)

= ε
d

dt
[(ẋ + y)c− 2ξ(ċ− c)] . (11.31)
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Taking the difference between (11.28) and (11.31) one obtains on shell

d

dt
QB = 0 , (on-shell)

where

QB = xc− (ẋ + y)c− ξ(c− ċ) . (11.32)

QB is called the BRST charge, which - when expressed in terms of phase space
variables - will be the generator of BRST transformations in phase-space, as
we shall see below.

11.3.3 The gauge fixed effective Hamiltonian

Our next objective is to obtain a phase-space representation of the partition
function. Since our quantum mechanical model is to exemplify a generic struc-
ture of the Hamiltonian and phase-space representation of the partition func-
tion, we shall be rather pedantic in our analysis. To obtain the phase-space
equivalent of (11.19), we first construct a “gauge fixed” Hamiltonian Hgf as the
Legendre transform of Lgf . Since Lgf involves also the Faddeev-Popov ghosts,
we must be careful in the ordering of Grassmann variables. In the following we
carry out a standard analysis, keeping close watch on the ordering of factors.

Let L(q, q̇) be the Lagrangian in question (in the present case L → Lgf ).
Its differential is given by

dL =
∑

α

(
dqα

∂(l)L

∂qα
+ dq̇α

∂(l)L

∂q̇α

)
.

A corresponding statement holds where the differentials are standing to the
right of the right partial derivatives. The qα’s stand for any of the c-number
and Grassmann valued variables. Note that the ordering of the products is
important. Correspondingly we introduce canonical momenta conjugate to the
coordinates as left derivatives with respect to the velocities:

pα =
∂(l)L

∂q̇α
.

Then

dL =
∑

α

(
dqα

∂(l)L

∂qα
+ dq̇αpα

)
.
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Writing dq̇αpα = −q̇αdpα + d(q̇αpα),
7 and making use of the Euler-Lagrange-

equations of motion (11.30), one is led to the differential

dH =
∑

α

(q̇αdpα − dqαṗα) , (11.33)

where

H =
∑

α

(q̇αpα − L)

is the Hamiltonian. Note again the ordering of the velocities and momenta.
This ordering is correlated with the definition of the canonical momenta which
are defined here in terms of left derivatives. If the qα and pα were all indepen-
dent (unconstrained) variables, then the Hamilton equations of motion could
be read off immediately from (11.33). This is however not so in the case un-
der consideration, since (11.20) describes a constrained system with primary
second class constraints ξ − py = 0 and pξ = 0. These primary constraints
must be implemented in a functional integral for the partition function either
explicitly, or by introducing Lagrange multipliers as new integration variables.

Denote the momenta conjugate to c and c̄ by 8

P̄ =
∂(l)L

∂ċ
, P =

∂(l)L

∂ ˙̄c
. (11.34)

Hence the ghost number of P (P̄ ) is opposite to that of c̄ (c); i.e. gh(P ) =
−gh(P̄ ) = 1. For our model we then have

px = ẋ+ y , py = ξ , pξ = 0 , (11.35)

P̄ =− ˙̄c+ c̄
∂χ

∂y
, P = ċ− c .

Implementing the primary second class constraints py − ξ = 0, pξ = 0, we
obtain for the corresponding partition function

Z =

∫
DxDpx

∫
DyDpy

∫
DcDP̄

∫
Dc̄DP eiSgf , (11.36)

where

Sgf =

∫
dt
(
ẋpx + ẏpy + ċP̄ + ˙̄cP −Hgf

)
, (11.37)

7The differential of a product is still given by d(AB) = (dA)B + A(dB), also if one is
dealing with Grassmann variables.

8We follow here the conventions of [Henneaux/Teitelboim, 1992].
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with Hgf given by,

Hgf =
[
ẋpx + ẏpy + ξ̇pξ + ċP̄ + ˙̄cP − Lgf

]
(pξ=0,ξ=py)

,

or

Hgf = H0 − P̄ (c+ P )− c̄

[
∂χ

∂x
c− ∂χ

∂y
P

]
− pyχ . (11.38)

Here H0 is the canonical Hamiltonian (11.14) associated with the classical
Lagrangian (11.10), evaluated on the associated primary constrained surface
py = 0. It is now an easy matter to show that upon performing the integrations
over px, P̄ and P in (11.36) one recovers (11.19) with py playing the role of ξ.

Now comes an important point. Since we have integrated out the (second
class) primary constraints, the partition function takes the form of an uncon-
strained system with the integrand expressed in terms of independent phase
space variables. Hence from (11.33) the equations of motion corresponding to
a stationary action take the form 9

q̇α =
∂(r)Hgf

∂pα
, ṗα = −∂

(l)Hgf

∂qα
. (11.39)

From (11.23) and (11.35) we obtain the BRST transformation laws in phase
space,

sx= c , sy = −P , sξ = 0 ,

sc= 0 , sc̄ = −py (11.40)

spx = c , spy = 0 , spξ = 0

sP = 0 , sP̄ = −T ,

where T is given by (11.13). 10 Note again that s is nilpotent, i.e., s2 = 0.
Recalling (11.24) one readily checks that the gauge fixed Hamiltonian is BRST

9Note the appearance of the right derivative, as follows from (11.33) with H → Hgf and
the prescribed ordering of canonical variables (which also include the ghosts).

10In deriving the transformation law sP̄ = −T one must make use of the equation of
motion. From (11.35) and (11.23) we have

sP̄ = s

(
− ˙̄c+ c̄

∂χ

∂y

)
= ṗy − (py + c̄s)

∂χ

∂y
,

and from the equation of motion for py we obtain

ṗy = −
∂(l)Hgf

∂y
= −T + c̄

(
∂2χ

∂x∂y
c− ∂2χ

∂y2
P

)
+ py

∂χ

∂y
= −T + c̄s

∂χ

∂y
+ py

∂χ

∂y
.

Hence sP̄ = −T .
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invariant:
sHgf ≡ 0 .

11.3.4 The BRST charge in phase space

We next construct the conserved BRST charge QB, which implements the
BRST transformations in phase space. From (11.32) and (11.35) we infer that

QB = pyP + Tc . (11.41)

The Hamilton equations of motion (11.39) and transformation laws (11.40) can
also be written in Poisson bracket form, by introducing generalized Poisson
brackets. We demand that the properties of these Poisson brackets should be
those of a Berezin algebra [Berezin 1966]

{F,G}=−(−1)ε(F )ε(G){G,F} ,
{FG,H}= F{G,H}+ (−1)ε(G)ε(H){F,H}G . (11.42)

Furthermore the Hamilton equations of motion (11.39) should take the standard
form

q̇i = {qi, Hgf} , ṗi = {pi, Hgf} ,
and the product rule (11.24) should be implemented correctly by the BRST
charge in terms of Poisson brackets. One is then led to the following definition
of the generalized (graded) Poisson bracket:

{F,G} =
∑

k

(−1)ε(Qk)
(
∂(r)F

∂Qk

∂(l)G

∂Pk
− (−1)ε(F )ε(G)∂

(r)G

∂Qk

∂(l)F

∂Pk

)
, (11.43)

or equivalently

{F,G} =
∑

k

(−1)ε(Qk)
(
∂(r)F

∂Qk

∂(l)G

∂Pk
− (−1)ε(Qk)ε(Pk)

∂(r)F

∂Pk

∂(l)G

∂Qk

)
, (11.44)

where (Qk, Pk) denote canonically conjugate pairs. There are several ways of
rewriting this generalized Poisson bracket. In the above form the transition to
the commutator of operators is most transparent. Hence in particular we have
for the non-vanishing Poisson brackets of the (Grassmann valued) ghosts, 11

{P̄ , c} = {P, c̄} = −1 . (11.45)

11It is common to write the Poisson brackets in this form in order to align them with the
usual Poisson brackets of commuting variables of Grassman parity zero: {p, x} = −1. For
Dirac fermions described by the Lagrangian density L = ψ̄i/∂ψ one usually has

{ψα(x), ψ
†
β
(y)} = −iδαβδ(~x− ~y) ,
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In the following { , } will always denote the generalized (graded) Poisson
bracket. With this definition, one now readily verifies, that QB induces the
above BRST transformations according to

sF = {QB,F} , (11.46)

where F is a function of the independent variables x, y, px, py, c, c̄, P, P̄ . Ac-
cording to (11.22) this corresponds to

δBF = ε{QB,F}

with ε to the left of the Poisson bracket. Alternatively we have (cf. (11.25),
where ŝ was introduced),

ŝF = {F , QB} , (11.47)

where ŝ acts from the right, or

δBF = {F , QB}ε .

Furthermore, one verifies that QB is conserved:

dQB
dt

= {QB, Hgf} = 0 .

Expressed in terms of QB the nilpotency of s takes the form

{QB, QB} = 0 . (11.48)

This is a nonempty statement since QB is a Grassmann odd operator. Indeed,
from

0 = s2F = s(sF ) = s{QB, F} = {QB, {QB, F}}
one finds, upon making use of the Jacobi identity

(−1)εF εH{F, {G,H}}+ cycl. perm. = 0

that
{F, {QB, QB}} = 0 .

Since this expression vanishes for all F we are led to the conclusion (11.48).

which corresponds to defining the momenta via the right derivative:

πα =
∂(r)L
∂ψα

= iψ†
α .

If the momenta were defined in terms of left derivatives (as was done above), we would have

πα = −iψ†
α, and the Poisson bracket would be of the form (11.45), that is, {πα(x), ψβ(y)} =

−δαβδ(~x − ~y).
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Let us now write the action (11.37) and BRST charge in a compact form
by collecting the Grassmann variables with ghost number +1 into the following
vector [Fradkin 1975/77],

ηA :=

(
P
c

)
.

Correspondingly we define the vector ~̄P with components canonically conjugate
to ηA, carrying ghost number −1,

P̄A :=

(
c̄
P̄

)
.

According to (11.45) their Poisson bracket is given by

{ηA, P̄B} = −δAB . (11.49)

In this notation, the gauge fixed action (11.37) takes the form

Sgf =

∫
dt
(
q̇ipi + η̇AP̄A −Hgf

)
, (11.50)

where we have dropped a surface term, and where qi := (qx, qy) and pi :=
(px, py). Furthermore the BRST charge (11.41) becomes

QB = ηAGA ,

where
GA := (φ, T ) (11.51)

are the primary and secondary first class constraints (11.11) and (11.13), asso-
ciated with the classical Lagrangian (11.10).

As we shall see in the following section, QB will in general involve additional
higher ghost contributions. The appearance of GAη

A as the leading term of
QB is quite natural, since with (11.46) it implements the classical gauge trans-
formations (11.15) with ε(t) replaced by c(t). For the quantum mechanical
model this leading term is actually the only one. This feature is a consequence
of the fact that for this model the constraints are in strong involution, i.e.,
{GA, GB} = 0.

Next we rewrite the gauge fixed Hamiltonian Hgf in the form proposed by
Fradkin, Vilkovisky and Batalin [Fradkin 1977, Batalin 1977]. It is instructive
to do this in two different ways.

a) Version 1

Let H0 be the canonical Hamiltonian (11.12) of the classical theory evaluated
on the primary constrained surface py = 0. The gauge fixed Hamiltonian is
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given by (11.38). Consider the Poisson algebra of the constraints (11.51). Being
a first class system this algebra is closed and reads 12

{GA, GB} = UCABGC = 0 , (11.52)

i.e., all the coefficients UCAB vanish in the present case. Consider further the
Poisson algebra of the Hamiltonian H0 with the constraints, which we write in
the form

{H0, GA} = V BA GB . (11.53)

For the case in question, the only non-vanishing coefficients V BA are given by

V 2
1 = V 2

2 = 1 .

One readily checks that the gauge fixed Hamiltonian (11.38) can be written in
the form

Hgf = HB + {Ψ, QB} ,
where HB is the “BRST” Hamiltonian

HB = H0 + ηAV BA P̄B = H0 + (P + c)P̄ , (11.54)

which is BRST invariant, and

Ψ = P̄AψA , ψA := (χ, 0) .

The BRST invariance of (11.54) can be easily verified by making use of (11.49),
the definition of V B

A in (11.53), and of (11.46). One finds that

sHB = {QB, HB} = 0 .

The Grassmann valued function Ψ with ghost number −1 is referred to in the
literature as the “fermion gauge-fixing function”. The Poisson bracket {Ψ, QB}
is a so-called “BRST exact term”, whose BRST variation vanishes identically
for any Ψ because of the nilpotency of QB, i.e. (11.48).

b) Version 2

The above decomposition of Hgf into a BRST invariant contribution HB and
a BRST exact term is not unique. Below we consider an alternative way of
decomposing the gauge fixed Hamiltonian.

Let H ′
0 be the Hamiltonian obtained from (11.14) by omitting the term yT ,

i.e., the term involving the “Lagrange multiplier” y multiplying the secondary

12Our conventions for the definition of the structure functions follow most common practice
among physicists, and differ from those of Fradkin and Vilkovisky.
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constraint. This Hamiltonian also satisfies an algebra with the constraints
which is of the form,

{H ′
0, GA} = VA

′BGB ,

where the only non-vanishing coefficient V ′
A
B
is given by V ′

2
2
= 1. The algebra

of the constraints remains of course the same as before. One then readily
verifies that Hgf can again be written in the form,

Hgf = H ′
B + {Ψ′, QB} ,

where

Ψ′ = P̄Aψ′A , ψ′A := (χ,−y)

and

H ′
B = H ′

0 + ηAV ′B
A P̄B = H ′

0 + cP̄ .

Note that now the “Lagrange multiplier” y appears in the gauge condition
through the fermion gauge-fixing function Ψ ! Note also that the above ex-
pressions for the BRST Hamiltonian H ′

B and gauge fixed Hamiltonian Hgf are
both BRST invariant, as can be readily verified by making use of (11.40):

sH ′
B = {QB, H

′
B} ≡ 0 .

Furthermore, s{Ψ′, QB} ≡ 0 because of the generalized Jacobi identity,

(−1)εF1εF3 {{F1, F2}, F3}+ (−1)εF2εF1{{F2, F3}, F1}
+ (−1)εF3εF2{{F3, F1}, F2} = 0 , (11.55)

and the nilpotency of s (or equivalently (11.48)). Hence H ′
B and Hgf are both

BRST invariant. But also the action (11.50) is invariant, since the kinetic
contribution to Sgf is by itself BRST invariant. Indeed, let

ξρ := (qi, ηA) , ωρ := (pi, P̄A) .

The kinetic contributing to the action density is then given by ξ̇ρωρ. Under an
infinitesimal BRST transformation

ξρ→ ξ′ρ = ξρ + ε{QB, ξ
ρ} ,

ωρ→ ω′
ρ = ωρ + ε{QB, ωρ} , (11.56)

the kinetic contribution transforms infinitesimally as follows

ξ̇′ρω′
ρ = ξ̇ρωρ + ε

( d
dt
{QB, ξ

ρ}
)
ωρ + ξ̇ρε{QB, ωρ}+O(ε2) .
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Now, from (11.43) we have

{QB, ξ
ρ}=−∂QB

∂ωρ
,

{QB, ωρ}= (−1)ε(ξρ)
∂QB
∂ξρ

,

where we have dropped the “left-right” labels on the partial derivatives, since
QB is a Grassmann odd operator. One then finds, upon making use of the
Grassmann nature of ε to eliminate the phase factor, that

ξ̇′ρω′
ρ = ξ̇ρωρ + ε

d

dt

(
QB − ∂QB

∂ωρ
ωρ

)
. (11.57)

Hence the action Sgf is BRST invariant provided that

(
QB − ∂QB

∂ωρ
ωρ

)t=∞

t=−∞
= 0 . (11.58)

Finally we note, that since the transformation (11.56) is canonical, the
integration measure in (11.36) is formally also BRST invariant. Hence we
conclude that the partition function is (formally) invariant under BRST
transformations. 13

The above two versions of the quantum mechanical example illustrate in
pedantic detail some general features of the BRST formalism for quantizing
theories with a local gauge symmetry, which will be formulated axiomatically
in section 5. Before doing so it is instructive to carry out a similar analysis
for the SU(3) Yang-Mills theory in the Lorentz gauge. The so-called “alpha”-
gauges will be dealt with in appendix B.

11.4 Quantization of Yang-Mills theory in the

Lorentz gauge

As in the case of our quantum mechanical example, the BRST quantization
of the SU(3) Yang-Mills gauge theory can be carried out in configuration -
or phase space. We begin again with a discussion of the configuration space
approach, following the steps taken in our quantum mechanical model of the
previous section, and generalizing them to a system with an infinite number of
degrees of freedom.

13As we shall see in the following chapter, this invariance may be broken by gauge anomalies
in the case of an infinite number of degrees of freedom, such as in a Quantum Field Theory.
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Let us first summarize some of the well known facts. Our starting point
will be the Yang-Mills Lagrangian density

L = −1

2
trFµνF

µν , (11.59)

with
Fµν = taF

a
µν ,

where

[ta, tb] = ifabctc , tr(tatb) =
1

2
δab .

Here “tr” denotes the trace with respect to the internal symmetry group G, ta
are the generators of the group (which for SU(3) are given conventionally by
the 3× 3 Gell-Mann matrices 1

2λa (a = 1, . . . , 8)), and

F aµν = ∂µA
a
ν − ∂νA

a
µ + gfabcA

b
µA

c
ν (11.60)

is the field-strength tensor, with fabc the structure constants of the group G.
The Yang-Mills action is invariant under the local (gauge) transformations

Aµ → GAµ = GAµG
−1 +

i

g
G∂µG

−1 , (11.61)

where G(x) is an element of the gauge group,

G(x) = eiΛ(x) , (11.62)

with
Aµ = Aaµta , Λ = Λata .

From (11.59) we have for the momenta conjugate to Aµ,

πa0 = 0 , πai = F ai0 .

The first set of equations represent primary constraints, which we denote by
φa:

φa ≡ πa0 = 0 . (11.63)

The canonical Hamiltonian evaluated on the subspace defined by the primary
constraints is given by

H0 =

∫
d3x [

1

2

∑

i,a

(πai )
2 +

1

4

∑

i,j,a

(F aijF
a
ij)]−

∑

i,a,b

∫
d3x Aa0Di

abπ
b
i , (11.64)

where 14

14For ease of reading the colour index will appear sometimes as subscript or superscript.
It will then be understood that repeated indices are always summed, unless otherwise stated.
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Di
ab = δab∂

i − gfabcA
i
c (11.65)

is the covariant derivative. Persistence of the primary constraints leads to
secondary constraints, i.e., Gauss’s law,

Ta ≡ Di
abπ

b
i = 0 . (11.66)

The secondary constraints can be shown to satisfy the (equal time) Poisson
algebra:

{Ta(x), Tb(y)} = gfabcTc(x)δ(~x − ~y) . (11.67)

All the remaining Poisson brackets of the primary and secondary constraints
vanish. Collecting the constraints into a vector

GA := (~φ, ~T ) (11.68)

we have that

{GA(x), GB(y)} = ŨCABGC(x)δ(~x − ~y) , (11.69)

with

ŨCAB :=

(
0∼ 0∼
0∼ gfabc

)
. (11.70)

Furthermore

{H0, GA(x)} = Ṽ BA (x)GB(x) ,

where 15

Ṽ BA (x) = −
(
0∼ δab
0∼ gfabcA

c
0(x)

)
. (11.72)

Note that in this theory the number of secondary constraints equals the number
of primary constraints, and that each primary constraint generates one gauge
identity. Furthermore all the constraints are first class.

i) Gauge fixed effective Lagrangian

Although the following steps are just an extension to an infinite number of de-
grees of freedom of the steps followed in our quantum mechanical example, and

15After some algebra one finds that

{H′
0, Ta} = (DiDj)abF

b
ij =

1

2
[Di,Dj ]abF

b
ij , (11.71)

where H′
0 is given by the first integral in (11.64), and Di is the matrix defined in (11.65).

But
[Di,Dj ]ab = −gfabcF c

ij .

Hence the rhs of (11.71) vanishes.
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can be found in any textbook on Quantum Field Theory, we shall nevertheless
present them for the readers convenience.

Consider the naive functional integral

Z =

∫
DAµe−i

∫
d4x 1

4F
µν
a Faµν . (11.73)

Since we wish to implement the Lorentz gauge ∂µAaµ = 0, we define, following
Faddeev and Popov [Faddeev 1967], the functional ∆[A] via

∆[A]

∫
DG

∏

x,a

δ(∂µ GAµ(x)) = 1 , (11.74)

where DG denotes the gauge invariant Haar-measure of the symmetry group
in question. It then follows that ∆[A] is also gauge invariant, i.e.

∆[A] = ∆[GA] . (11.75)

Introducing the identity (11.74) into the functional integral (11.73), and making
use of the property (11.75), as well as of the gauge invariance of the integration
measure and Lagrangian density,

DA = D GA , L(GA) = L(A) ,

we can rewrite the partition function as follows:

Z = ΩG

∫
DA ∆[A]

∏

x,a

δ(∂µAaµ(x))e
i
∫
d4xL(A) , (11.76)

where ΩG is the group volume ΩG =
∫
DG, and where we have renamed the

integration variables along the way. This renaming does not change gauge
invariant correlation functions, since they do not depend on the gauge functions
Λa in (11.62). From (11.76) it follows that we only need to compute ∆[A] for
configurations satisfying the gauge conditions ∂µAaµ = 0. In this case the
integral (11.74) will only receive contributions from gauge transformations in
the infinitesimal neighbourhood of the identity,

δAµa = Dµ
abΛ

b , (11.77)

where Dµ
ab is the covariant derivative

Dµ
ab = δab∂

µ − gfabcA
µ
c . (11.78)

Hence for gauge fields satisfying ∂µAaµ(x) = 0, we have (see e.g. [Itzykson
1980])

∆−1[A] =

∫
DΛ

∏

a,x

δ

(∫
d4x′ Mab(x, x

′)Λb(x′)

)
,
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where
Mab(x, x

′) = ∂µDµ
ab(A(x))δ

4(x− x′) ,

or, making use of (11.8) (see footnote 6)

∆[A] = det(∂µDµ)

≈
∫
Dc̄Dc ei

∫
d4x c̄a∂µDµabc

b

,

with ca, c̄a Grassmann valued (Faddeev-Popov) ghost and antighost fields, to
which we associate the ghost numbers

gh(ca) = 1 , gh(c̄a) = −1 .

Dividing out the group volume factor in (11.76), we are thus led to the following
expression for the partition function

Z =

∫
DA

∫
Dc̄ Dc

∏

x,a

δ(∂µAaµ(x))e
i
∫
d4x[L+c̄a∂µDµabc

b] . (11.79)

Realizing the gauge condition as a Fourier transform via a Lagrange multiplier
field, the so-called Nakanishi-Lautrup field Ba,

∏

x,a

δ(∂µAaµ(x)) =

∫
DB ei

∫
d4x Ba(x)∂

µAaµ(x) ,

one finally obtains

Zgf =

∫
DB

∫
DADc̄Dc ei

∫
d4xLgf , (11.80)

where Lgf is the “gauge fixed” Lagrangian

Lgf = −1

4
F aµνF

µν
a +Ba∂µA

µ
a − (∂µc̄a)(Dµ

abc
b) . (11.81)

Here we have dropped an irrelevant four-divergence. The Euler–Lagrange equa-
tions, corresponding to stationary points of the action, read

Dab
ν F

µν
b + ∂µBa − gfabc(∂

µc̄b)c
c = 0 ,

∂µ(Dµ
abc

b) = 0 , Dµ
ab(∂µc̄b) = 0 , (11.82)

∂µAaµ = 0 .

Note that upon implementing the relativistic gauge, the Lagrange multiplier
field Aa0 of the original Lagrangian has been promoted to a dynamical field;
i.e., the action involves a time derivative of Aa0 .
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Although the gauge fixed Lagrangian (11.81) breaks the original gauge in-
variance (11.61), the action still possesses a global symmetry, as was first no-
ticed by Becchi, Rouet and Stora, and also independently by Tyutin [Becchi
1976]. For Aaµ the infinitesimal BRST transformation has the form (11.77), but
with the arbitrary function Λa(x) replaced by εca(x), i.e.

δBA
µ
a = εDµ

abc
b , (11.83)

where ε is a global Grassmann valued parameter. The change in the gauge
fixed action induced by these transformations is compensated by the following
transformations of the ghost and Nakanishi-Lautrup fields:

δBc̄a = −εBa ,
δBc

a = −εg
2
fabcc

bcc ,

δBB
a = 0 .

The verification of the invariance of the action involves some straightforward
algebra. It makes use of the Jacobi identity for the double commutators of
the gauge generators, which leads to the well-known relation for the structure
functions,

fabdfdce + fbcdfdae + fcadfdbe = 0 , (11.84)

as well as to
δBF

a
µν = εgfabcc

bF cµν ,

whose verification requires some algebra. In fact, one finds, making use of the
Jacobi identity that the off-shell BRST variation of the Lagrangian density just
contributes a (vanishing) surface term to the gauge-fixed action. Thus

δBLgf = ε∂µ(B
aDµ

abc
b) , (11.85)

where use has been made of (11.84). As in the previous section, it is convenient
in the following to free the BRST variation from the ε parameter by defining
the operator s via (11.22).

The BRST symmetry of the action can be made manifest, once one realizes
that, up to a four-divergence, Lgf can be expressed as the sum of the classical
Lagrangian (11.59) and a BRST exact term, i.e. a term which can be written
in the form sF , whose BRST variation vanishes identically:

Lgf = −1

4
F aµνF

µν
a − s

(
c̄a∂

µAaµ
)
− ∂µ(c̄aDµ

abc
b) .

In mathematical terms it means that the gauged fixed action lies in the co-
homology of the original (not gauge fixed) classical action, which is invariant
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under the restricted BRST transformations (11.83). This turns out to be also
a general feature of quantum Lagrangians in a fixed gauge, the gauge fixing
condition being hidden in a BRST exact term.

We next obtain the conserved BRST charge associated with the BRST
symmetry. To this effect we construct the corresponding Noether current in
the standard way by computing the on-shell variation of the Lagrangian density
in two alternative ways, as already described in the previous section. The off
shell BRST variation of Lgf is given by (11.85). On the other hand, the on-shell
variation can be written in the form

δBLgf |on−shell = ε∂µ

(
sAaν

∂Lgf
∂(∂µAaν)

+ sca
∂(l)Lgf
∂(∂µca)

+ sc̄a
∂(l)Lgf
∂(∂µc̄a)

)
, (11.86)

where, as before, ∂(l) denotes the “left derivative”, and where use has been
made of the equations of motion, which are given by an expression analogous
to (11.30), i.e.,

∂µ
∂(l)Lgf
∂(∂µΘα)

− ∂(l)Lgf
∂Θα

= 0 .

Here Θα stands generically for any of the fields Aaµ, c
a, c̄a, Ba. Expression

(11.85) is valid off and on-shell. Going on-shell in (11.85), and taking the
difference between (11.86) and (11.85), one arrives at the following (on-shell)
expression for the conserved BRST current:

J µ
B = Fµνa (Dν)abcb −BaDµ

abc
b +

g

2
fabc(∂

µc̄a)c
bcc .

The corresponding time-independent charge is therefore given by

QB =

∫
d3xJ 0

B =

∫
d3x

(
caDi

abF
b
i0 −BaD0

abc
b +

g

2
fabc(∂0c̄a)c

bcc
)
. (11.87)

QB is the BRST charge, which - when expressed in terms of phase space vari-
ables - becomes the generator of the BRST transformations in phase space, as
we shall see further below.

ii) The gauge fixed Hamiltonian

Our aim is to obtain the phase-space version of the partition function (11.79).
The procedure parallels closely the one described in the previous section. We
first compute the gauge fixed Hamiltonian density via the Legendre transform
of Lgf . From (11.81) we obtain the canonical momenta conjugate to Aµa , c

a,
c̄a and Ba:

πa0 = Ba , πaB = 0 , πai = F ai0 , P̄a = ∂0c̄a , P a = −D0
abc

b . (11.88)
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The first two equations are primary constraints. The corresponding gauge fixed
Hamiltonian density is readily found to read (up to a spacial divergence) :

Hgf = H0 −Ba∂iAai +Hgh ,

where Hgh is the ghost Hamiltonian density,

Hgh = (∂ic̄a)Di
abc

b − gfabcP̄ac
bAc0 + P̄aP

a ,

and H0 is given by

H0 =
1

2

∑

i,a

(πai )
2 +

1

4

∑

i,j,a

(F aij)
2 −

∑

i,a,b

Aa0Di
abπ

b
i .

Taking account of the primary constraints, the phase-space version of the quan-
tum partition function now takes the form

Zgf =

∫
Dµ

∏

x,a

δ(πa0 (x)−Ba(x))
∏

x,a

δ(πaB(x)) e
iS̃gf , (11.89)

where

S̃gf =

∫
d4x

(
Ȧµaπ

a
µ + ḂaπaB + ċaP̄a + ˙̄caP

a −Hgf

)
,

and the integral is carried out over all variables on which the integrand depends;
i.e, Dµ = DADBDπDπBDc̄DcDPDP̄ . Notice that, as in the case of our
quantum mechanical example, the velocities always appear to the left of the
corresponding conjugate momenta. Performing the integration in (11.89) over
Ba and πaB the phase-space functional integral becomes

Zgf =

∫
DADc̄Dc

∫
DπDPDP̄ eiSgf , (11.90)

where Sgf is given by

Sgf =

∫
d4x

(
Ȧµaπ

a
µ + ċaP̄ + ˙̄caP

a −Hgf

)
,

with

Hgf = H0 − πa0∂
iAai − gfabcP̄ac

bAc0 − c̄a∂iDi
abc

b + P̄aP
a . (11.91)

It is now an easy matter to show that by integrating out the momenta one is led
to the original functional integral in configuration space. Note that the parti-
tion function (11.90) has the canonical form characteristic of an unconstrained
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system, the “Lagrange multiplier” Aa0 having been promoted to a dynamical
variable.

Consider now the BRST charge. From (11.87) and (11.88) we obtain

QB =

∫
d3x

(
P aφa + caTa +

g

2
fabdP̄ac

bcd
)
,

where φa and Ta are the primary and secondary constraints of the original
theory defined by L. They are given by (11.63) and (11.66), respectively. The
action Sgf is invariant under the infinitesimal transformations generated by
QB, which can be written in the form of (11.46). QB has Grassmann signature
ε(QB) = 1 and ghost number gh(QB) = 1, and, as one can readily verify,
is nilpotent, i.e., its graded Poisson bracket with itself vanishes. The BRST
symmetry transformations induced by QB according to (11.46), read,

sA0
a = −P a = D0

abc
b , sAia = Di

abc
b , sBa = 0 ,

sca = −g
2
fabcc

bcc , sc̄a = −πa0 = −Ba ,

sπa0 = 0 , sπai = −gfabccbπci , sπaB = 0 ,

sPa = 0 , sP̄a = −Ta − gfabcP̄bc
c .

In analogy to our quantum mechanical model we now introduce the following
definitions, 16

ηA(x) :=

(
~P (x)
~c(x)

)
,

where ~P and ~c are n-component vectors, with n the number of first class pri-
mary constraints; i.e., n = 8 for SU(3). Correspondingly we define the mo-
menta canonically conjugate to the ηA’s:

P̄A(x) :=
(
~̄c(x)
~̄P (x)

)

with Poisson brackets,

{ηA(x), P̄B(y)} = −δABδ(~x− ~y) .

Similar to the case of the quantum mechanical model, the gauge-fixed Hamil-
tonian density (11.91) can again be written in the compact form

Hgf = HB + {Ψ, QB} ,
16The notation for the ghosts has been chosen such as to suggest that ca(x) and c̄a(x)

are the ghost and antighost fields that appear in the configuration space formulation of the
partition function, as one is used to from textbooks on field theory, and that P a(x), P̄a(x)
are canonical momenta which are to be integrated over.
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where

HB = H0 + ηAṼ BA P̄B
is BRST invariant by construction, V is the matrix with elements (11.72), and
Ψ is given by

Ψ = P̄AψA , ψA := ({∂iAai (x)},~0) ,
and carries ghost number −1.

Paralleling the quantum mechanical case, there is an alternative way of
decomposing the gauge fixed Hamiltonian density in BRST invariant contribu-
tions. One easily verifies that Hgf can also be written in the form

Hgf = H′
B + {Ψ′, QB} ,

where

H′
B = H′

0 + ηAṼ ′B
A P̄B

with H′
0 the Hamiltonan density evaluated on the full constrained surface,

H′
0 =

1

2

∑

i,a

(πai )
2 +

1

4

∑

i,j,a

(F aij)
2 ,

and

Ψ′ = P̄Aψ′A , ψ′A := ({∂iAai (x)}, {Aa0(x)}) .
The coefficient functions V ′B

A are now defined by

{H ′
0, GA} = Ṽ ′B

A GB

and vanish in the present case. 17

Finally, it is an easy exercise to verify that after integrating out the mo-
menta, one is led to the Faddeev-Popov result (11.79). This does not yet prove
that the Faddeev-Popov trick leads to the correct result for the partition func-
tion in the Lorentz gauge. To show this, we need a formulation which exhibits
explicitly the freedom of choosing an arbitrary gauge. We shall discuss this
point in section 6.

11.5 Axiomatic BRST approach

We now use the insight we have gained from our examples and take BRST
invariance of the quantum Lagrangian and Hamiltonian as our fundamental

17See footnote 15.
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principle for constructing the partition function. In the following we will assume
that our system is purely first class.

The question we want to answer is: given a classical Lagrangian or Hamil-
tonian together with the constraints, what is the partition function describing
the corresponding quantum theory? If one is dealing with a purely second class
system, then the answer has been given in chapter 10. What about if one is
dealing with a first class system, i.e., a system exhibiting a local (gauge) sym-
metry? What we know about such a system is that the first class constraints
satisfy a closed Poisson algebra, and furthermore, that the Poisson bracket of
the Hamiltonian with the constraints is a linear combination of the constraints.
These properties, as well as the freedom in the choice of gauge, must manifest
themselves in the quantum partition function. Our discussion in the last two
sections, which was based on examples where the Faddeev-Popov trick is appli-
cable, has shown that the invariance of the phase-space action under a global
symmetry transformation generated by a nilpotent operator plays a central
role in the construction of the quantum theory. In fact, the BRST invariant
action contained a kinetic part involving all variables, including the ghosts and
anti-ghosts, a BRST invariant Hamiltonian, whose construction only required
the knowledge of the classical canonical Hamiltonian and its Poisson algebra
with the constraints, and a BRST exact term implementing a gauge condition.
These observations can be taken as basis for the axiomatic approach of Batalin,
Fradkin and Vilkovisky [Fradkin 1975/77, Batalin 1977], which enables one to
also quantize theories that cannot be handled by the Faddeev-Popov trick,
in very general types of gauges. The proof of the correctness of such an ax-
iomatic approach will be indirectly provided by the so-called “FV Principal
Theorem” of Fradkin and Vilkovisky which states, that the BRST invariant
partition function thus constructed is independent of the “fermion gauge-fixing
function” [Fradkin 1975/77].

11.5.1 The BRST charge and Hamiltonian for rank one
theories

In the following we shall assume that the number of (first class) secondary con-
straints equals the number of (first class) primaries, and that with each primary
there is associated a gauge identity. 18 This is the case in particular for QED
and SU(N) gauge theories. Following the notation of the previous sections, we
collect the constraints associated with a classical Lagrangian L({qi}, {q̇i}) into
a vector ~G,

{GA} = ({φa}, {Ta}) ,
18Although not stated explicitly by the authors, their formalism appears to be tuned to

this case.
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where a = 1, 2, · · ·, n, with n the number of primary constraints φa = 0,
and secondary constraints Ta = 0. The first class constraints and Hamiltonian
satisfy an algebra of the form (11.52) and (11.53), where the structure functions
UCAB and V B

A may depend on the coordinates and their conjugate momenta. As
we have seen we can take for H0 the canonical Hamiltonian evaluated either on
ΓP or on the full constrained surface Γ. Our aim is to construct the Hamiltonian
HB which is invariant under BRST transformations generated by a nilpotent
operator, and subject to some gauge condition implemented via a BRST exact
term. Hence one must first obtain an expression for this nilpotent operator.

i) The BRST charge

The BRST charge has Grassmann signature ε(QB) = 1, and carries ghost num-
ber gh(QB)) = 1. “Fields” which do not involve the ghosts should transform in
the usual way, as determined from the classical action, but with the gauge de-
grees of freedom replaced by ghosts. These transformations leave the classical
action invariant. The quantum mechanical model and the Yang-Mills theory
studied in sections 3 and 4 suggest that in order to construct the BRST charge
and Hamiltonian, one should introduce for each primary first class constraint
φa = 0 a ghost-antighost pair (ca, c̄a), as well as a corresponding canonically
conjugate pair (P̄a, P

a).
As in the previous sections, it turns out convenient to define the 2n-component

vector ~η carrying ghost number 1,

ηA :=

(
~P
~c

)
, (11.92)

where ~P and ~c are n-component vectors. An arbitrary component of ~η will be
labeled by a capital letter, i.e. ηA. On the other hand we reserve small latin
letters for the components of ~P and ~c, i.e., P a and ca. Corresponding to ηA

we define the momentum P̄A canonically conjugate to ηA, i.e.,

{ηA, P̄B} = −δAB , (11.93)

where the (generalized) Poisson brackets have been defined in (11.43). The
vector canonically conjugate to ~η carries ghost number −1 and has the form

P̄A :=

(
~̄c
~̄P

)
, (11.94)

where, as already mentioned, the components of ~̄c and ~̄P are labeled by a
lower index, i.e., c̄a and P̄a. Hence the number of canonically conjugate ghost
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pairs (ηA, P̄A) equals the number of first class constraints. Since the BRST
charge carries Grassmann signature and ghost number 1, one is then led to the
following ansatz,

QB = Q(0) +
∑

n≥1

∑

A1···B1···
Q B1B2···Bn
A1A2···An+1

ηA1 · · · ηAn+1P̄B1 · · · P̄Bn , (11.95)

where

Q(0) = ηAGA , (11.96)

and where the tensors Q B1B2···Bn
A1A2···An+1

do not depend on the ghost variables. The

order of the Polynomial in P̄ defines the “rank” of the BRST generator. For
example, the abelian pure Maxwell theory and Yang-Mills theory have rank
zero and one, respectively.

The appearance of ηAGA as the leading term of QB is required, since it
implements the gauge transformations associated with the classical Lagrangian,
where the independent c-number gauge parameters are replaced by Grassmann
variables (ghosts). We will refer to (11.96) as the initial condition on QB. For
the quantum mechanical models discussed above the leading term in (11.95) is
actually the only one. This is a consequence of the fact that for this system
the constraints are in strong involution. On the other hand, the appearance of
an additional term in the case of QCD is due to the fact that the Gauss law
constraints are only in weak involution (cf. eq. (11.67)).

From the nilpotency requirement, {QB, QB} = 0, and the knowledge of the
algebra of the first class constraints GA, one can determine the coefficients
QB1...Bn
A1...An+1

in an iterative way. For many theories of interest, QB1...Bn
A1...An+1

van-
ishes for n > 1, i.e. their rank is unity. In this case the expression for QB
simplifies dramatically and we have the following theorem: 19

Theorem 1

With the initial condition

Q(0) = ηAGA

and the involutive algebra 20

{GA, GB} = UCABGC , (11.97)

19In the case of a field theory, the labels A,B, · · · will include also a corresponding spacial
coordinate (unless the coordinate dependence is displayed explicitly), and sums over A,B · · ·
will include spacial integrations over corresponding coordinates.

20In contrast to [Fradkin 1975] we follow here the more familiar convention for defining the
structure functions.
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the BRST charge for a theory of rank one is given by 21

QB = ηAGA +
1

2
P̄CUCABηAηB . (11.98)

The above conditions are satisfied, in particular, for SU(N) Yang-Mills theo-
ries. We leave the proof of this theorem for Appendix B.

ii) The gauged fixed BRST Hamiltonian

As we have already pointed out, the usual requirement of gauge invariance for
an observableO is replaced within the gauge fixed formalism by the requirement
of BRST invariance,

{QB,O} = 0 . (11.99)

We are interested in particular in the case where O is the BRST-Hamiltonian
HB. This Hamiltonian can only differ from the Hamiltonian associated with
the classical theory (which is in involution with the first class constraints) by
terms involving ghost variables. Furthermore it must have vanishing Grass-
mann signature and carry ghost number zero. We are thus led to the following
Ansatz for the BRST Hamiltonian:

HB = H +
∑

n≥1

∑

A1···B1···
HB1...Bn
A1...An

ηA1 ...ηAnP̄B1 ...P̄Bn ,

where the tensors HB1...Bn
A1...An

only depend on q and p. For the case where QB is
of rank one, we then have the following theorem:

Theorem 2

For QB of rank one, and H(q, p) satisfying the involutive algebra

{H,GA} = V BA GB , (11.100)

with V BA (q, p) subject to the condition that the completely antisymmetric part
of {V BA , UCDE} with respect to any pair of upper (lower) indices vanishes, the
BRST Hamiltonian is given by

HB = H + ηAV BA P̄B . (11.101)

We leave the proof for Appendix C.

21This BRST charge is referred to as the minimal BRST charge (of rank one), in contrast
to a non-minimal BRST charge constructed in an even larger space. For an example see
section 7.
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As we have seen in our examples, we can choose for H either H0, the canon-
ical Hamiltonian on the primary surface ΓP , or H

′
0, the canonical Hamiltonian

on the fully constrained surface Γ.

iii) BRST Cohomology: The unitarizing Hamiltonian HU

Once HB has been constructed, the corresponding action

SB =

∫
dt
(
q̇ipi + η̇AP̄A −HB

)

is BRST invariant. But this cannot be the entire story, since this action does
not involve any gauge fixing term, but makes only use of the classical Hamil-
tonian, the algebraic properties of the constraints (11.97), and the involutive
algebra (11.100). In fact, whereas the construction of the BRST charge via
the ansatz (11.95) can be shown to be unique up to canonical transformations
[Henneaux/Teitelboim 1992], the above construction of the BRST Hamiltonian
is not unique. Thus we can always add toHB a BRST exact term {Ψ, QB}, with
Ψ an arbitrary function with Grassmann signature ε(Ψ) = 1 and ghost number
gh(Ψ) = −1, without changing the conditions underlying its construction. It
turns out that a particular choice of Ψ also implies a particular choice of gauge,
as we have already seen in our examples. 22 For this reason Ψ is referred to in
the literature as the “fermion gauge fixing function”. The corresponding mod-
ified Hamiltonian is the so-called “unitarizing Hamiltonian” in the language of
[Batalin 1977], and can be identified with the gauge-fixed Hamiltonian Hgf in
our examples. We are thus led to the following BRST invariant and unitarizing
Hamiltonian

HU = HB + {Ψ, QB} . (11.102)

Note that HU is just the extension of the BRST invariant Hamiltonian by
a BRST exact term. It is quite remarkable that the corresponding quantum
partition function is insensitive to different choices of Ψ. This is the content of
a central theorem by Fradkin and Vilkovisky [Fradkin 1977]:

11.5.2 FV Principal Theorem

The path integral

ZΨ =

∫
DqDpDηDP̄ei

∫
t2

t1
dt(q̇αpα+η̇AP̄A−HU (q,p,η,P̄))

(11.103)

22Note that Ψ = 0 is also a possible choice.
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with the “unitarizing” Hamiltonian

HU = HB + {Ψ, QB} , (11.104)

{QB, HB} = 0, {QB, QB} = 0 ,

and with QB satisfying the boundary condition

[∑

i

pi
∂QB
∂pi

+
∑

A

P̄A
∂QB
∂P̄A

−QB

]t2

t1

= 0

is independent of the gauge fixing function Ψ = Ψ(q, p, η,P), carrying Grass-
mann signature ε(Ψ) = 1 and ghost number gh(Ψ) = −1.

Note that this boundary condition is nothing but (11.58) for finite t1 and t2.
It ensures the BRST invariance of the kinetic contribution to the action. Note
also that the so-called “unitarizing Hamiltonian” corresponds to the gauge fixed
Hamiltonian in our examples. We leave the proof of this important theorem
for Appendix D. By imposing “inititial conditions” on the BRST charge and
Hamiltonian, one makes contact with the gauge theory of interest.

From the FV theorem, and theorems 1 and 2, it follows in particular, that
for theories of rank one the following statement holds:

Let GA und H be an irreducible set of functions of the phase space variables
{qα}, {pα}, with the involutive algebra

{GA, GB} = UCABGC ,

{H,GA} = V BA GB , (11.105)

and with V BA (q, p) subject to the condition that the completely antisymmetric
part of {V BA , UCDE} with respect to any pair of upper (lower) indices vanishes.
Then the following choice of HB and QB

HB = H + ηAV BA P̄B , (11.106)

QB = GAη
A +

1

2
P̄CU C

ABη
AηB

ensures the Ψ independence of the functional integral (11.103).

The FV principle theorem provides us with the structure of the partition
function which ensures that ZΨ is actually independent of Ψ. This does not
ensure however that it is the correct quantum partition function associated with
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a classical Lagrangian, characterized by an involutive algebra (11.105). For this
to be the case one must show that there exists a choice for Ψ such that BRST
invariant correlators of operators satisfying (11.99) map onto corresponding
gauge invariant correlators in a physical gauge where the correct path integral
representation is known. This cannot be shown in general, but must be checked
in each case separately. Before demonstrating this for the case of the SU(3)
Yang-Mills theory, let us however first obtain a more explicit expression for
the unitarizing Hamiltonian for theories of rank one and “fermion gauge fixing
functions” Ψ linear in the ghosts.

11.5.3 A large class of gauges

For fermion gauge fixing functions linear in the ghosts, the general structure is
fixed by recalling that Ψ carries ghost number gh(Ψ) = −1:

Ψ = P̄AψA(q, p) .

Our choice of Ψ in our quantum mechanical and Yang-Mills examples fall into
this category. With this choice we have

{Ψ, QB} = P̄A{ψA, QB}+ ψA{P̄A, QB} .

For a theory of rank one (see (11.106))

{ψA, QB} = {ψA, GB}ηB +
1

2
{ψA, UDBC}ηBηCP̄D ,

and

{P̄A, QB} = GB{P̄A, ηB}+
1

2
UDBC{P̄A, ηBηC}P̄D , (11.107)

or

{P̄A, QB} = −GA + P̄DUDABηB .

Here we made use of the antisymmetry of UCAB in A and B. Hence {Ψ, QB} is
given by

{Ψ, QB} = P̄A{ψA, GB}ηB+
1

2
P̄A{ψA, UDBC}ηBηCP̄D−GAψA−P̄CUCABψAηB .

Inserting this expression in (11.102), we obtain for the unitarizing Hamiltonian
HU

HU = HB−GAψA+P̄A{ψA, GB}ηB+
1

2
P̄A{ψA, UDBC}ηBηCP̄D−P̄CUCABψAηB

(11.108)
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where for a theory of rank one, HB is given by (11.106). In particular, for q
and p (i.e. field) independent structure functions UCAB this expression reduces
to

HU = HB+P̄A{ψA, GB}ηB−GAψA−P̄CUCABψAηB ; (UCAB q, p independent)
(11.109)

Note that the information about the theory of interest is embodied in H (con-
tained in HB), as well as in algebraic properties associated with the constrained
structure, while the freedom in the choice of gauge is contained entirely in the
BRST exact term, i.e., in the last four terms of (11.108).

11.5.4 Connecting ZΨ with the quantum partition func-
tion in a physical gauge. The SU(N) Yang-Mills
theory

Let us now come to the important question, whether a given partition func-
tion, having the structure dictated by the FV principal theorem, is the correct
quantum partition function corresponding to a given classical Lagrangian. As
we have already mentioned this must be checked in each case separately.

As an example we consider the SU(N) Yang-Mills theory described by the
Lagrangian (11.59) and canonical Hamiltonian (11.64). Choose ψA in (11.108)
to be of the form

ψA := (~χ( ~A),~0) , (11.110)

where ~χ and ~0 are (N2 − 1)-component vectors in “colour space”, depending
only on the spacial components of the gauge fields. Below we shall simply
denote them by χa(x). Since the structure functions ŨCAB, defined in (11.70),
are field independent in this case, we have from (11.109), (11.110) and (11.68),
(11.70) and (11.72), 23

HU = H0+
∫
d3x ηAṼ BA P̄B −

∫
d3x χaπa0

+
∫
d3xd3y c̄a(x){χa(x), Tb(y)}cb(y)

with the constraints (11.68). Taking H0 to be the canonical Hamiltonian
(11.64), the corresponding structure functions Ṽ BA are given by the matrix
(11.72). Then HU takes the form

HU = H0 −
∫
d3x

(
χaπa0 − P̄aP

a + gfabcP̄ac
bAc0

)

+

∫
d3xd3y c̄a(x){χa(x), Tb(y)}cb(y) . (11.111)

23Recall footnote 19.
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Thus HU is a function of Aaµ, π
a
µ, the ghost variables c

a, c̄a and their canonically

conjugate momenta, P̄a and P a. The unitarizing action is therefore given by

SU =

∫
d4x

(
Ȧµaπ

a
µ + ˙̄caP

a + ċaP̄a −HU

)
, (11.112)

with the kinetic term ordered in the form “velocity × momentum”. This leaves
us with the problem of choosing χa( ~A). But let us first briefly demonstrate
how the FV principal theorem leads, for an appropriately chosen fermion gauge
fixing function Ψ, to the Faddeev-Popov result for the Yang-Mills theory in the
Lorentz gauge [Henneaux 1985].

Given a fermion gauge fixing function of the form (11.110) one can perform
the integrations over P and P̄ in the BFV partition function. This partition
function is given by,

Z =

∫
DADπDcDc̄ ei

∫
d4x[Ȧµaπ

a
µ−H0+χ

aπa0−
∫
d4y c̄a(x){χa(x),Tb(y)}cb(y)]Ẑ[c, c̄] ,

(11.113)
where

Ẑ =

∫
DP̄DPei

∫
d4x[ ˙̄caPa+P̄a(−ċa−Pa+gfabccbAc0)] .

Choosing

χa = ∂iAai , (11.114)

and performing the integration over P̄ a, (11.113) becomes

Z =

∫
DADπDc̄Dc ei

∫
d4x[Ȧµaπ

a
µ−H0+(∂iAai )π

a
0−(∂i c̄a)Diabcb]Ẑ[c, c̄] , (11.115)

where

Ẑ =

∫
DP

∏

~x,a

δ
(
P a +D0

abc
b
)
ei
∫
d4x ˙̄caP

a

. (11.116)

Here D0
ab is the zeroth component of the covariant derivative (11.78), and we

have made a partial integration along the way. Hence after integrating over P a

we arrive at

Ẑ = e−i
∫
d4x ˙̄caD0

abc
b

.

This factor combines in (11.115) with the exponential and leads to the replace-
ment (∂ic̄a)Di

abc
b by (∂µc̄a)Dµ

abc
b. Finally, carrying out also the π, c and c̄

integrations, one recovers the partition function in the Lorentz gauge as ob-
tained using the Faddeev-Popov trick, i.e., eq. (11.80).

Our result does not yet imply that the Faddeev-Popov result correctly de-
scribes the SU(N) Yang-Mills theory. For this we must still demonstrate that
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for gauge invariant correlation functions, the above partition function is equiv-
alent to the well known partition function in the Coulomb gauge. This we now
show.

Consider once more the partition function in the form (11.103). Since ac-
cording to the FV theorem this partition function does not depend on the
choice of the fermion gauge fixing function Ψ, we can replace χa by [Faddeev
1977]

χ′a =
1

ε
∂iAai (x) , (11.117)

where ε is an arbitrary parameter. By the FV theorem the partition function
will not depend on ε.

The next step consists in making a change of variables. Thus introducing
the variables, π′a

0 ≡ 1
επ

a
0 , and c

′a = 1
εc
a, the partition function (11.113) remains

unchanged, except for the kinetic contribution Ȧ0
aπ

a
0 , which becomes multiplied

by ε, and an irrelevant ε-dependent factor multiplying the partition function.
Hence with the choice (11.117) in (11.113) one is led to the following equivalent
form for the partition function,

Z =

∫
Dµ ei

∫
d4x[εȦ0

aπ
′a
0 +Ȧiaπ

a
i −H′

0+A
a
0Diabπbi+∂iAiaπ′a

0 −∂i c̄aDiabc′b]Ẑ ′[c′, c̄]

where Dµ = DADπ′
0D~πDc̄Dc

′, and

Ẑ ′ =

∫
DP

∏

~x,a

δ
(
P a + εD0

abc
′b) e−i

∫
d4xPa∂0c̄a .

H′ is the Hamiltonian density evaluated on the full constrained surface Γ,

H′
0 =

1

2

∑

i,a

(πai )
2 +

1

4

∑

i,a

(F aij)
2 .

Since the ca’s are Grassmann valued, the Jacobian of the above transformation
equals unity. Taking the limit ε → 0, and integrating over A0

a, π
′a
0 , c

′a, c̄a, we
are then left with the partition function

ZCoul =

∫
D ~AD~π

∏

a,x

δ(Di
abπ

b
i (x))

∏

a,x

δ(∂iAai (x)) det(∂iDi
ab)e

i
∫
d4x (Ȧiaπ

a
i −H′

0)

(11.118)
or

ZCoul =

∫
D ~AD~π

∏

a,x

δ(Ta(x))
∏

a,x

δ(χa(x)) det{χa(x), Tb(y)}ei
∫
d4x (Ȧiaπ

a
i −H′

0)

where χa is given by (11.114).
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Expression (11.118) is the well known partition function in the Coulomb
gauge. Hence, by making use of the FV-theorem and some scaling arguments,
we have, at least formally, shown that the Faddeev-Popov prescription for
obtaining the QCD path integral in the Lorentz gauge is in fact correct.

11.6 Equivalence of the SD and MCS models

In this section we consider once more the self dual (SD) model [Townsend
1984], defined by the Lagrangian (7.34). Since the Lagrangian describes a
purely second class system, the starting point for a BRST formulation must
be its classical first class embedded version discussed in chapter 7. Having
constructed the FV-partition function, we then make use of the freedom in the
choice of gauge to prove the equivalence of the SD-model with the Maxwell-
Chern-Simons (MCS) theory within its gauge invariant sector [Banerjee 1997b].
This, as we shall see, is not completely straightforward, but involves some subtle
steps.

In the case of a first class system, obtained via BFT embedding from a
theory with second class constraints, we are just given a Hamiltonian H̃ and
a set of constraints which are all in strong involution. Since we have a priori
no Lagrangian associated with the embedded model, we can therefore not dis-
tinguish between primary and secondary constraints. Hence we cannot simply
make use of previously obtained results. But the general principles on which
the construction of the quantum partition function rests, such as the nilpotency
of the BRST charge as generator of the BRST symmetry, and the general FV
form of the partition function (11.103) are still valid.

The partiton function (11.103) was based on the so-called minimal BRST
operator obtained in the phase space of the original variables, ghosts and
antighosts. The BRST operator is however only unique in the sense, that
the cohomology always contains the observables of the theory. Its representa-
tion however depends on the choice of the underlying phase-space, which need
not be identical with the above mentioned minimal phase-space, as long as it
does not change the algebra of the observables. It turns out that in certain
cases, quantization of the theory requires an extension of this original phase
space (see comment later on).

Our starting point for proving the above stated equivalence between the SD-
model and the MCS-theory is the first class embedded version of the self dual
(SD) model discussed in subsection 4.3 of chapter 7. There we have seen that
the original four second class constraints were converted into a set of four first
class constraints by introducing four fields φα, one for each constraint, satisfying
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the simplectic algebra (7.1). The new first class constraints, obtained from the
second class constraints Ωα, we denoted by Ω̃α (α = 0, 1, 2, 3) and are given by
(7.41). The new Hamiltonian H̃ , in strong involution with the constraints Ω̃α,
was shown to have the form (7.42). Since this Hamiltonian and the first class
constraints are in strong involution, it follows that the corresponding structure
functions defined by equations analogous to (11.105) all vanish. Hence in this
case the BRST HamiltonianHB equals H̃ , so that the corresponding unitarizing
Hamiltonian is

HU = H̃ +

∫
d2x {Ψ(x), QB} , (11.119)

where,

H̃ =

∫
d2x

(
1

2
F 2
0 +

1

2
~F 2 −mF 0Ω̃3

)
, (11.120)

with F 0 = f0 + φ3 and f i = f i + φi.
Our aim is now to construct a gauge invariant partition function having the

structure dictated by the FV-theorem (11.103), and having the property that in
two appropriately chosen gauges it reduces to either the partition function of the
SD-model, or to that of the MCS theory. For this it turns out to be necessary to
double the gauge degrees of freedom. The corresponding additional generators
we denote by π̃α (α = 1, . . . , 4), and are assumed to be in strong involution
with the remaining variables. Being generators of an additional symmetry, we
group them together with the Ω̃α’s into the vector

GA := ({π̃α}, {Ω̃α}) . (11.121)

Having introduced the π̃α’s, we must also introduce the corresponding conju-
gate variables λα, in order to conform with the FV-theorem. Proceeding as in
the case of the Maxwell theory we introduce the vectors

ηA :=

(
Pα

cα

)
, P̄A :=

(
c̄α
P̄α

)
, (11.122)

with Poisson brackets given by (11.93). The freedom in choosing a gauge in
the FV functional integral is then realized via a BRST exact term involving
the “non-minimal” BRST charge QB of the simple form

QB =

∫
d2x ηAGA =

∫
d2x

(
Ω̃αc

α + π̃αP
α
)
.

With the introduction of the new canonical pair, (λα, π̃α), we must also include
a corresponding term λ̇απ̃α in the kinetic contribution to the FV action in order
to conform with the FV theorem.
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Next we must choose a gauge fixing function Ψ(x) in (11.119). This function
should carry ghost number gh(Ψ) = −1. We therefore make the following
ansatz, to be justified a posteriori,

Ψ(x) = P̄AψA , ψA := (χα, λα) ,

where χα is a function of the fields fµ(x) and φβ(x) to be fixed below. Hence
∫
d2x {Ψ(x), QB}=

∫
d2xd2y c̄α(x){χα(x), Ω̃β(y)}cβ(y)

−
∫
d2x[λαΩ̃α + π̃αχ

α − P̄αP
α] .

The P̄P term, arising from our above extension of phase space, is important in
order to make the FV partition function below well defined, and was in fact one
motivation for extending our space. Since our algebra of constraints is strongly
involutive, it cannot arise from the BRST Hamiltonian HB = H̃ .

Choosing for our canonically conjugate auxiliary fields in the kinetic term
to be φα and φβωβα, (α = 1, 2), the FV-partition function takes the form

ZFV =

∫
DfDπDφDλDπ̃Dc̄DcDP̄DP eiSU , (11.123)

where 24

SU =

∫ [
ḟµπµ +

1

2
φαωαβφ̇

β + λ̇απ̃α + ċαP̄α + ˙̄cαP
α −H0(f

0 + φ3, f i + φi)

− c̄α{χα, Ω̃β}cβ + λαΩ̃α + π̃αχ
α − P̄αP

α)
]

(11.124)

and H0(f
0, f i) is defined in (7.38). Note the factor 1/2 in the second term

on the rhs, since we are summing over all α and β. As we will see below,
the term π̃αχ

α will give rise to a gauge condition χα = 0 after an appropriate
scaling of the integration variables. This was another reason for working in a
non-minimal space.

Doing the P and P̄ integration we are left with

ZFV =

∫
DfDπDφDλDπ̃ei

∫
(ḟµπµ+

1
2φ

αωαβ φ̇
β+λ̇απ̃α) (11.125)

×
∫
Dc̄Dc ei

∫ (
− ˙̄cċ−H0(f

0+φ3,fi+φi)−c̄α{χα,Ω̃β}cβ+λαΩ̃α+π̃αχα
)
.

24In order to keep the expressions as simple as possible, we adopt the following conven-
tion: if the integrand involves also non-local expressions, then a simple integration sign will
also stand for multiple integrations associated with multiple summations over fields in non-
local expressions. The dimensionality of the (non-specified) measure will be clear from the

(Hamiltonian, or action) content. Thus, for example in (11.124),
∫
c̄α{χα, Ω̃β}cβ stands for∫

d3xd3yc̄α(x){χα(x), Ω̃β(y)}cβ(y).
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We now proceed as in the Yang-Mills case, and make the replacement χα →
1
εχ

α. The corresponding partition function does not depend on ε. Next we
make the change of variables c̄α = εc̄′α π̃α = επ̃′α. The Jacobian for this
transformation is unity (recall that the Jacobians differ for Grassmann vari-
ables from the usual ones). Taking the limit ε → 0 in the functional integral,
and performing the integrations over all Grassmann variables and “Lagrange
mutipliers” π̃′

α and λα, one is left with the following gauge fixed partition
function

ZFVgf =

∫
DfDπDφ(

∏

α,x

δ[χα]δ[Ω̃α])det{χα, Ω̃β}

× ei
∫
(ḟµπµ+ 1

2φ
αωαβ φ̇

β−H0(f
0+φ3,fi+φi)) . (11.126)

This partition function is the starting point for proving the claimed equivalence.

Equivalence of ZFV and ZSD

Let us choose χ̄α = Ωα, where Ωα are the second class constraints (7.36)
and (7.37). Looking back at the expressions for the first class constraints (7.41),
we see that ∏

α

δ[Ωα]δ[Ω̃α] =
∏

α

δ[Ωα]δ[φ
α] .

Hence the φ-integration in (11.126) can be trivially performed and we obtain,
aside from an irrelevant multiplicative constant,

ZSD =

∫
DfDπ (

3∏

α=0

δ[Ωα])det {Ωα,Ωβ}ei
∫
d3x(ḟµπµ−H0(f)) , (11.127)

which is the partition function of the SD-model. Hence the partition function
of this model is a particular gauge fixed version of the FV-partition function,
thus proving the equivalence of the SD-model with the theory associated with
ZFV in (11.123) within the gauge invariant sector.

Equivalence of ZFV and ZMCS

We now make again use of our freedom of gauge choice to prove in turn the
equivalence of the theory defined by (11.126), and the MCS theory defined by
the Lagrangian (7.54) within the BRST invariant and gauge invariant sectors,
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respectively. Consider the following alternative choice of gauge conditions in
(11.126):

χ0 : = f1 +
1

m
∂2f0 = 0 ,

χi = φi +
1

m
∂iφ0 = 0 (i = 1, 2) , (11.128)

χ3 : = f2 − 1

m
∂1f0 = 0 .

Note that these conditions imply that

∂if
i = 0 , εij∂

iφj = 0 . (11.129)

Hence it is a Coulomb like gauge. In the following we shall make extensive use
of those properties. Implementing the constraint Ω̃3 = 0 in (11.120), one is led
to the following expression for the Hamiltonian density

H̃ =
1

2
(f0 + φ3)2 +

1

2
(f i + φi)2

which because of (11.128) can also be written in the form

H̃ =
1

2m2
(εij∂

if j)2 − 1

2
f ifi −

1

2m2
φ0∇2φ0 ,

where we have dropped a surface term. One then finds, after performing the
integrations over the momenta and the φi’s in (11.126), and dropping any
surface contributions, that

ZFVgf =

∫
DfDφ0

∏

i,x

δ[f i +
1

m
εij∂

jf0]

× ei
∫
d3x [ 1

m2 φ
0εij∂

i∂0fj+ 1
2m2 φ

0∇2φ0+ 1
2m εijf

i∂0fj− 1
2m2 (εij∂

ifj)2+fifi] ,

where we have dropped the constant determinant det{χ̄α, Ω̃β}. The above
expression can also be rewritten as

ZFVgf =

∫
Dµ(f, φ) ei

∫
(φ0+εij∂

i∂0fj 1

∇2 ) ∇2

2m2 (φ
0+ 1

∇2 εkl∂
k∂0f l) (11.130)

× ei
∫
[− 1

2m2 (εij∂
i∂0fj) 1

∇2 (εkl∂
k∂0f l)− 1

2m2 (εij∂
ifj)2+ 1

2m εijf
i∂0fj+ 1

2m2 f
0∇2f0] ,

where

Dµ(f, φ) = DfDφ0
∏

i,x

δ[f i +
1

m
εij∂

if0] .
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Making use of the relation

εijεkl = δikδjl − δilδjk ,

valid in two dimensions, one finds - upon making use of (11.129) that

1

2m2

(
εij∂

i∂0f j
) 1

∇2

(
εkl∂

k∂0f l
)
= ∂0f i∂0fi

=
1

2m2
F 0iF0i +

3

2m2
f0∇2f0 + s.t. ,

where “s.t.” stands for “surface term”, and

Fµν ≡ ∂µfν − ∂νfµ .

Furthermore we have that

1

2m
εijf

i∂0f j = − 1

4m
εi0jf

iF 0j − 1

4m
εij0f

iF j0 +
1

4m
ε0ijf

0F ij + s.t. ,

and because of the gauge conditions on f i in (11.128)

1

m2
f0∇2f0 = −mf i(εij∂jf0) = − 1

2m
ε0ijf

0F ij + s.t.

Here εµνλ, (µ, ν, λ = 0, 1, 2) is the ε-tensor in three dimensions, with ε012 = 1.
Performing the integration over φ0 and combining the various contributions in
(11.130) one finds that

ZFVgf ′ =

∫
DA

∏

i,x

δ(mAi + εij∂
jA0) exp

(
i

∫
d3x LMCS

)
, (11.131)

where LMCS is the Lagrangian density of the Maxwell-Chern-Simons theory

LMCS = −1

4
FµνFµν +

m

2
εµνλA

µFνλ ,

with Aµ ≡ 1
mf

µ and Fµν = ∂µAν − ∂νAµ. This, we claim, is the partition
function of the MCS theory in the gauge Ai + 1

m εij∂
iA0=0.

The MCS theory is a theory in 3 space-time dimensions with the following
first class constraints:

π0 = 0 , ∂iπi +
m

2
εij∂

iAj = 0 .

We denote this set by Ωµ = 0 (µ = 0, 1, 2). The Hamiltonian density is given
by

HMCS =
1

2
~π2 +

1

4
F ijFij −A0∂iπi −

m

2
εijπiA

j − m2

8
AiA

i − m

2
εijA

0∂iAj ,
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where summation over repeated indices is understood. Introducing a set of
gauge conditions χµ = 0, (µ = 0, 1, 2) the partition function for this now second
class system is given by

ZMCS =

∫
DADπ

∏

x

δ[π0]
∏

x

δ
(
∂iπi +

m

2
εij∂

iAj
)

×
∏

µ,x

δ[χµ(A)] det{χµ,Ων}ei
∫
d3x (Ȧµπµ−HMCS)

Let us assume that the χµ’s do not depend on the canonical momenta, and that
they depend linearly on the “potentials” Aµ. Then the determinant is just a
constant. We can then perform the momentum integrations and obtain

ZMCS =

∫
DA

∏

µ,x

δ[χµ(A)] ei
∫
d3x LMCS .

Comparing this expression with (11.131) we conclude that the MCS theory in
the gauge Ai+ 1

m εij∂
jA0 = 0, and the second class self dual model described by

the partition function (11.127), are just two gauge fixed versions of the BRST
invariant FV-partition function (11.126), with the action given by (11.124). 25

11.7 The physical Hilbert space. Some remarks

So far our discussion has been carried out entirely within the functional ap-
proach. We conclude this chapter with some remarks about the Hilbert space
underlying the partition function (11.103).

The Faddeev-Popov ghost charge Qgh is associated with the rigid symmetry
transformation [Kugo 1979]

ca → eεca ; c̄a → e−εc̄a .

Its Poisson brackets of ca and c̄a with the ghost charge are given by

{ca, Qgh} = ca , {c̄a, Qgh} = −c̄a

where
Qgh = caP̄a − c̄aP

a .

Furthermore
{HB, Qgh} = 0 , {Qgh, QB} = 1

25For an alternative proof, starting from a “master Lagrangian” see [Banerjee 1995b].
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These relations state that QB and HB carry ghost numbers one and zero re-
spectively. After mapping the generalized Poisson brackets onto commutators
and anti-commutators of the corresponding operators, physical states are ob-
tained upon i) eliminating BRST equivalent states, ii) requiring the absence of
ghosts in the physical spectrum and iii) eliminating zero norm states. The first
condition requires that

Q̂B|phys〉 = 0 , (11.132)

where Q̂B is now an operator in Hilbert space. Hence physical states are BRST
invariant. Similarly the absence of ghost states in the physical spectrum is
implemented by the requirement

Q̂gh|phys〉 = 0 . (11.133)

The space defined by (11.132) and (11.133) still contains zero norm states. Let
V0 be the subspace of zero-norm states. Clearly the norm of any state of the
form

|Ψ(0)〉 = Q̂B|Ψ〉
vanishes because of the nilpotency of Q̂B, i.e., Q̂2

B = 0. This property is referred
to as BRST cohomology. The zero norm states have no effect on physical
processes, i.e. |Ψ〉 and |Ψ〉 + Q̂B|Φ〉 are not distinguishable when calculating
correlators of BRST invariant operators, if |Ψ > fulfills the conditions (11.132)
and (11.133). After eliminating also the zero norm states, the physical S-matrix
Sphys can be defined consistently in this (positive norm) Hilbert space, and the
unitarity of Sphys can be proven [Kugo 1979], i.e.,

S†
physSphys = SphysS

†
phys = 1.



Chapter 12

Field-Antifield
Quantization

12.1 Introduction

In the preceding chapters we have systematically developed a Hamiltonian for-
malism leading us to the quantum phase space partition function in a general
gauge. The main drawbacks of this formulation are twofold: i) One generally
wants to formulate the Feynman rules in configuration space. ii) The Hamilto-
nian formulation is not manifestly covariant, so that it is not clear which gauge
fixing condition in phase space (or which fermion gauge fixing function) implies
a covariant choice of gauge in the Lagrangian formulation.

The field-antifield approach of Batalin and Vilkovisky (BV) to the quanti-
zation of theories with a local symmetry [Batalin 1981/83a,d/84] solves both
of these problems. In this formulation the solution of the so-called master
equation is the configuration-space counterpart of the Fradkin-Vilkovisky (FV)
phase-space action. The equivalence of the Hamiltonian BFV formalism and
the BV field-antifield formalisms has been studied e.g. in [Fisch 1989, Grigo-
ryan 1991, De Jonghe 1993]. The present chapter is intended as an introduction
to the central ideas of this formalism, which we shall motivate by starting from
the FV representation of the partition function discussed in chapter 11. For
an extensive discussion of the field-antifield formalism, the reader is referred to
[Henneaux 1990b, Gomis 1995].

In the following we first present the axiomatic approach of Batalin and
Vilkovisky, and then present a proof for systems under some restrictive condi-
tions.
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12.2 Axiomatic field-antifield formalism

The field-antifield formalism is usually presented without immediate motivation
in an axiomatic way, the justification of the procedure relying ultimately on
the observation that the field-antifield action, obtained by solving the so-called
master equation in field-antifield space, embodies the full gauge structure of
the classical action in question. 1 In this approach to quantization one departs
from the classical configuration-space action Scl[q], which is a functional of the
coordinates qi, i = 1, · · · , n, and is invariant under a set of gauge transforma-
tions,

δqi(t) =

∫
dt′Riα(t, t

′)εα(t′), α = 1, · · · ,m0 , (12.1)

where the Riα’s are in general local functions of the (time-dependent) coordi-
nates, and of explicit time. Suppose that one has found all local symmetry
transformations, and that the Riα’s are linearly independent (i.e., possess no
right zero modes), then the theory is said to be irreducible, and we are led to
m0 independent Noether identities, 2

∫
dt′

δScl
δqi(t′)

Riα(t
′, t) ≡ 0 , α = 1, · · · ,m0 . (12.2)

If on the other hand the matrix Riα possesses m0 right zero modes, then the
theory is said to be reducible, and the number of arbitrary gauge parameters
is less than m0.

3

In the following we restrict ourselves to the irreducible case. For every gauge
parameter εα we then introduce a ghost field cα. The complete set of fields we
denote by ϑ` := (qi, cα). Note that no anti-ghosts have been introduced at this
stage. Following Batalin and Vilkovisky [Batalin 1981] one now introduces for
every field ϑ` an antifield ϑ?` , with opposite statistics to that of ϑ`,

ε(ϑ`) = ε` , ε(ϑ?` ) = ε` + 1 (mod 2) ,

and ghost number
gh(ϑ?` ) = −gh(ϑ`)− 1 .

1See the reviews by Henneaux and Gomis [Henneaux 1990b, Gomis 1995].
2Note that we can always add to the rhs of (12.1) terms of the form

∫
dt′

δScl

δqj(t′)
T ji(t′, t)

with T ij = −T ji (bosonic case), without altering the Noether identity (12.2). Such terms
do not contribute to δScl and are called “trivial” gauge transformations. They do not lead
to conserved currents.

3For a discussion of this case confer e.g. [Gomis 1995].
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In this space of fields and antifields one defines an odd symplectic structure
called antibracket [Zin-Justin 1975, Batalin 1981]: 4

(f, g) =

∫
dt

(
δ(r)f

δϑ`(t)

δ(l)g

δϑ?` (t)
− δ(r)f

δϑ?` (t)

δ(l)g

δϑ`(t)

)
, (12.3)

where f and g are in general functionals of the fields and antifields, and δ(r)

δϑ ,
δ(l)

δϑ denote the right- and left-functional derivatives. The summation over `
includes an integration over spacial coordinates in the case of a field theory.
Recall that for bosonic (B) and fermionic (F) functionals of bosonic (fermionic)
variables b (f) we have,

δ(l)F

δf
=
δ(r)F

δf
,

δ(l)F

δb
=
δ(r)F

δb

δ(l)B

δf
= −δ

(r)B

δf
,

δ(l)B

δb
=
δ(r)B

δb
. (12.4)

The antibracket has the following properties:

i) Grassmann signature

ε(f,g) = εf + εg + 1 (mod 2)

ii) Commutative and assocative properties:

(g, f) =−(−1)(εf+1)(εg+1)(f, g) ,

(fg, h) = f(g, h) + (−1)εg(εh+1)(f, h)g , (12.5)

(f, gh) = (f, g)h+ (−1)εg(εf+1)g(f, h) .

iii) Jacobi identity

(−1)(εf+1)(εh+1)((f, g), h) + (−1)(εg+1)(εf+1)((g, h), f)

+ (−1)(εh+1)(εg+1)((h, f), g) = 0 . (12.6)

An important property of the antibracket is, that in analogy to the Poisson
bracket in phase space, the infinitesimal transformation ϑ` → ϑ` + ε(ϑ`, F ),
ϑ?` → ϑ?` + ε(ϑ?` , F ), with ε an infinitesimal bosonic parameter, F an arbitrary
function of ϑ` and ϑ?` , and ε(F ) = 1, gh(F ) = −1, maintains the canonical

4Functional derivatives will be understood to be partial derivatives when acting on ordi-
nary functions.
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structure (ϑ`, ϑ?k) = δ`k up to order O(ε2). 5 From the definition (12.3) one
readily verifies that for bosonic functionals B

(B,B) = 2

∫
dt
δ(r)B

δϑ`(t)

δ(l)B

δϑ?` (t)
,

and for fermionic functionals F ,

(F, F ) = 0 .

Furthermore
((f, f), f) = 0

for any f , bosonic or fermionic.
Consider now a bosonic functional S[ϑ, ϑ?] with the dimensions of an action,

obeying the so-called classical master equation:

(S, S) = 0 , (12.7)

with the boundary condition

S[ϑ, ϑ?]ϑ?=0 = Scl[q] .

Consider further the following transformation of ϑ` and ϑ?` induced by S:

∨
sϑ` ≡ (ϑ`, S) ,

∨
sϑ?` ≡ (ϑ?` , S) , ` = 1, · · · , N . (12.8)

Under these transformations S is invariant, since it is a solution to the master
equation (12.7). Furthermore, S can be regarded as a nilpotent operator in
the antibracket sense, just as the BRST charge QB is nilpotent in the Poisson
bracket sense: {QB, QB} = 0.

Let us collect the fields and antifields into zA = (ϑ`, ϑ?` ). By defining the
matrix

ξAB :=

(
0 δ`k

−δk` 0

)

with the symmetry property

ξAB = −ξBA ,

5In the case where F is an F2 type generating function, depending on ϑ and the trans-

formed antifield ϑ̃?
`
with

ϑ̃` =
∂F2

∂ϑ̃?
`

, ϑ?` =
∂F2

∂ϑ`
,

the canonical structure of the antibrackets turns out to be preserved exactly [Troost 1990],

i.e., (ϑ̃`, ϑ̃?
`′
) = δ``′ , (ϑ̃

`, ϑ̃`
′
) = (ϑ̃?

`
, ϑ̃?

`′
) = 0.
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we can write the antibracket (f, g) in the form of an odd symplectic structure:

(f, g) =

∫
dt

δ(r)f

δzA(t)
ξAB

δ(l)g

δzB(t)
.

Since ξAB only connects antifields with fields, we also have the following relation

ξAB 6= 0 −→ (−1)(εA+1)(εB+1) = 1 . (12.9)

Assuming that a solution to (12.7) has been found, we can right-differentiate
(12.7) with respect to zC(t):

∫
dt′
[ δ(r)S

δzA(t′)
ξ AB

(
δ(r)

δzC(t)

δ(l)S

δzB(t′)

)

+ (−1)εCεB
(

δ(r)

δzC(t)

δ(r)S

δzA(t′)

)
ξAB

δ(l)S

δzB(t′)

]
= 0 .

Making use of
δ(r)

δzC(t)

δ(r)S

δzA(t′)
= (−1)εA

δ(l)

δzA(t′)

δ(r)S

δzC(t)

and
δ(r)

δzC(t)

δ(l)S

δzA(t′)
=

δ(l)

δzA(t′)

δ(r)S

δzC(t)

we obtain, using (12.9),

δ(r)

δzB(t)
(S, S) = 2

∫
dt′

δ(r)S

δzA(t′)
RA
B(t

′, t) ≡ 0 , A,B = 1, · · · , 2N ,

with

RA
B(t

′, t) = ξAC
δ(l)

δzC(t′)

δ(r)S

δzB(t)
. (12.10)

These identities are the analog of the gauge identities (12.2), stating the invari-
ance of the field-antifield action under the transformations

δzA(t) =

∫
dt′RA

B(t, t
′)εB(t′) .

Thus it appears that S possesses 2N gauge degrees of freedom. Not all of
them are however independent. Of particular interest are the so-called proper
solutions to the master equation, where the number of true gauge degrees of
freedom is just N , with N the number of star-variables. This, in fact, is
the maximum number of possible gauge degrees of freedom [Gomis 1995]. In
this case N gauge degrees of freedom can be eliminated by imposing N gauge
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conditions. This allows one to eliminate the N antifields in favour of the ϑ`’s,
leading to a well defined partition function in the original space of fields.

The so-called proper solutions to the master equation contain all the infor-
mation about the gauge algebra associated with Scl.

6 A particularly simple
solution is obtained in the case of irreducible theories of rank one with a closed
gauge algebra and constant structure functions. As discussed in subsection 5 of
chapter 2, a transformation of the coordinates of the form (12.1) is a symmetry
of the action, if the coefficient functions Riα(t) satisfy (12.2). Or, absorbing
the time dependences - as was also done in subsection 5 of chapter 2 - into
the discrete indices ((i, t) → i; (i, α) → α, etc.), with summations implying a
corresponding integration over time, we have

δScl
δqi

Riα = 0 . (12.11)

This is a particularily useful notation if the matrix Riα is non-local in time.
Furthermore, up to trivial gauge transformations - the closed gauge algebra
(2.42) translates into the following algebra for the matrix elements Riα,

7

δRiα
δqj

Rjβ −
δRiβ
δqj

Rjα = Riγf
γ
αβ . (12.12)

Let us now construct the solution to the master equation. Assume that Scl is

invariant under the transformations
∨
sqi = Riαc

α, with Riα satisfying (12.11),

and the cα’s Grassmann valued. According to (12.8)
∨
sqi should also be given

by (qi, S). The field-antifield action is therefore of the form

S = Scl + q?iR
i
αc
α + S2[q, c, c

?] . (12.13)

With this ansatz
∨
sScl = (Scl, S) =

δScl
δqi

Riαc
α = 0,

because of (12.11). Let

S1 ≡ Scl + q?iR
i
αc
α .

Then (S, S) = (S1, S1)+(S1, S2)+(S2, S1)+(S2, S2). A straightforward algebra
yields

(S1, S1) = q?i

(
δRiα
δqj

Rjβ −
δRiβ
δqj

Rjα

)
cαcβ ,

6See the review by Henneaux and Gomis [Henneaux 1990b, Gomis 1995].
7We take the generators to be those of a bosonic theory.
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or making use of (12.12),

(S1, S1) = q?i f
γ
αβR

i
γc
αcβ .

In the case of an abelian gauge algebra, fγαβ = 0, and S would be given by the
first two terms in (12.13). In the non-abelian case the contributions to (S, S)
arising from the presence of S2 in (12.13) must cancel with (S1, S1), if S is
to be a solution to the master equation. Now S2 must carry vanishing ghost
number and vanishing Grassmann parity. Furthermore it must be a function
of c?α and the fields cα, in order to give a non-vanishing contribution to (S, S).
Since the ghost number of c?α is −2, the simplest ansatz is of the form

S2 = −1

2
f̄γαβc

?
γc
αcβ ,

where the f̄γαβ’s are constants. A bit of algebra shows that by choosing f̄γαβ =

fγαβ , and making use of

fλαρf
ρ
βγc

αcβcγ = 0 ,

following from the Jacobi identity for the structure functions, i.e.,

fλαβf
δ
λγ + fλβγf

δ
λα + fλγαf

δ
λβ = 0 ,

the field-antifield action

S[q, c; q?, c?] = Scl[q] +

(
q?iR

i
αc
α − 1

2
c?αf

α
βγc

βcγ
)

(12.14)

is a solution to the classical master equation (12.7). Note that the first term
under the integral only requires the knowledge of the symmetries of the clas-
sical action, while the second term reflects a non-trivial algebra of the gauge
generators.

From (12.1) and the above solution for S one sees that (12.14) can also be
written in the form

S = Scl + (q?i
∨
sqi + c?α

∨
scα) (12.15)

where
∨
sqi = Riαc

α ,
∨
scα = −1

2
fαβγc

γ .

We recognize in these transformations the BRST symmetry transformations
of the effective action associated with a classical Lagrangian, for which the
generators Riα satisfy the algebra (12.12).

The solution to the master equation is not unique. Indeed, since (12.14)
does not contain the antighosts c̄α, we can always trivially add a term of the
form c̄?αB

α to (12.14), without violating (12.7):

S[q, c; q?, c?] → S̄[q, c, c̄; q?, c?, c̄?;B] = Scl[q] + (q?i
∨
sqi + c?α

∨
scα + c̄?αB

α) .
(12.16)
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This solution continues to be proper. Bα will turn out to play the role of the
gauge fixing Nakanishi-Lautrup field. The last term in (12.16) will in fact be
important when constructing the quantum action in a fixed gauge. Note that
at this point S̄ does not depend on the antighosts familiar from the Faddeev-
Popov trick for implementing a gauge condition. Indeed, the dependence on
c̄α enters indirectly via the gauge fixing, which is realized in [Batalin 1981],
seemingly ad hoc, by eliminating the antifields in favour of the fields according
to 8

q?a =
δΨL
δqa

, c?α =
δΨL
δcα

, c̄?α =
δΨL
δc̄α

. (12.17)

Here ΨL[q, c, c̄] is some functional of the fields, with Grassmann parity ε(ΨL) =
1 and ghost number gh(ΨL) = −1, properly chosen, such that the correspond-
ing gauge fixed action Sgf is non-degenerate. The antighosts c̄α are needed for
constructing a gauge fixing fermion with ghost number gh(Ψ) = −1. Imple-
menting (12.17) in (12.16) yields the gauge fixed Lagrangian action

Sgf [q, c, c̄;B] = S̄[q, c, c̄;
δΨL
δq

,
δΨL
δc

,
δΨL
δc̄

;B] .

The corresponding partition function then reads,

ZLΨ =

∫
DB

∫
DqDcDc̄ eiSgf [q,c,c̄;B] .

Example

Consider the classical action,

Scl =

∫
dt

(
1

2
ẋ2 + ẋy +

1

2
(x− y)2

)
(12.18)

which is invariant under the infinitesimal transformations

δx = ε , δy = ε− ε̇ . (12.19)

In this example the classical symmetry alone determines already the field-
antifield action, which is linear in the antifields. With ε in (12.19) replaced
by c, we have that

∨
sx = c ,

∨
sy = c− ċ .

8In the literature the notation Ψ is used for the gauge fixing fermion. We use ΨL for the
Lagrange gauge fixing fermion in order to distinguish it from the Hamiltonian gauge fixing
fermion ΨH in the following section.
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Hence according to (12.15) the field-antifield action is given by

S = Scl +

∫
dt [x?c+ y?(c− ċ)] +

∫
dt c̄?B . (12.20)

One readily checks that S is a solution to the classical master equation. From
(12.8) we deduce the remaining transformation laws that leave S[ϑ, ϑ?] invari-
ant, and hence are nilpotent in the antibracket sense:

∨
sx? = ẍ+ ẏ − x+ y ,
∨
sy? = −ẋ+ x− y ,
∨
sc = 0 ,

∨
sB = 0 ,

∨
sc̄ = B ,

∨
sc̄? = 0 .

We eliminate the star variables by introducing an appropriate set of gauge
conditions via (12.17). With the gauge fixing fermion ΨL =

∫
dt c̄(χ + ẏ), the

star variables are evaluated to be

x? = c̄
∂χ

∂x
,

y? =− ˙̄c+ c̄
∂χ

∂y
,

c? = 0 , c̄? = ẏ + χ .

Substituting these expressions into (12.20) yields, after a partial integration,
the gauge fixed action

Sgf = Scl +

∫
dt

(
c̄(ċ− c̈) + c̄

∂χ

∂y
(c− ċ) + c̄

∂χ

∂x
c+B(ẏ + χ)

)
,

in agreement with (11.20) and (11.21). One readily checks that (Sgf , S) = 0.

12.3 Constructive proof of the field-antifield

formalism for a restricted class of theories

The solution (12.14) is linear in the antifields. This is a characteristic of first
rank theories with constant structure constants. For these types of theories the
equivalence of the above axiomatic field-antifield approach to the systematic
FV Hamiltonian approach of chapter 11 has been discussed starting either from
the field-antifield action, or from the BFV Hamiltonian formulation [Batlle
1989/90, Dresse 1991, Grigoryan 1991, De Jonghe 1993, Rothe 2008]. Since
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this book is primarily concerned with Hamiltonian methods, we will take, in
the following, the latter path [Rothe 2008].

Starting from the Fradkin-Vilkovisky (FV) phase space action, we first show
that this action can be obtained as a solution to a Hamiltonian master equation
in phase space, analogous to (12.7). At this stage there will be no restriction
whatsoever on the gauge theory considered. This suggests that an analogous
statement should hold on Lagrangian level. To actually find the corresponding
Lagrangian version of the master equation in the BV formulation, we must
however be able to perform the momentum integrations. Since this cannot
be done in general, it restricts the class of gauge theories that can be studied
generically.

We now begin with the first part of the above mentioned program, which
does not involve any restrictions on the type of theories considered. It merely
makes use of the BRST invariance of the phase space action under transforma-
tions generated by a nilpotent charge.

12.3.1 From the FV-phase-space action to the
Hamiltonian master equation

Consider the FV (unitarized) action in (11.103), with HU given by (11.104),
i.e.,

SU [q, p, η, P̄] =

∫
dt
(
q̇ipi + η̇AP̄A −HB(q, p, η, P̄) + {Ψ, QB}

)
,

with HB the BRST Hamiltonian, QB the nilpotent BRST charge, and Ψ an
arbitrary “fermion gauge-fixing function” 9 depending on the phase-space vari-
ables qi, pi, η

A, P̄A. In what follows it will be convenient to write the BRST
exact contribution in the form:

{Ψ, QB} =

(
∂Ψ

∂qi
{qi, QB}+

∂Ψ

∂pi
{pi, QB}

)
+

(
∂Ψ

∂ηA
{ηA, QB}+

∂Ψ

∂P̄A
{P̄A, QB}

)

(12.21)
where { , } is the graded Poisson bracket (11.43), and where we made use of
the fact that, according to (12.4), there is not distinction between left- and
right-derivatives for fermionic functionals.

The gauge fixing fermion Ψ is an a priori arbitrary function of the fields
with Grassmann parity ε(Ψ) = 1 and ghost number gh(Ψ) = −1, reflecting the

9In comparison with (11.104) we have changed the sign of the BRST exact term, in order
to facilitate comparison with the literature.
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arbitrariness in the choice of gauge. Let us consider the partial derivatives of
Ψ as new variables:

q?i (t) =
∂Ψ

∂qi(t)
, p?i(t) =

∂Ψ

∂pi(t)
,

η?A(t) =
∂Ψ

∂ηA(t)
, P̄?A(t) = ∂Ψ

∂P̄A(t)
. (12.22)

The above derivatives are functions of qi, pi, η
A and P̄A. For later convenience

it is useful to consider the fermion gauge fixing function to be a functional of
these variables. We denote it by ΨH (the subscript H stands for “Hamilto-
nian”):

ΨH [q, p, η, P̄] =

∫
dtΨ(q(t), p(t), η(t), P̄(t)) . (12.23)

Then the definitions (12.22) are replaced by expressions involving functional
derivatives as follows:

q?i (t) =
δΨH
δqi(t)

, p?i(t) =
δΨH
δpi(t)

,

η?A(t) =
δΨH
δηA(t)

, P̄?A(t) = δΨH
δP̄A(t)

. (12.24)

Since ΨH carries Grassmann signature and ghost number 1 and −1, respec-
tively, the Grassmann signature and ghost number of a “star”-variable φ? is
related to that of φ by

ε(φ?) = ε(φ) + 1 (mod 2) ,

gh(φ?) = −gh(φ)− 1 .

Thus in particular we have that gh(η) = −gh(P̄) = 1; gh(q?) = gh(p?) =
−1; gh(η?) = −2; gh(P̄?) = 0.

Viewed as a function of the above variables, the FV-action - we denote it
by SH - takes the form

SH [q, p, η, P̄; q?, p?, η?, P̄?] =
∫
dt
(
q̇ipi + η̇AP̄A −HB(q, p, η, P̄) + q?i {qi, QB}

+p?i{pi, QB}+ η?A{ηA, QB}+ P̄?A{P̄A, QB}
)
. (12.25)

Let us denote by {θ`} and {θ?`} the sets {qi, pi, ηA, P̄A} and {q?i , p?i, η?A, P̄?A},
and write SH in the form

SH [q, p, η, P̄ ; q?, p?, η?, P̄?] =
∫
dt
(
q̇ipi + η̇AP̄A −HB(q, p, η, P̄)

)
+

∫
dt θ?` ŝθ

`

(12.26)
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where ŝθ` is the BRST variation of θ`, with ŝf defined generically by

ŝf = {f,QB} , (12.27)

where f [θ] is an arbitrary functional of θ. This definition follows quite naturally
from the decomposition (12.26). 10 The ordering of the factors in the kinetic
terms corresponds to the definiton of the canonical momenta in terms of left
derivatives. Note also that the variables qi include all variables (dynamical or
not) of the original Lagrangian. Thus in the case of the Maxwell theory, it
would include all components of Aµ and the corresponding canonically conju-
gate momenta. In a fixed gauge, i.e. for a given ΨH , the variables {θ?`} are
given functions of {θ`}. On the other hand, if the action (12.26) is regarded as
a function of the independent variables qi, pi, η

A and P̄A and their respective
antifields q?i , p

?i, η?A and P̄?A, then - as we now prove - (12.26) is found to
satisfy the so-called classical master equation,

(SH , SH) = 0 , (12.28)

with the “antibracket” (f,g) defined as in (12.3) with ϑ` → θ`, ϑ?` → θ?` , and
having the properties (12.5) and (12.6). Recall that ` labels the phase-space
degrees of freedom, which in the case of fields will also include the spacial
coordinates. In this case the sum over ` is understood to include an integration
over the spacial coordinates.

The proof of (12.28) is based on the BRST invariance of the first integral
in (12.26), and the Jacobi identity (12.6), implying {{Ψ, QB}, QB} = 0, where
Ψ is an arbitrary function of the phase space variables [Rothe 2008].

Proof of the Hamiltonian master equation

Consider the antibracket

(SH , SH) =

∫
dt

(
δ(r)SH
δθ`(t)

δ(l)SH
δθ?` (t)

− δ(r)SH
δθ?` (t)

δ(l)SH
δθ`(t)

)
. (12.29)

Since SH is a Grassmann even functional, and θ` and θ?` have opposite Grass-
mann signature, it follows from (12.4) that

δ(r)SH
δθ?`

δ(l)SH
δθ`

= −δ
(r)SH
δθ`

δ(l)SH
∂θ?`

.

10This is the BRST variation as it is usually defined in the literature. The corresponding
infinitesimal transformations are obtained by multiplying this expression by a global infinites-
imal Grassmann valued parameter ε from the right. This is equivalent to the BRST variation
δBf = ε{QB, f}ε introduced in chapter 11, where ε is multiplying the expression from the
left.
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Hence (12.29) takes the simpler form

(SH , SH) = 2

∫
dt

δ(r)SH
δθ`(t)

δ(l)SH
δθ?` (t)

. (12.30)

Let us now decompose (12.26) as follows:

SH = SB[θ] + ∆[θ, θ?] ,

where

SB =

∫
dt
(
q̇ipi + η̇AP̄A −HB(q, p, η, P̄)

)

is the BRST invariant action, and

∆ =

∫
dt θ?` {θ`, QB} =

∫
dt θ?` ŝθ

` .

Hence (12.30) is given by

(SH , SH) = 2

∫
dt
δ(r)SH
δθ`(t)

ŝθ`(t)

= 2

∫
dt

[
δ(r)SB
δθ`(t)

ŝθ`(t) +
δ(r)∆

δθ`(t)
ŝθ`(t)

]
.

The first integral vanishes since SB is BRST invariant. The second integral is
just the BRST variation of ∆, with respect to θ`,

∫
dt θ?` ŝ{θ`, QB} =

∫
dt θ?` {{θ`, QB}, QB} ,

which, upon making use of the Jacobi identity, vanishes because of the nilpo-
tency of QB.

We have thus shown that the BRST invariance of SB and the nilpotency
of QB imply that the action SH , considered as a function of the fields and
antifields, satisfies the Hamiltonian master equation (12.28). For this to be the
case, the linear dependence of SH on the antifields has played an important
role.

SH can be regarded as the generator of a symmetry of the antifield-action
in the antibracket sense. Indeed, from (12.26) and (12.27), we have

(θ`, SH) =
δ(l)SH
δθ?`

= {θ`, QB} . (12.31)

It thus follows, in particular, that the BRST invariant unitarized (gauge-fixed)
action

SU [θ] = SH [θ,
δΨH
δθ

]
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satisfies

(SU , SH) = 0 .

Hence SU is invariant under transformations generated by SH in the antibracket
sense. Extending the variation (12.31) to include the antifields, we define a
general variation induced by SH on a functional f of θ` and θ?` by

∨
sf ≡ (f, SH) . (12.32)

In particular we have that
∨
sθ?` = (θ?` , SH) . (12.33)

From (12.32) and (12.28) we then conclude that the complete set of transfor-
mations are also a symmetry of SH .

Example

Consider again our quantum mechanical model defined by the action (12.18),
with primary and secondary first class constraints φ = py and T = x − px,
respectively. The BRST charge is given by

QB = GAη
A = pyη

1 + (x − px)η
2 .

From (12.21) and (12.22) we then obtain 11

{Ψ, QB} = −x?η2 + y?η1 − p?xη
2 − P̄?1py − P̄?2 (x − px) .

Hence SH in (12.26) takes the form

SH =

∫
dt

(
1

2
[(pxẋ− xṗx) + (py ẏ − yṗy)] + η̇1P̄1 + η̇2P̄2 −HB

)

+

∫
dt
(
−x?η2 + y?η1 − p?xη

2 − P̄?1py − P̄?2 (x− px)
)
, (12.34)

where

HB =
1

2
(p2x − x2) + η2P̄2

is the BRST Hamiltonian. One now checks, making use of (12.5), that the
Hamiltonian master equation is satisfied. Indeed, as expected from similar

11Recall that {ηA, P̄B} = −δA
B
.
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considerations in earlier chapters, the kinetic part of the action (12.34) is found
to be invariant under the transformations (12.32):

∨
sx = −η2 , ∨

sy = η1 ,
∨
spx = −η2 , ∨

spy = 0 ,
∨
sη1 = 0 ,

∨
sη2 = 0 ,

∨
sP̄1 = −py ,

∨
sP̄2 = px − x .

Explicitly one finds

∨
sH

(1
2
[(pxẋ− xṗx) + (py ẏ − yṗy)] + η̇1P̄1 + η̇2P̄2

)
= −1

2

dQB
dt

.

The same is true for the last group of terms in (12.34), after making use of the
additional transformation laws

∨
sP̄?1 = η̇1 ,
∨
sP̄?2 = η̇2 − η2 ,
∨
sx? = ṗx − x+ P̄?2 ,
∨
sy? = ṗy ,
∨
sp?x == −ẋ+ px − P̄?2 ,
∨
sp?y =−ẏ + P̄?1 ,

following from (12.33). One finds

∨
s
(
− x?η2 + y?η1 − p?xη

2 − P̄?1py − P̄?2 (x − px)
)
= −dQB

dt
,

as well as
∨
sHB = 0 .

One checks that the above transformation laws are nilpotent as expected. The
change in the action induced by the complete set of variations is thus given by

∨
sS = −3

2

∫
dt

dQB
dt

so that indeed (SH , SH) = 0. Hence (12.34) is a solution to the Hamiltonian
master equation.
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12.3.2 Transition to configuration space

We now come to the second part of our program mentioned at the end of sec-
tion 1, i.e., establishing the Lagrangian counterpart to the Hamiltonian master
equation (12.28). We expect that the Lagrangian BRST symmetry is again
generated by some nilpotent operator, and that the symmetry transformations
in configuration space are just the “pullbacks” of the BRST transformations in
phase space.

Consider the FV phase space partition function (11.103) associated with
the action (12.25) in a fixed gauge, with the star-variables given by (12.24),

ZΨ =

∫
DqDpDηDP̄

∫
Dq?Dp?Dη?DP̄?

∏

i,t

δ

(
q?i −

δΨH
δqi

)
δ

(
p?i − δΨH

δpi

)

×
∏

A,t

δ

(
η?A − δΨH

δηA

)
δ

(
P̄?A − δΨH

δP̄A
)
eiSH [q,η,P̄; q?,η?,P̄?] , (12.35)

where SH is given by (12.26). As already pointed out, the transition to the
Lagrangian formulation cannot be effected in the general case. Assumptions
must be made, which, however, include many cases of physical interest. The
class of systems we shall consider are gauge theories of rank one with only
first class constraints, where each primary constraint gives rise to just one
secondary constraint. Hence the number of gauge identities, and therefore
also gauge parameters, equals the number of primaries (or secondaries). The
SU(N) Yang-Mills theory is of this type. Our example in section 5 of the
previous chapter has shown however, that this is not necessarily a “must”.

To keep the discussion as simple and transparent as possible, we will for the
moment consider systems with a finite number of degrees of freedom. Suppose
we are given the classical Hamiltonian H(q, p) and the first class constraints
GA. The primary constraints we denote by φα; they are assumed each to give
rise to just one secondary (first class) constraint Tα. In the following it is
convenient to define the latter in the strong sense by

{H,φα} = Tα (secondary constraints) . (12.36)

For a gauge theory of rank one the BRST charge and Hamiltonian are given
by (see chapter 11)

QB = GAη
A +

1

2
P̄AUABCηBηC (12.37)

and
HB(q, p, η, P̄) = H(q, p) + ηAV B

A P̄B , (12.38)

with GA = {φα, Tα} the first class constraints, and V B
A , UCAB the corresponding

structure functions defined by (11.105).
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In order to make the transition to configuration space, which requires us to
perform all momentum integrations, we will make a number of assumptions,
which can however be sometimes relaxed in some explicit models:

i) The constraints GA(q, p) are at most linear in the momenta pi.

ii) Each primary constraint gives rise to a secondary constraint according
to (12.36), and the algebra of the secondaries Tα with themselves and with H ,
closes on itself,

{H,Tα} = h β
α Tβ , {Tα, Tβ} = fγαβTγ (12.39)

with structure functions which do not depend on the momenta pi.
12

iii) The “fermion gauge fixing functional” ΨH is independent of the mo-
menta pi, and the momenta Pα and P̄α defined in (11.122); i.e.,

ΨH = ΨH [q, c, c̄].

Note also that iii) is not really a fundamental restriction, since we are allowed
to evaluate BRST invariant quantities in any gauge, i.e. for any choice of ΨH .
Hence iii) is just a convenient choice of gauge.

An immediate consequence of the above choice for ΨH is that

p?i = P ?α = P̄ ?α = 0 (12.40)

and as a consequence of assumption ii) we have from (12.38) that

HB = H + PαP̄α + cαh β
α P̄β .

We remark here that the PαP̄α-term, whose presence follows immediately from
the definition of the secondary constraints (12.36), is crucial for what follows.

The following assumption simplifies the presentation but is not essential.
We assume that the primary constraints are of the form 13

φα ≡ pα = 0 ; (α = 1, . . . , N) ,

and that the secondary constraints Tα are linear in the momenta, but do not
depend on the pα’s. This is the case if we choose H to be the canonical Hamil-
tonian evaluated on the primary surface. Then the constraints, Tα, defined in

12As we have seen in chapter 11, the structure functions of the pure Maxwell and Yang-Mills
theories satisfy these requirements.

13If the Lagrangian depends linearly on the velocities q̇α, then this can always be achieved
by a redefinition of variables.
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(12.36), do not depend on the pα’s, With this asumption, and the restrictions
ii) above, the BRST charge (12.37) is given by

QB = Pαpα + cαTα +
1

2
fγαβP̄γc

αcβ . (12.41)

Furthermore, making use of the definitions (11.122), the partition function
(12.35) takes the explicit form

ZΨ =

∫
DqDpDcDc̄DPDP̄

∫
Dq?Dc?Dc̄?

∏

α,t

δ

(
c?α − δΨH

δcα

)
δ

(
c̄?α − δΨH

δc̄α

)

×
∏

i,t

δ

(
q?i −

δΨH
δqi

)
ei
∫
dt [q̇ipi+Ṗαc̄α+ċαP̄α−(H+PαP̄α+c

αh β
α P̄β)] (12.42)

× ei
∫
dt[q?i ŝq

i+c?αŝc
α+c̄?αŝc̄α] ,

where we have implemented (12.40), and where from (12.27) and (12.41) we
have that

ŝqα = Pα ,

ŝqa = cα
∂Tα
∂pa

,

ŝcα =−1

2
fαβγc

βcγ , (12.43)

ŝc̄α =−pα .

Since with our above assumptions these expressions do not depend on pa and
P̄α,

14 we can perform the integration over P̄α in (12.42). This yields a δ-
function which fixes Pα as a function of the coordinates and their time deriva-
tives (pull-back of the Legendre transformation):

Pα → Dα
0βc

β , (12.44)

where
Dα

0β(q) = δαβ ∂0 + h̄αβ(q)

and
h̄αβ(q) = h α

β (q) , (12.45)

with h β
α defined in (12.39). Hence from (12.44) and (12.43)

ŝqα → Dα
0βc

β . (12.46)

14Recall that Tα was assumed to depend at most linearly on the momenta pa.
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After performing also the integration over the momenta pa, we are then left
with the following expression for the partition function in configuration space

ZLΨ =

∫ ∏

α

Dpα

∫
DqDc̄Dc

∫
Dq?Dc̄?Dc?

∏

i,t

δ

(
q?i −

δΨH
δqi

)

×
∏

α,t

δ

(
c?α − δΨH

δcα

)
×
∏

α,t

δ

(
c̄?α − δΨH

δc̄α

)
eiSL[q,c,c̄;q

?,c?,c̄?;pα] (12.47)

where 15

SL[q, c, c̄; q
?, c?, c̄?] =

∫
dt
(
L(q, q̇) + (q?α + ˙̄cα)

∨
s qα + q?a

∨
s qa + c?α

∨
s cα

− (c̄?α − q̇α)pα

)
(12.48)

and
∨
sθ` is the“pullback” of ŝθ` to the configuration space level:

∨
sqa = ŝqa ,
∨
sqα =Dα

0βc
β , (12.49)

∨
scα = ŝcα ,
∨
sc̄α = ŝc̄α .

L(q, q̇) is the classical Lagrangian. Let us now introduce the following “La-
grangian fermion gauge fixing functional”,

ΨL[q, c, c̄] = ΨH [q, c, c̄]−
∫
dt c̄αq̇

α , (12.50)

in accordance with our assumption that ΨH does not depend on the momenta.
Then (12.47) can be written in the form

ZLΨ =

∫
DB

∫
DqDcDc̄

∫
Dq?Dc?Dc̄?

∏

i,t

δ

(
q?i −

δΨL
δqi

)∏

α,t

δ

(
c?α − δΨL

δcα

)

×
∏

α,t

δ

(
c̄?α − δΨL

δc̄α

)
ei
∫
dt SL[q,c,c̄;q

?,c?,c̄?;B] , (12.51)

with

S[q, c, c̄; q?, c?, c̄?;B] = Scl[q] +

∫
dt
(
q?i

∨
sqi + c?α

∨
scα + c̄?αBα

)
, (12.52)

15The momentum pα in (12.48) plays the role of −Bα in (12.16). We have left it in this
form, in order to emphasize the meaning of the fields Bα appearing in the literature.
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where we have now set pα = −Bα in order to follow the notation in the liter-
ature, and where the antifields are now defined in terms of ΨL as in (12.17):
16

ϑ?` =
δΨL[ϑ]

δϑ`
. (12.53)

For a given functional ΨL[ϑ] this corresponds to fixing the gauge [Batalin 1981].
Note that from the structure of (12.52) it follows trivially that

∨
sqi = (qi, S) ,

∨
scα = (cα, S) ,

where the bracket (f, g), with f and g functions of θ` and θ?`, is defined in
(12.3).

Upon carrying out the integrations over the antifields in (12.51), these be-
come fixed functions of qi, c

α, and c̄α. Choosing ΨH in (12.50) to be

ΨH =

∫
dt c̄αχ

α(q) , (12.54)

we have

q?a = c̄β
∂χβ

∂qa
, q?α = c̄β

∂χβ

∂qα
+ ˙̄cα ,

c?α = 0 , c̄?α = χα − q̇α ,

and finally obtain

ZLΨ =

∫
DB

∫
DqDcDc̄ ei

∫
dt (L(q,q̇)−c̄α∂0Dα0βc

β+c̄α{χα,Tβ}cβ+(χα−q̇α)Bα) .

Note that the Bα’s are the Lagrange multipliers implementing the dynamical
gauge conditions,

q̇α − χα = 0 ,

which involves the time derivative of qα.
Under the various assumptions stated above, we see that, analogous to the

Hamiltonian action SH , the Lagrangian action (12.52) is a linear function of
the antifields and of the form (12.16). In general, the action may contain higher
orders in the antifields.

Notice that for the above class of gauges c?α = 0, so that
∨
scα does not

enter, and only knowledge of the symmetry of the classical action is required
for constructing the gauge fixed partition function ZLΨ.

The following example shows that the requirements i) and ii) need not
necessarily be satisfied for obtaining the representation (12.51).

16We have also dispensed of a subscript “L” on S in order to follow the notation in the
literature.
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Example: The Nambu-Goto model revisited

In the following we reconsider the Nambu-Goto model of the bosonic string in
the form of the action given in (5.34) where, for convenience, we set λ = λ1

and µ = λ2:

S =

∫
dσ

(
1

2

ẋ2

λ1
− λ2

λ1
ẋx′ +

1

2

(λ2)2

λ1
x′2 − 1

2
λ1x′2

)
.

As was seen in chapter 5, it is a first class theory with two primary and two
secondary constraints, of which one of the secondaries involves the phase space
momentum quadratically. Hence the model falls outside the class of models we
have considered so far. As we shall demonstrate, the unitarized Hamiltonian
nevertheless leads to a partition function in configuration space which is of the
BV form. 17

We denote the primary constraints by φα = 0 (α = 1, 2). Then

φα = πα , (α = 1, 2) ,

where πα are the momenta conjugate to the fields λα. The two secondary
constraints read

T1 :=
1

2
(p2 + x′2) = 0 , T2 := p · x′ = 0 ,

where xµ = xµ(σ, τ) and x′µ = ∂σx
µ. In terms of these the canonical Hamilto-

nian on ΓP reads (cf. (5.37))

H0 =

∫
dσλαTα ,

which is a “zero” Hamiltonian, characteristic of reparametrization invariant
theories. The secondary constraints satisfy the closed algebra (see (5.36))

{T1(σ), T1(σ′)} = T2(σ)∂σδ(σ − σ′)− T2(σ
′)∂σ′δ(σ − σ′) ,

{T1(σ), T2(σ′)} = T1(σ)∂σδ(σ − σ′)− T1(σ
′)∂σ′δ(σ − σ′) ,

{T2(σ), T2(σ′)} = T2(σ)∂σδ(σ − σ′)− T2(σ
′)∂σ′δ(σ − σ′) .

This algebra can be written in the form (11.97),

{Tα(σ), Tβ(σ′)} =

∫
dσ′′ uγαβ(σ, σ

′;σ′′)Tγ(σ
′′)

17In the following we adapt the notation to that of chapter 11.
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where

u211(σ, σ
′, σ′′) = δ(σ′′ − σ)∂σδ(σ − σ′)− δ(σ′′ − σ′)∂σ′δ(σ′ − σ) ,

u112(σ, σ
′, σ′′) = δ(σ′′ − σ)∂σδ(σ − σ′)− δ(σ′′ − σ′)∂σ′δ(σ′ − σ) (12.55)

u222(σ, σ
′, σ′′) = δ(σ′′ − σ)∂σδ(σ − σ′)− δ(σ′′ − σ′)∂σ′δ(σ′ − σ) ,

with u121(σ
′, σ;σ′′) = −u112(σ, σ′;σ′′). The primary constraints have vanishing

Poisson brackets with all constraints.
The structure functions V BA defined in (11.100) can be read off from the

Poisson brackets written in the form

{H0, φα(σ)} =

∫
dσ δ βα δ(σ − σ′)Tα(σ

′) , (12.56)

{H0, Tα(σ)} =

∫
dσ vβα(σ, σ

′)Tβ(σ
′) .

A simple calculation yields

{H0, T1} = −(λ1∂σT2 + 2∂σλ
1T2 + λ2∂σT1 + 2∂σλ

2T1) ,

{H0, T2} = −(λ1∂σT1 + 2∂σλ
1T1 + λ2∂σT2 + 2∂σλ

2T2) .

Hence

v 1
1 (σ, σ

′) = v 2
2 (σ, σ

′) = −
(
λ2(σ)∂σ + 2∂σλ

2(σ)
)
δ(σ − σ′)

v 2
1 (σ, σ

′) = v 1
2 (σ, σ

′) = −
(
λ1(σ)∂σ + 2∂σλ

1(σ)
)
δ(σ − σ′) .

Note, that the derivatives appearing in the structure functions do not reflect a
momentum dependence of the structure functions. Hence the structure func-
tions satisfy the restrictive conditions ii) of the last section. In fact, we have a
theory of rank one, and therefore have for the BRST charge (see (11.98)),

QB =

∫ (
Pαφα + cαTα +

1

2
P̄γu

γ
αβc

αcβ
)

=

∫
dσ
(
Pαπα + cαTα + P̄1(c

1∂σc
2 + c2∂σc

1) + P̄2(c
1∂σc

1 + c2∂σc
2)
)
,

where in the first expression the integral sign stands for a single or multiple
integral, as the case may be, and we have identified φα with πα in the second
integral.

Assuming the Hamiltonian gauge fixing fermion to be of the form

ΨH =

∫
dσdτ c̄αχ

α(x, λ) , (12.57)
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we have that π? = p?α = c?α = P ?α = P̄ ?α = 0, and the unitarized Hamiltonian
(11.102) reads,

HU =

∫
dσλαTα −

∫
dσ
[
(∂σλ

2c1 − λ2∂σc
1 + ∂σλ

1c2 + λ1∂σc
2)P̄1

+ (∂σλ
2c2 − λ2∂σc

2 + ∂σλ
1c1 − λ1∂σc

1)P̄2

]
+

∫
dσ PαP̄α

−
∫
dσ[x?µŝx

µ + λ?αŝλ
α + c̄?αŝc̄α] , (12.58)

where the star-variables have been defined in (12.24) in terms of the Hamil-
tonian gauge fixing fermion functional ΨH , and where we have for the BRST
transformations generated by QB,

ŝxµ ≡ {xµ, QB} = c1pµ + c2∂σx
µ , (12.59)

ŝc̄α = {c̄α, QB} = −πα ,
and

ŝλα = Pα . (12.60)

Note that we have made manifest the PP̄ term arising from the Poisson bracket
(12.56). It plays a central role to get the transformation laws (12.60) for the
fields λα in configuration space. Indeed, performing the P̄α integration in the
functional integral,

Z =

∫
DxDpDλDπ

∫
DcDc̄DPDP̄ ei

∫
dσdτ [ẋ·p+λ̇απα+ċαP̄α+˙̄cαPα−HU ]

(12.61)
we are led to the delta functions,

δ[P 1 − (∂τc
1 − λ2∂σc

1 + ∂σλ
2c1 − λ1∂σc

2 + ∂σλ
1c2)] ,

δ[P 2 − (∂τc
2 − λ2∂σc

2 + ∂σλ
2c2 − λ1∂σc

1 + ∂σλ
1c1)] .

Doing next the Pα integrations we thus recover with (12.60) the transformation
laws (5.39) and (5.40), with αβ replaced by cβ and pµ identified with the
momentum canonically conjugate to xµ:

∨
sλ1 = (∂τ c

1 − λ2∂σc
1 + ∂σλ

2c1 − λ∂σc
2 + ∂σλ

1c2) ,
∨
sλ2 = (∂τ c

2 − λ2∂σc
2 + ∂σλ

2c2 − λ∂σc
1 + ∂σλ

1c1) . (12.62)

Joining the λ̇απα term in (12.61) to c̄?αŝc̄α in (12.58), and making use of (12.60)
and ŝc̄α = −πα one is then led to the partition function

Z =

∫
DxDpDλDc̄Dc ei

∫
dσdτ [ẋ·p−λ1

2 (p2+x′2)−λ2p·x′]

× ei
∫
dσdτ [x?µŝx

µ+(λ?α+˙̄cα)ŝλ
α−(c̄?α−λ̇α)πα] .
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Introducing the Lagrangian gauge fixing fermion

ΨL = ΨH −
∫
dσdτ c̄αλ̇

α , (12.63)

where ΨH is given by (12.57), the above partition function can be put into the
form

Z =

∫
DxDpDλDπ

∫
Dc̄Dc ei

∫
dσdτ [ẋ·p−λ1

2 (p2+x′2)−λ2p·x′]

× ei
∫

dσdτ [x?µŝx
µ+λ?ŝλα−c̄?απα] ,

where the antifields, now labeled by an asterix, are computed with respect to
the Lagrangian gauge-fixing function.

We now assume χ not to depend on πα and the ghosts. The π-integration
then yields the delta function

∏
α δ[λ̇

α − χα]. In order to perform the p inte-
gration one must take account of the p dependence of ŝxµ (cf. eq. (12.59)).
One finds

Z =

∫
DxDλDcDc̄

2∏

x,α=1

δ[λ̇α − χα]eiS ,

where

S = SNG +

∫
dσdτ [x?µ

∨
sxµ + λ?α

∨
sλα] ,

and
∨
sxµ = c1

[
1

λ1
(∂τx

µ)− λ2

λ1
(∂σx

µ)

]
+ c2(∂σx

µ) (12.64)

is the “pullback” of the xµ-symmetry transformation for the Nambu-Goto ac-
tion, which in phase space is given by (12.59). Here we have made use of the
Grassmann character of the ghosts to set (c1)2 = 0, in order to drop a term
quadratic in x?µ. We conclude that we have recovered the BV form of the par-
tition function. This is remarkable, since this time the secondary constraint
T1 is quadratic in the momenta, and therefore falls outside of our asumptions
leading from the phase-space FV partition function to the final form (12.51) of
the BV partition function.

In order to make contact with the Faddeev-Popov method, we must perform
the remaining ghost integrations, taking account of the ghost dependence of
λ?α and x?µ. Making use of (12.64) and (12.62) we can write

x?µ
∨
s xµ + λ?α

∨
s λα = c̄αM

α
βc
β ,
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where M is calculated in the gauge (12.63). We leave it to the reader to write
down the explicit form for Mα

β . Our final result thus reads

Z =

∫
DxDλ

2∏

x,α=1

δ(λ̇α − χα) detM eiSNG ,

where detM is the Faddeev-Popov determinant associated with the symmetry
transformations (12.62) and (12.64) in configurations space in the gauge λ̇α −
χ(x, λ) = 0.

Elevating the master equation to an axiomatic level, one can now seek
solutions also for models that do not satisfy our assumptions. In that case
higher order terms in the antifields may turn out to be present.

12.4 The Lagrangian master equation

In the previous section we have seen that on Hamiltonian level the action
(12.26) considered as a function of the phase space variables q, p, η, P and their
“anti”-partners, satisfies the master equation (12.28), without any restrictions
on the structure functions V BA , UABC , and fermion gauge fixing function ΨH .
This is a consequence of the linear dependence of the action (12.25) on the
antifields. Furthermore, the transformations of the phase space variables gen-
erated by the BRST charge left the gauge-fixed phase space action invariant,
irrespective of the choice of gauge fixing functional contained in a BRST exact
term.

In what follows we shall drop the subscript on SL in order to conform to the
notation in the literature. On the configuration space level we again consider
two types of actions: the field-antifield action S[ϑ, ϑ?], where ϑ := (q, c, c̄), and
the gauged fixed action

Sgf [ϑ] = S[ϑ,
δΨL
δϑ

]. (12.65)

Motivated by our Hamiltonian analysis in the last section and the form of
the action (12.52), we are led to introduce the Lagrangian antibracket (12.3)
and the following variation of a functional F [ϑ, ϑ?],

∨
sF = (F, S) . (12.66)

It then follows that the variation of S vanishes if S satisfies the master equation

(S, S) = 0 , (12.67)

which is the analog of (12.28). Furthermore it follows - after making use of the

Jacobi identity - that
∨
s is nilpotent, i.e.

∨
s
2

F = ((F, S), S) = 0 .
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Of particular interest are nilpotent transformations which leave the gauge
fixed action (12.65) invariant. As we shall show below, they are given by

∨
sΨϑ

` = (ϑ`, S)gf =

(
∂(l)S

∂ϑ?`

)

gf

, (12.68)

where the subscript “gf” stands for “gauge fixed”; i.e. the bracket is to be
evaluated at ϑ?` =

∂ΨL
∂ϑ` . Since

∨
sΨf [ϑ] =

∫
dt
δ(r)f

δϑ`
∨
sΨϑ

` ,

eq. (12.68) generalizes to

∨
sΨf [ϑ] = (f, S)gf . (12.69)

We next verify that Sgf is indeed invariant under the transformations
(12.68), if S is a solution to the master equation.

Consider the case where f in (12.69) is given by Sgf . Then

(Sgf , S)gf =

∫
dt

δ(r)Sgf
δϑ`(t)

(
δ(l)S

δϑ?` (t)

)

gf

.

Now,

δ(r)Sgf
δϑ`(t)

=

(
δ(r)S

δϑ`(t)

)

gf

+

∫
dt′
(
δ(r)S

δϑ?k(t
′)

)

gf

δ(r)

δϑ`(t)

(
δ(r)ΨL
δϑk(t′)

)
.

Hence

(Sgf , S)gf =
1

2
(S, S)gf +

∫
dt

∫
dt′
(
δ(r)S

δϑ?k(t
′)

)

gf

K
(r)
k` (t

′, t)

(
δ(l)S

δϑ?` (t)

)

gf

,

(12.70)
where

K
(r)
k` (t

′, t) =
δ(r)

δϑ`(t)

(
δΨL
δϑk(t′)

)
. (12.71)

The second term on the rhs of (12.70) vanishes. The proof of this rests on the
Grassmann signature of δS

δϑ?
k

and δS
δϑ?
`

, as well as on the property

K
(r)
`k (t, t′) = (−1)ε`εkK

(r)
k` (t

′, t) . (12.72)

We thus finally arrive at the statement that

(Sgf , S)gf =
1

2
(S, S)gf . (12.73)
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Hence, if (S, S) = 0, then Sgf is invariant under the transformations (12.68).
The condition of BRST invariance of the gauge fixed action has thus been
translated into the classical master equation for the field-antifield action.

Note that if S[ϑ, ϑ?] is a linear functional of the anti-fields, then the BRST
variations that leave the gauge fixed action invariant do not depend on the
choice of gauge (i.e. on ΨL).

We complete the above analysis by demonstrating that the operator
∨
sΨ

defined in (12.68), and more generally in (12.69), is nilpotent on shell, i.e., that
∨
sΨ

∨
sΨf [ϑ] = 0. To this effect consider a functional f [ϑ], depending only on the

ϑ`’s. From (12.69) it follows that

∨
sΨ

2

f = ((f, S)gf , S)gf .

The rhs is given by

((f, S)gf , S)gf =

∫
dt

(
δ(r)f

δϑ`

(
δ(l)S

δϑ?`

)

gf

, S

)

gf

.

Making use of
(XY, S) = X(Y, S) + (−1)εXεY Y (X,S) ,

(see (12.5)), one verifies that

((f, S)gf , S)gf =

∫
dt

(
δ(r)f

δϑ`(t)

)
((ϑ`(t), S)gf , S)gf (12.74)

+

∫
dt

∫
dt′ (−1)

εf εϑ?
`

(
δ(l)S

δϑ?` (t)

)

gf

h`k(t, t
′)

(
δ(l)S

δϑ?k(t
′)

)

gf

,

where

h`k(t, t
′) =

δ(r)

δϑk(t′)

(
δ(r)f

δϑ`(t)

)
,

and
h`k(t, t

′) = (−1)εϑk εϑ`hk`(t
′, t) .

Making use of this symmetry one finds, after some algebra, that the second
term on the rhs of (12.74) vanishes, so that

∨
s
2

Ψ f ≡ ((f, S)gf , S)gf =

∫
dt

(
δ(r)f

δϑ`(t)

)
∨
s
2

Ψ ϑ`(t) . (12.75)

It therefore remains to be shown that
∨
s
2

Ψϑ
` = 0.
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Consider the double bracket ((ϑ`, S)gf , S)gf . We evidently have

∨
s
2

Ψϑ
` = ((ϑ`, S)gf , S)gf =

((
δ(l)S

δϑ?`

)

gf

, S

)

gf

=

∫
dt

[
δ(r)

δϑk(t)

(
δ(l)S

δϑ?`

)

gf

](
δ(l)S

δϑ?k(t)

)

gf

.

Noting that
(
δ(l)S
δϑ?
`

)
gf

depends on ϑ also implicitly through the gauge fixing,

this expression can also be written in the form

∨
s
2

Ψϑ
` =

∫
dt

[(
δ(r)

δϑk(t)

(
δ(l)S

δϑ?`

))(
δ(l)S

δϑ?k(t)

)]

gf

(12.76)

+

∫
dt

∫
dt′

[(
δ(r)

δϑ?k′ (t
′)

(
δ(l)S

δϑ?`

))
δ(r)

δϑk(t)

(
δΨL

δϑk′(t′)

)(
δ(l)S

δϑ?k(t)

)]

gf

.

Next we rewrite the ΨL dependent term using the identity

δ(r)Sgf
δϑk′

=

(
δ(r)S

δϑk′

)

gf

+

∫
dt

(
δ(r)S

δϑ?k(t)

)

gf

δ(r)

δϑk′

(
δΨL
δϑk(t)

)
. (12.77)

After some rearrangements of factors and functional derivatives, we obtain

∫
dt

[
δ(r)

δϑk(t)

(
δΨL
δϑk′

)](
δ(r)S

δϑ?k(t)

)

gf

= (−1)εϑk′

[
δ(r)Sgf
δϑk′

−
(
δ(r)S

δϑk′

)

gf

]
.

Inserting this expression into (12.76) one finds after some further manipulations
that,

∨
sΨ

2

ϑ` = (ϑ`, (S, S))gf +
∑

k

(−1)εϑk
∫
dt

[(
δ(r)

δϑ?k(t)

(
δ(l)S

δϑ?`

))(
δ(r)Sgf
δϑk(t)

)]

gf

.

(12.78)

Hence, if S is a solution to the master equation, then
∨
s
2

Ψϑ
` = 0 on the mass

shell, i.e. when
δSgf
δϑ`

= 0. From (12.75) it follows that the same applies to
∨
sΨ

2

f [ϑ].

The main task in constructing a gauge fixed BRST invariant action thus
consists in obtaining a solution to the classical master equation. In practice
this solution is generated iteratively by making the ansatz

S[ϑ, ϑ?] = Scl[ϑ] + ∆L[ϑ, ϑ
?]
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and expanding ∆L in powers of the ϑ`’s and ϑ?` ’s, subject to the condition that
it has even Grassmann parity and vanishing ghost number. Let us examine
under what conditions the solution is of the above form with

∆L[ϑ, ϑ
?] =

∫
dt ϑ?` (ϑ

`, S) .

We have

(S, S) = 2

∫
dt

[
δ(r)Scl
δϑ`(t)

∨
sϑ`(t) +

δ(r)∆L

δϑ`(t)

∨
sϑ`(t)

]

with
∨
sϑ` the pullback of ŝϑ` in phase space. The first term on the rhs vanishes

since Scl is BRST invariant. The second term can be written as ((ϑ`, S), S)
provided S is linear in the antifields, in which case it reduces to 1

2 ((ϑ, (S, S)))
after use of Jacob’s identity. Hence (S, S) = 0 is a solution in this case. Notice
however that contrary to the case of phase-space discussed before, the condition
of “linearity” is not guaranteed.

Example: The Yang-Mills theory

The SU(3) Yang-Mills theory is an example satisfying all the assumptions i)
- iii) made in the previous section. Hence we can immediately translate the
partition function (12.51) to the case of the Yang-Mills theory:

ZLYM =

∫
DADBDcDc̄

∏

i,a,x

δ

(
Aai

?(x) − δΨL
δAai (x)

)∏

a,x

δ

(
c?a(x) −

δΨL
δca(x)

)

×
∏

a,x

δ

(
c̄?a(x) − δΨL

δc̄a(x)

)
eiS[A,c,c̄;A

?,c?,c̄?;B] ,

where

S =

∫
d4x

(
−1

4
Fµνa F aµν +Aa?µ

∨
sAµa + c?a

∨
sca + c̄?aBa

)
. (12.79)

Notice that there is no c̄-term, which, as we have already pointed out, only
makes its appearance through the choice of fermion gauge fixing function. The

variations
∨
sAaµ are determined by the symmetry of the classical action,

∨
sAµa = Dµ

abc
b , (12.80)

where Dµ
ab is the covariant derivative (11.78). This is also evident from our

analysis in the previous section. Less evident is the variation
∨
sca. Its variation
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is the analog in (12.43) with fαβγ replaced by the structure constants of SU(3).

Thus 18

∨
sca = −g

2
fabcc

bcc , (12.81)

and, as always,
∨
sBa = 0 . (12.82)

Inserting these expressions in (12.79) one is led to

S =

∫
d4x

(
−1

4
F aµνF

µν
a +A?aµ Dµ

abc
b − g

2
fabcc

?
ac
bcc + c̄?aBa

)
. (12.83)

One explicitly checks that this action satisfies the master equation.
Note that the non-abelian structure of the YM-theory has induced a term

bilinear in the ghost fields, carrying vanishing Grassmann parity and ghost
number. This term will not contribute in gauges where ΨL (carrying ghost
number −1) depends linearly on the Grassmann valued variables, and therefore
linearly on the antighosts c̄a.

Next consider the gauge fixed action. The Lorentz gauge ∂µA
µ
a = 0 is

evidently implemented by choosing for our Lagrangian “gauge fixing fermion”
the following expression, linear in c̄a,

ΨL =

∫
d4x c̄a(x)∂

µAaµ(x) .

The star-variables are then fixed as functions of Aµa , c
a and c̄a:

A?µa (x) = −∂µc̄a(x) ,
c?a(x) = 0 ,

c̄?a(x) = ∂µAaµ(x) .

At this stage the antighosts have made their appearance, while the ghosts ca are
already present before having fixed the gauge. One is then led to the familiar
Faddeev-Popov result (11.79) for the partition function in the Lorentz gauge.

The so-called “α-gauges” of ’t Hooft are realized by the following choice of
ΨL:

ΨL =

∫
d4x c̄a(x)

(
∂µAaµ(x) −

α

2
Ba(x)

)
.

The gauge fixed YM-action then takes the form:

Sα =

∫
d4x

(
−1

4
Fµνa F aµν − ∂µc̄aDµ

abc
b − (

α

2
Ba − ∂µAaµ)B

a

)
.

18Recall from our analysis in the previous section that variations of configuration space

variables that do not depend on the momenta πa
i , P

a and P̄a translate directly into
∨
s-

variations in the field-antifield action.
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This action is again invariant under the above mentioned transformations. But
by integrating out the “Nakanishi-Lautrup field” Ba, the gauge fixed partition
function becomes

Zα =

∫
DADc̄Dc eiS̃α ,

where

S̃α =

∫
d4x

(
−1

4
Fµνa F aµν − (∂µc̄a)Dµ

abc
b +

1

2α
(∂µAaµ)

2

)
.

This action is invariant under the BRST variations

∨
sAµa =Dµ

abc
b ,

∨
sca =−g

2
fabcc

bcc ,

∨
sc̄a =− 1

α
(∂µAaµ) ,

which exhibit explicitly a gauge dependence through the parameter α.

12.5 The quantum master equation

In chapter 11 we have shown that the phase-space partition function of Fradkin
and Vilkovisky is independent of the fermion gauge fixing function. This par-
tition function was our starting point in section 3 for making the transition to
configuration space. Hence the configuration space partition function (12.51)
we arrived at should formally also exhibit this independence. It must however
be kept in mind that this partition function was derived under a number of
restrictive conditions, and in particular for a restricted class of fermion gauge
fixing functions. As we now show, taking the independence of the partition
function on the fermion gauge fixing function as our fundamental principle, we
arrive in general at a modified (quantum) master equation.

For the sake of clarity we shall compactify our notation in the remaining
part of this chapter. Any index labeling a field will be understood to include
also the time variable. Thus ϕ`(t) will be simply denoted by ϕ`, and

∑

`

∫
dt→

∑

`

;
∑

`,`′

∫
dt

∫
dt′ →

∑

`,`′

.

Let us write the partition function (12.51) in the compact form (we drop from
here on the superscript L on ZLψ )

Zψ =

∫
DϑDϑ?

∏

`

δ

(
ϑ?` −

δΨL
δϑ`

)
e
i
h̄
W [ϑ,ϑ?] =

∫
Dϑe ih̄Wψ [ϑ] , (12.84)



254 Field-Antifield Quantization

where the gauge fixed action is given by

Wψ [ϑ] =W

[
ϑ,
δΨL
δϑ

]
. (12.85)

We have replaced S by W in anticipation of new results, and have introduced
Planck’s constant in order to keep track of quantum effects. Consider an in-
finitesimal change ΨL → ΨL +∆ΨL. Recalling (12.4) we then have

Zψ+∆ψ − Zψ ≈ i

h̄

∑

`

∫
Dϑ

(
δ(r)∆ΨL
δϑ`

)(
δ(l)W

δϑ?`

)

gf

e
i
h̄
Wψ ,

or

∆ψZψ ≡ Zψ+∆ψ − Zψ ≈ i

h̄

∫
Dϑ e

i
h̄
Wψ(∆ΨL,W )gf . (12.86)

Making use of 19

δ(r)

δϑ`
(fg) = f

δ(r)g

δϑ`
+ (−1)εϑ`εg

δ(r)f

δϑ`
g , (12.87)

and of the fact that ∆ΨL has Grassmann parity ε = 1, we obtain for the change
in the partition function, after a partial integration,

∆ψZψ = − i

h̄

∑

`

∫
Dϑ∆ΨL

[
i

h̄

(
δ(r)Wψ

δϑ`

)(
δ(l)W

δϑ?`

)

gf

+
δ(r)

δϑ`

(
δ(l)W

δϑ?`

)

gf

]
e
i
h̄
Wψ

where we have made use of the fact that Wψ does not depend on the antifields.

Defining the action of ∆̃ on W by

∆̃W =
∑

`

δ(r)

δϑ`

(
δ(l)W

δϑ?`

)

gf

, (12.88)

19Important relations between partial derivatives used here and in the following are:

δ(l)

δϑ`
(fg) =

δ(l)f

δϑ`
g + (−1)εf εθ` f

δ(l)g

δϑ`

δ(r)

δϑ`
(fg) = f

δ(r)g

δϑ`
+ (−1)εgεθ`

δ(r)f

δϑ`
g

δ(l)

δϑ`
F (f(ϑ)) =

δ(l)f

δϑ`
δ(l)F

δf

δ(r)

δϑ`
F (f(ϑ)) =

δ(r)F

δf

δ(r)f

δϑ`

δ(l)

δϑ`

(
δ(l)∆Ψ

δϑk

)
= (−1)ε`εk

∂(r)

∂ϑ`

(
δ(l)∆Ψ

δϑk

)
,

where in the last equation we have made use of the fact that ε∆Ψ = −1.
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we conclude that if Zψ is not to depend on Ψ (gauge independence), then
W (ϑ, ϑ?) must be a solution to

ih̄∆̃W = (Wψ ,W )gf . (12.89)

This is not yet the “quantum master equation” in the form given in the liter-
ature. In fact the lhs of (12.89), as well as the rhs can be further simplified.
Consider first the lhs:

δ(r)

δϑ`

(
δ(l)W

δϑ?`

)

gf

=

[
δ(r)

δϑ`

(
δ(l)W

δϑ?`

)
+
∑

`′

δ(r)

δϑ?`′

(
δ(l)W

δϑ?`

)
K

(r)
`′`

]

gf

,

where the matrix K
(r)
`′` has been defined in (12.71), with the symmetry property

(12.72). Hence

∆̃W =
∑

`

(−1)εϑ`+1 δ
(r)

δϑ`

(
δ(r)

δϑ?`
W

)

gf

= [∆opW +
∑

`,`′

A
(r)
`′`K

(r)
`′` ]gf (12.90)

where

∆op ≡
∑

`

(−1)εϑ`+1 δ
(r)

δϑ`
δ(r)

δϑ?`
(12.91)

and

A
(r)
`′` = (−1)εϑ`+1 δ

(r)

δϑ?`′

(
δ(r)

δϑ?`
W

)
,

with the symmetry property

A
(r)
`′` = −(−1)εϑ`εϑ`′A

(r)
``′ . (12.92)

Because of the symmetry properties (12.72) and (12.92), the sum on the rhs of
(12.90) vanishes, so that

∆̃W = (∆opW )gf . (12.93)

Finally let us rewrite the rhs of (12.89). It can be written in the form

(Wψ ,W )gf =
∑

`

(
δ(r)Wψ

δϑ`

)(
δ(l)W

δϑ?`

)

gf

=
∑

`

[(
δ(r)W

δϑ`

)

gf

+
∑

`′

(
δ(r)W

δϑ?`′

)

gf

∂(r)

∂ϑ`

(
δΨL
δϑ`′

)](
δ(l)W

δϑ?`

)

gf

,
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or after taking proper account of the phases,

(Wψ ,W )gf =
1

2

∑

`

[(
δ(r)W

δϑ`

)(
δ(l)W

δϑ?`

)
−
(
δ(r)W

δϑ?`

)(
δ(l)W

δϑ`

)]

gf

+
∑

``′

[
(−1)εϑ`+1

(
δ(r)W

δϑ?`′

)
K

(r)
`′`

(
δ(r)W

δϑ?`

)]

gf

,

that is

(Wψ ,W )gf =
1

2
(W,W )gf +

1

2

∑

``′

(−1)
εϑ?
`
εϑ?
`′

[
K

(r)
`′`B

(r)
`′` +K

(r)
``′ B

(r)
``′

]
(12.94)

where

B`′` = (−1)εϑ`+1

(
δ(r)W

δϑ?`′

)

gf

(
δ(r)W

δϑ?`

)

gf

.

Making use of the symmetry property (12.72), and of

B
(r)
``′ = −(−1)εϑ`εϑ`′B

(`)
`′` ,

one then finds that the sum on the rhs of (12.94) vanishes. Hence, analogous
to (12.73), we have

(Wψ ,W )gf =
1

2
(W,W )gf . (12.95)

Since the gauge fixing function is arbitrary, this leaves us with the quantum
master equation written in form:

ih̄∆opW =
1

2
(W,W ) , (12.96)

where ∆op has been defined in (12.91).
Equation (12.96) must hold if we are dealing with a true gauge theory on

quantum level. It is frequently written also in the equivalent form

∆ope
i
h̄
W = 0 .

12.5.1 An alternative derivation of the quantum
master equation

It is instructive to derive the quantum master equation in an alternative way.
Consider the infinitesimal variable transformation

ϑ` → ϑ̃` = ϑ` +
1

h̄
(ϑ`,W )gf∆ΨL , (12.97)
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where ∆ΨL is in general a global Grassmann valued functional of the fields,
independent of (space) time. If ∆ΨL did not depend on the fields, and if
(W,W ) = 0, then (12.97) would be a BRST transformation on Lagrangian
level. 20 Consider the identity

Zψ =

∫
Dϑ̃ e

i
h̄
Wψ [ϑ̃]

=

∫
DϑJ [ϑ] e

i
h̄
Wψ [ϑ+

1
h̄
(ϑ,W )gf∆ΨL] , (12.98)

where J [ϑ] is the Jacobian of the transformation (12.97). To calculate the
Jacobian we must compute the determinant of the matrix 21

∂(l)ϑ̃`

∂ϑk
= δ`k +

1

h̄
A`k

with

A`k =
δ(l)

δϑk

(
δ(l)W

δϑ?`

)

gf

∆ΨL + (−1)
εϑkεϑ?`

(
δ(l)W

δϑ?`

)

gf

δ∆ΨL
δϑk

,

where we have made use of (12.4). For A`k infinitesimal, the determinant is
given by

det(1 +A) ≈ 1 + TrA .

Taking into account that for bosons (fermions) the Jacobian is given by the
determinant (inverse determinant) of (1 +A), 22 we conclude that

J [ϑ]≈ 1 +
1

h̄

∑

`

(−1)εϑ`

[
δ(l)

δϑ`

(
δ(l)W

δϑ?`

)

gf

∆ΨL +

(
δ(l)W

δϑ?`

)

gf

δ∆ΨL
δϑ`

]

≈ 1 +
1

h̄

∑

`

[
δ(r)

δϑ`

(
δ(l)W

δϑ?`

)

gf

∆ΨL − δ∆ΨL
δϑ`

(
δ(l)W

δϑ?`

)

gf

]

20The following argumentation does not depend on whether the quantum theory is anoma-
lous or not.

21Recall that the “time” has been absorbed into the “discrete” indices labeling the fields.
22A simple argument demonstrates this. Consider in particular the case of one variable:

v′ = bv .

Hence ∫
dv′ v′ =

∫
Jdv(bv) .

Using the Grassmann rules for integration, we conclude that J = 1/b. Note that TrA includes
the integration over time.
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or

J [ϑ] ≈
(
1 +

1

h̄

[
(∆̃W )∆ΨL − (∆ΨL,W )gf

])
, (12.99)

where we have used the Grassmann nature of ∆ΨL, as well as (12.4) in order
to eliminate the phase (−1)εε .

Note that for ∆ΨL → ε, (∆ΨL,W ) = 0, and J [θ] ≈ 1 + 1
h̄ (∆̃W )ε. Hence a

non-invariance of the functional measure under BRST transformations is tied
to a non-vanishing ∆̃W , or (∆opW )gf .

Inserting the Jacobian (12.99) into the rhs of (12.98), one is led to first
order in ∆ΨL to the identity

∫
DϑeiWψ [ϑ]

1

h̄

[(
∆̃opW − (Wψ ,W )

)
gf

∆ΨL − (∆ΨL,W )gf

]
≈ 0 .

Accordng to (12.86) the last contribution in this expression is nothing but
i∆ψZψ. We therefore conclude that if ∆ψZψ = 0, i.e., if Zψ is not to depend
on the gauge fixing function, then equation (12.89) must hold. The remaining
steps leading to (12.96) are just as described before.

From (12.99) we also notice, that if (∆ΨL,W )gf = i∆ψZψ = 0, then a
violation of the classical master equation is connected with a non-invariance of
the integration measure under transformations of the form (12.97).

The presence of h̄ in the quantum master equation signalizes that the vi-
olation of the classical master equation is of quantum nature, and suggests a
solution in the form of a power series in h̄. One is thus led to the Ansatz

W = S[ϑ, ϑ?] +
∑

p

h̄pMp[ϑ, ϑ
?] . (12.100)

Substituting this expression into the quantum master equation (12.96), and
comparing powers in h̄, one arrives at an (infinite) set of coupled equations:

(S, S) = 0 ,

(M1, S) = i∆opS , (12.101)

(Mp, S) = i∆opMp−1 −
1

2
Σp−1
q=1(Mq,Mp−q) , p ≥ 2 .

The first equation states that the “classical” contribution S[ϑ, ϑ?] is classically
BRST invariant, with S the generator of BRST transformations.

Batalin and Vilkovisky have shown that the classical master equation always
has a solution. If on the other hand one cannot find a local solution to the
coupled set of equations above, this signalizes the existence of a gauge anomaly
[Troost 1990]. We shall say more about this in section 6.
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12.5.2 Gauge invariant correlation functions

Let us now turn to the condition which correlation functions must satisfy in or-
der to be independent of the choice of the gauge fixing fermion ΨL. Within the
field-antifield formalism correlation functions are computed from the following
integral

< X >ψ =

∫
DϑDϑ?

∏

`

δ

(
ϑ?` −

δΨL
δϑ`

)
X [ϑ, ϑ?]e

i
h̄
W [ϑ,ϑ?]

=

∫
DϑXψ[ϑ]e

i
h̄
Wψ [ϑ] , (12.102)

where

Xψ[ϑ] = X [ϑ,
δΨL
δϑ

] .

The change in < X >ψ induced by ΨL → ΨL +∆ΨL is given by

< X >ψ+∆ψ − < X >ψ=

∫
Dϑ

[
∆ψXψ +

i

h̄
Xψ∆ψWψ

]
e
i
h̄
Wψ

where, generically, Fψ[θ] = F [θ, δΨL∂θ ], and

∆ψFψ = F [ϑ,
δ(ΨL +∆ΨL)

δϑ
]− F [ϑ,

δΨL
∂ϑ

]

=

(
δ(r)F

δϑ?`

)

gf

(
δ∆ΨL
δϑ`

)

Note that we have expressed the changes ∆ψXψ and ∆ψWψ in terms of right
derivatives. This turns out to be convenient. After performing a partial inte-
gration, making use of (12.87), one obtains

< X >ψ+∆ψ −< X >ψ=

∫
Dϑ(−1)εϑ`+1 δ

(r)

δϑ`

[(
δ(r)X

δϑ?`

)

gf

e
i
h̄
Wψ

]
∆ΨL

+
i

h̄

∫
Dϑ(−1)εϑ`+1 δ

(r)

δϑ`

[
Xψ

(
δ(r)W

δϑ?`

)

gf

e
i
h̄
Wψ

]
∆ΨL .

In carrying out the following partial differentiations, the reader should remem-
ber, when applying the Grassmann differentiation rules, that all the above
derivatives operate from the right. One then readily finds that

<X >ψ+∆ψ − < X >ψ=

∫
Dϑ ∆ΨL

[
Xψ

(
∆̃W +

i

h̄
(Wψ ,W )gf

)]
e
i
h̄
Wψ

+

∫
Dϑ ∆ΨL

[
∆̃X +

i

h̄
((X,Wψ) + (Xψ,W ))gf

]
e
i
h̄
Wψ , (12.103)
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where ∆̃ is defined in (12.88). Hence the ψ-independence of a correlator X
requires that

∆̃W +
i

h̄
(Wψ ,W )gf = 0 ,

∆̃X +
i

h̄
[(X,Wψ) + (Xψ ,W )]gf = 0 . (12.104)

These expressions can be further simplified. Consider the rhs of (12.104).

(Xψ,W )gf =
∑

`

[(
δ(r)X

δϑ`

)
+
∑

k

(
δ(r)X

δϑ?k

)
δ(r)

δϑ`

(
δΨL
δϑk

)]

gf

(
δ(`)W

δϑ?`

)

gf

and

(X,Wψ)gf = −
∑

`

(
δ(r)X

δϑ?`

)

gf

[(
δ(l)W

δϑ`

)
+
∑

k

δ(l)

δϑ`

(
δΨL
δϑk

)(
δ(l)W

δϑ?k

)]

gf

.

Hence

[(Xψ ,W )+(X,Wψ)]gf =


(X,W )gf +

∑

`,k

(
δ(r)X

δϑ?k

)
[K

(r)
k` −K

(l)
k` ]

(
δ(l)W

δϑ?`

)

gf

where K
(r)
k` has been defined in (12.71) and

K
(l)
k` =

δ(l)

δϑk

(
δΨL
δϑ`

)
.

But K
(r)
k` = K

(l)
k` . Hence

[(Xψ,W ) + (X,Wψ)]gf = (X,W )gf .

This also holds for X replaced by any other function F . Condition (12.104) on
X(ϑ, ϑ?) thus reduces to

∆̃X +
i

h̄
(X,W )gf = 0 .

Now, we have seen that ∆̃F = (∆opF )gf for arbitrary F (ϑ, ϑ?). Further-
more, the ΨL of the “gf” surface ϑ?` − δΨL

δϑ` = 0 is completely arbitrary. Hence
we conclude that the quantum field-antifield action W , and the “observables”
X(ϑ, ϑ?) must be solutions to

∆opW +
i

2h̄
(W,W ) = 0 , ∆opX +

i

h̄
(X,W ) = 0 . (12.105)



12.6 The chiral Schwinger model 261

These are the conditions that X in (12.102) and W must satisfy in order to
yield an expectation value which does not depend on the gauge choice.

A bonafide (gauge invariant) operator X satisfying (12.105) is not trivial
to construct. Similarly as in the case of W , let us expand X in a power series
of h̄:

X = X0 +

∞∑

q=1

h̄qXq . (12.106)

Inserting this expression, as well as (12.100), into (12.105), one is led to the
following iterative sheme:

(X0, S) = 0

(X0,M1) + (X1, S) = i∆opX0 (12.107)
p−1∑

q=1

(Xq,Mp−q) + (X0,Mp) + (Xp, S) = i∆opXp−1 ; p ≥ 2 .

This concludes the very detailed proofs of results usually just stated in the
literature.

The following example is meant to provide some insight into the significance
and role of the quantum master equation, and its solution.

12.6 Anomalous gauge theories. The chiral

Schwinger model

The field-antifield formalism discussed above was applied to Lagrangians with
a local symmetry, and whose quantum partition function also respects this
symmetry. Anomalous gauge theories, where the gauge invariance is broken on
quantum level, do a priori not fall into this class. If the theory can however
be embedded on quantum level into a gauge theory, then the field-antifield
formalism can again be applied to this embedded theory. If there exists a
gauge in which the partition function of the embedded formulation reduces to
that of the anomalous theory, then gauge invariant observables can be set into
one to one correspondence with the observables of the anomalous theory.

In the following we do not embarque on a general discussion of anomalous
gauge theories within the BV framework, since it falls outside the scope of
this book. For an elaborate discussion of this subject we refer the reader to
[Troost 1990], [De Jonghe 1993] and [Gomis 1993/94/95]. Here we merely
use the chiral Schwinger model (CSM) as a toy model in order to get some
insight into the problem. The starting point for our analysis will be a gauge
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invariant embedded version thereof. According to our discussion carried out
in the previous sections, we should find that, irrespective of the embedding
procedure, the corresponding field-antifield action is a solution to the quantum
master equation.

In the following we shall consider two embedded formulations of the chiral
Schwinger model. In the approach to be discussed first, the partition function of
the embedded theory is expressed in terms of the original fields and an auxiliary
bosonic field θ(x). In this case, both, the functional integration measure and
the action are not invariant under local transformations, but the corresponding
partition function is. According to our discussion in section 12.5.1 the non-
invariance of the functional integration measure should manifest itself in a non-
vanishing contribution ∆opW in (12.96). This contribution should be closely
connected to the gauge anomaly. In the second approach the fermionic action
is replaced by an equivalent bosonic action (bosonization). In this case the
corresponding gauge invariant partition function is expressed entirely in terms
of bosonic fields, and both, the measure and the embedded action are gauge
invariant. We now present the details.

The chiral Schwinger model (CSM) corresponds to electrodynamics of mass-
less fermions in 1+1 dimensions, in which only one of the chiralities of the
fermions couples to the gauge field. It is defined by the classical action 23

Sferm =

∫
d2x

[
−1

4
FµνFµν + ψ̄γµ

(
i∂µ + 2

√
πeAµPL

)
ψ

]
, (12.108)

where

PL =
1

2
(1 − γ5)

is the projector on the left hand modes. This action is invariant under the
(infinitesimal) chiral gauge transformation

δAµ(x) =
1

e
∂µα(x) ,

δψ(x) = 2i
√
πPLψ(x)α(x) , (12.109)

δψ̄(x) = −2i
√
πψ̄(x)PRα(x) ,

where PR = 1
2 (1 + γ5). This is not the case for the partition function,

Z =

∫
DAµ

∫
Dψ̄Dψ eiSferm[A,ψ̄,ψ] , (12.110)

23We set h̄ = 1. The factor 2
√
π multiplying the charge e has been introduced in order to

conform to the conventions of chapter 15 of [Abdalla 2001]. For a comprehensive discussion
of the chiral Schwinger model and the material of this section we refer the reader to this
chapter.
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since the fermion functional integration measure is not invariant under this
transformation. In fact, under the chiral gauge transformation (12.109), the
measure transforms as follows [Abdalla 2001],

Dψ̄Dψ → eiα1[A,α]Dψ̄Dψ , (12.111)

where α1[A,α] is the functional

α1[A,α] =

∫
d2x

[
1

2
(a− 1)∂µα∂

µα+ eAµ((a− 1)∂µ + ∂̃µ)α

]
, (12.112)

(∂̃µ ≡ εµν∂
ν , ε01 = 1) with the following 1-cocycle property,

α1[A+
1

e
∂β, α− β] = α1[A,α]− α1[A, β] . (12.113)

The parameter a in (12.112) is the Jackiw-Rajaraman parameter [Jackiw 1985],
reflecting an ambiguity in defining the fermionic measure. This non-invariance
of the fermionic measure becomes manifest upon performing the integration
over the fermion fields in (12.110). One finds

Z =

∫
DAµ eiW

(L)[A]e−i
∫
d2x 1

4F
µνFµν , (12.114)

where W (L)[A] = ln det(i/∂ + 2
√
πe/APL), and given by 24

W (L)[A] =
ae2

2

∫
d2xAµAµ − e2

2

∫ ∫
Aµ(∂µ + ∂̃µ)

1
(∂ν + ∂̃ν)Aν . (12.115)

Note that this expression is non-local in the gauge fields and manifestly exhibits
the breaking of gauge invariance on quantum level. In fact, the gauge transform
of W (L)[A] and α1 are related by

W (L)[A+
1

e
∂α]−W (L)[A] = α1[A,α] .

Since the partition function (12.114) is not gauge invariant, it does not admit
a BV representation. In order to apply the field-antifield formalism we shall
thus have to turn the theory first into a first class theory, by embedding the
system into an extended space involving an additional scalar field θ(x). The
transformation law (12.111) for the fermionic measure, and the cocycle property
(12.113), suggest the following form for the embedded action:

Sembferm[A,ψ, ψ̄, θ] = Sferm + α1[A, θ] . (12.116)

24We use here a compact notation for the non-local second integral.
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The corresponding partition function

Zemb =

∫
DADθDψ̄Dψ ei(Sferm+α1[A,θ]) , (12.117)

is invariant under the variations (12.109), together with

δθ = −α . (12.118)

Indeed, the non-invariance of the fermionic measure in (12.111) is compensated
by the corresponding change in α1[A, θ], as seen from (12.113):

δα1[A, θ] = −α1[A,α] .

In the gauge θ = 0, (12.117) reduces to the anomalous partition function
(12.110) of interest.

The θ dependent term α1[A, θ] in (12.116) is generally referred to as the
“Wess-Zumino action” for the abelian model in question. The introduction
of additional gauge degrees of freedom to arrive at a gauge invariant partition
function for anomalous gauge theories was first considered by Wess and Zumino
[Wess 1971], and further explored by Faddeev and Shatashvili [Faddeev 1986],
and by Harada and Tsutsui [Harada 1987]. Within the present context it was
also introduced in [Gomis 1994, Braga 1993] from more general point of views,
in order to obtain a local solution to the quantum master equation in the
extended space.

While the action and functional integration measure Dψ̄Dψ both break
the above gauge invariance, the partition function (12.117) does not. We are
therefore allowed to use a gauge- fixing procedure á la BV. Correspondingly we
write for the embedded gauge fixed field-antifield partition function,

Zembgf =

∫
DBDθDA

∫
Dψ̄Dψ

∫
Dc̄Dc eiWψ [A,ψ,ψ̄,θ,c,c̄,θ;B] , (12.119)

where

Wψ = Sembferm +

∫
d2x [A?µ

∨
s Aµ + ψ?

∨
s ψ + ψ̄?

∨
s ψ̄ + θ?

∨
s θ + c?

∨
s c+Bc̄?]gf .

As always we have included a term Bc̄? for gauge fixing purposes.
The explicit form for the gauge fixed expression is obtained by choosing a

“fermion gauge fixing function”, ΨL”, and gauge fixing the antifields according
to

A?µ =
δΨL
δAµ

, θ? =
δΨL
δθ

, c̄? =
δΨL
δc

ψ?α =
δΨL
δψα

, ψ̄?α =
δΨL

δψ̄α
, c? =

δΨL
δc

.
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Since the classical Lagrangian describes a rank-one theory with an abelian

gauge structure, we expect that
∨
sc = 0, and that the remaining BRST transfor-

mations are completely determined by the symmetry transformations (12.109)
and (12.118). Hence

Wψ = Sembferm+

∫
d2x [A?µ

1

e
∂µc+2i

√
πψ?PLψc− 2i

√
πψ̄PRψ̄

?c− θ?c+Bc̄?]gf .

(12.120)
Note that in the gauge θ = 0, corresponding to the choice ΨL =

∫
d2x c̄θ

of the gauge fixing fermion, A?, ψ?, ψ̄? and c? vanish, while θ? = c̄. Since∫
Dc̄Dc exp{−i

∫
d2x c̄(x)c(x)} is just a constant, we thus recover in this gauge

the original partition function (12.110).

12.6.1 Quantum Master equation and the anomaly

Consider now the antibracket (W,W ), where W is the non-gauge fixed field-
antifield action in the embedding space.

W = Sembferm +

∫
d2x [A?µ

1

e
∂µc+ 2i

√
πψ?PLψc− 2i

√
πψ̄PRψ̄

?c− θ?c+Bc̄?] .

For (W,W ) one finds after a partial integration, that

1

2
(W,W ) =

∫
d2x
[
2
√
πψ̄γµPLψ∂

µc+ ((a− 1)∂µθ + ∂̃µθ)∂
µc

− 2
√
πψ̄γµPL∂µ(ψc)− 2

√
πψ̄γµPLc∂µψ

+ 2ieπψ̄γµPLAµ(cψ) + 2ieπψ̄γµPLAµψc

+ [(a− 1) θ + e((a− 1)∂µAµ + ∂̃µA
µ)]c

]
.

Noting that ∂µ∂̃µ = 0, one obtains

1

2
(W,W ) = e

∫
d2x c(x)[(a − 1)∂µ + ∂̃µ]A

µ(x) .

Comparing this with (12.96) we are led to the identification (presently, h̄ = 1)

i∆opW =

∫
d2x c(x)A(x) , (12.121)

where A is the so-called consistent anomaly,

A(x) = e[(a− 1)∂µ + ∂̃µ]A
µ(x) , (12.122)
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which expresses the failure of the covariant conservation of the chiral current.

∂µJ
µ
ch(x) = A(x) .

The computation of the singular lhs of (12.121) is actually ambiguous, and
leads to various forms of the anomaly, depending on the regularization proce-
dure [Braga 1991]. The consensus is however, that it should be given by the
consistent anomaly. Hence, as expected, the field-antifield partition function
of the embedded CSM satisfies the quantum master equation, although neither
the embedded action (12.120), nor the measure are gauge invariant. This is
consistent with our analysis in section 5, which only demanded the partition
function not to depend on the choice of gauge.

As already pointed out, a non-vanishing ∆opW is expected to be tied to
a non-invariance of the integration measure under BRST transformations. In-
deed, for a transformation of the form (12.97), with ∆ΨL a constant Grassmann
valued infinitesimal parameter ε, the Jacobian in (12.99), written in exponential
form, becomes (for h̄ = 1)

J ≈ eε∆opW

or with (12.121),

J ≈ e−iε
∫
d2xc(x)A(x) .

Noting that for the Grassmann valued c we have ∂µc∂
µc = 0, we see that this

Jacobian is in agreement with (12.111) upon setting α = εc. Hence neither
(W,W ) nor ∆opW vanish in the present case, while the quantum master equa-
tion is satisfied. Thus, in this embedded formulation, the anomaly of the CSM
manifests itself through a non-vanishing ∆opW , i.e. a non-trivial Jacobian.

For the case where the gauge fixing fermion functional ΨL is independent of
θ, we can perform the integration over θ in (12.119), and are led to the gauge
fixed partition function

Z =

∫
DADB

∫
DψDψ̄DcDc ei(Sferm+M1)

× e
∫
d2x [A?µ

1
e
∂µc+2i

√
πψ?PLψc−2i

√
πψ̄PRψ̄

?c+Bc̄?]gf , (12.123)

where

M1 = −e
2

2

∫ ∫ [
[(a− 1)∂µ + ∂̃µ]A

µ

( −1

(a− 1)

)
[(a− 1)∂ν + ∂̃ν ]A

ν

]
.

(12.124)
This partition function only involves the gauge potentials, fermion fields, ghosts
and corresponding antifields, but not the embedding θ field. M1 is closely
connected with α1[A, θ], the logarithm of the Jacobian associated with the
gauge non-invariance of the fermionic measure. Indeed, one checks that under
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the gauge transformation δAµ = 1
e∂

µα, M1 transforms as δM1 = −α1[A,α].
Note that M1 is non-local in the fields.

Let us decompose the argument of the exponential in (12.123) in the form

W [A,ψ, ψ̄, c, c̄;A?, ψ?, ψ̄?, c?, c̄?] = S[A,ψ, ψ̄, c, c̄;A?, ψ?, ψ̄?, c?, c̄?] +M1[A] ,
(12.125)

where

S = Sferm +

∫
d2x[A?µ

1

e
∂µc+ 2i

√
πψ?PLψc− 2i

√
πψ̄PRψ̄

?c+Bc̄?]

satisfies the classical master equation (S, S) = 0. A simple computation shows
that

(M1, S) = e

∫
d2x c(x) [(a− 1)∂µ + ∂̃µ]A

µ(x) . (12.126)

Furthermore, since M1 does not depend on the antifields, we have that

i∆opS = i∆opW =

∫
d2x c(x)A(x) ,

where A is the anomaly (12.122). Hence

(M1, S) = i∆opS.

Recalling that an iterative solution to the quantum master equation is given
by (12.101), where only the first two equations are relevant in the present case,
since M1 does not depend on the antifields, we conclude that the field-antifield
action (12.125) is a solution to the quantum master equation in the original
configuration space, including the ghosts. In this space it is however non-local.
The absence of a local, but existence of a non-local solution to the quantum
master equation has been taken in the literature to be a signature for a true
anomaly, which cannot be eliminated by local counter terms [Troost 1990].

Note that in the computation of (M1, S) from (12.124), gauge invariant
terms did not contribute. The solution to (12.126) is thus not unique. As was
observed by Batalin and Vilkovisky, we can always add gauge invariant terms
to M1 without affecting this equation.

The operator ∆op in (12.121) is a very singular operator. Its action on W
can be computed as a short distance limit using a Fujikawa [Fujikawa 1979] or
Pauli Villars regularization [Troost 1990]. With the knowledge of (12.121) one
could have proceeded directly by solving the quantum master equation. We
would have thereby arrived at the non-local solution (12.125), with M1 given
by (12.124).
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Our above analysis has shown that in the presence of a gauge anomaly
the quantum master equation for the CSM has no local solution in the orig-
inal space of fields. A local solution of the quantum master equation could
however be obtained in an extended space; this solution involves the classical
(gauge invariant) action Scl and a (non-gauge invariant) “Wess-Zumino action”
compensating the effects of the non-nvariance of the integration measure un-
der BRST transformations. This action was just the BFT embedded effective
quantum action.

Bosonized Chiral Schwinger model

It is interesting to compare the above embedded formulation of the CSM
with the embedded version of its bosonized formulation. In this formulation
the classical gauge invariance is of course again broken on quantum level, which
now manifests itself in the action only.

Let us begin with the bosonization step. 25 The factor eiW
(L)[A] appearing

in the partition function (12.114), withW (L) given by (12.115), can be rewritten
as a Gaussian integral over a scalar field φ (bosonization),

Z =

∫
DADφeiSbos[A,φ] , (12.127)

where Sbos is now the local action [Jackiw 1985]

Sbos[A, φ] =

∫
d2x
[
− 1

4
FµνFµν +

1

2
ae2AµA

µ +
1

2
(∂µφ)

2 + eAµ(∂µ − ∂̃µ)φ
]
.

(12.128)
The action (12.128) describes a second class constrained system [Girotti 1986],
reflecting the breaking of gauge invariance. Again, this system does not admit a
priori a BV representation of the partition function. In order to apply the field-
antifield formalism we shall thus have to turn it first into a first class system
by embedding it into an extended space, following either the BFT procedure
of chapter 7 (see section 15.4.4 of [Abdalla 2001]), or the procedure described
in chapter 14 of that reference). The result is the equivalent effective action

Sembbos [A, φ, θ] = Sbos[A, φ] + α1[A, θ] , (12.129)

which replaces (12.116). A little bit of algebra shows that this action is invariant
under the extended gauge transformations

δAµ(x) =
1

e
∂µα(x) , δφ(x) = −α(x) , δθ(x) = α(x) . (12.130)

25For a more detailed study of the bosonized CSM see e.g. [Abdalla 2001].
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Thus after bosonization and BFT embedding, both - the action and functional
integration measure DADφDθ - are invariant under the above transformation,
while in the embedded fermionic formulation both, the measure and action
separately broke the gauge symmetry of the partition function. We can thus
write for the corresponding bosonized (gauge fixed) BV partition function,

Z =

∫
DB

∫
DADφDθ

∫
Dc̄Dc eiW [A,φ,θ,c,c̄; A?,φ?,θ?,c?,c̄?;B]gf (12.131)

with

W = Sextbos [A, φ, θ] +

∫
d2x [A?µ

1

e
∂µc− φ?c− θ?c+Bc̄?] ,

where, in line with our discussion in section 2, we have included a term Bc̄?

required for gauge fixing purposes. The antifields are again expressed in terms
of the fields through functional derivatives of the “fermion gauge fixing func-
tional” ΨL. One readily checks that in this bosonized form, W satisfies the
quantum master equation, but also the classical master equation, (W,W ) = 0,
which is consistent with ∆opW = 0. The fields Aµ, φ in the second class for-
mulation correspond to the gauge invariants Aθµ = Aµ + 1

e∂µθ, φ
θ = φ − θ in

the embedded formulation [Girotti 1989].
We therefore see that the existence of a quantum anomaly is not neces-

sarily signalized by a non vanishing ∆opW . 26 Of course, by choosing the
gauge θ = 0, corresponding to the gauge fixing functional ΨL =

∫
d2x c̄ θ,

we return to the partition function (12.127), which violates gauge invariance
through the “classical” action. On the other hand, in the fermionic formulation
discussed before, the violation is of quantum nature, since it is linked to the
non-invariance of the fermionic measure, which is classically invariant. It is
here where the anomaly manifests itself directly in that ∆opW 6= 0.

It is interesting to see what happens if we integrate (12.131) over θ, assuming
the gauge fixing fermion not to depend on θ. The result is the partition function

Z =

∫
DB

∫
DADφ

∫
Dc̄Dc eiW [A,φ,c,c̄;A?,φ?,c?,c̄?;B]gf

where now
W = S +M1[A] (12.132)

with

S = Sbos +

∫
d2x [A?µ

1

e
∂µc− φ?c+Bc̄?]

and M1 given by the non-local expression (12.124). A simple computation
shows that again (W,W ) = 0, in accordance with the fact that ∆opW in

26That ∆opW = 0 in this case is of course expected from our analysis in section 12.5.1,
since the measure is now gauge invariant.
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(12.91) vanishes trivially, since W does not involve any terms bilinear in the
fields and corresponding antifields.

Let us summarize our findings. In both, the embedded fermionic and
bosonic gauge invariant formulations, the quantum master equation is satis-
fied. There exists however a feature which distinguishes the two cases. In the
bosonized case, where the action as well as integration measure are gauge in-
variant, ∆opW = 0 and the classical master equation holds. On the other hand,
in the embedded fermionic case, where both the measure and action are not
gauge invariant, the quantum master equation is satisfied with ∆opW 6= 0, and
with ∆opW given in terms of an integral over the consistent anomaly. This,
in turn, is directly related to the non-invariance of the fermionic measure un-
der chiral transformations. Hence a vanishing or non-vanishing contribution
∆opW to the quantum master equation does not tell us whether the theory has
a gauge anomaly or not. Common to both cases is however, that the solution
to the quantum master equation obtained after integrating out the auxiliary
embedding field in the partition function, is non-local. Also common to both
formulations is that the original action is modified by a Wess-Zumino term.
Both features are believed to be characteristic for theories, whose classical
gauge invariance is broken by quantum effects.



Appendix A

Local Symmetries and
Singular Lagrangians

In this appendix we recapitulate some well-known facts about how local sym-
metries are reflected in the existence of Ward identities and conservation laws.
We will say nothing about how these symmetries can actually be detected.
The following discussion is quite general, and involves only well-known facts.
The presentation follows closely a review given in [Costa 1988], based on the
pioneering work of Bergmann [Bergmann 1949]. Our main purpose is to show
that any theory with a local symmetry implies a singular Lagrangian in the
sense stated in chapter 2.

A.1 Local symmetry transformations

Let L(ϕ, ∂ϕ, ξ) be a Lagrangian density depending on a set of fields ϕ(ξ) :=
{ϕA(ξ)} and their first field derivatives, ∂ϕ := {∂µϕ}. Here ξ stands for the
set {ξµ} (µ = 1, · · · , r). The Euler-Lagrange equations of motion

EA :=
∂L
∂ϕA

− ∂µ
∂L

∂(∂µϕA)
= 0 (A.1)

follow from the usual variational principle

δS[ϕ] = δ

∫

V

drξ L(ϕ(ξ), ∂ϕ(ξ), ξ) = 0 ,

where V is a r-dimensional volume, and δS denotes the variation of S due to
an arbitrary virtual displacement in the fields,

ϕA(ξ) → ϕ̃A(ξ) = ϕA(ξ) + δϕA(ξ) , (A.2)
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subject to the boundary condition

δϕA|∂V = 0 .

Since the variation does not involve a change in the ξµ, it is also referred to
as a vertical variation. This variation commutes with the derivative operation:
δ∂µ − ∂µδ = 0. The quantity EA in (A.1) is the Euler derivative of L. If
the change in ϕ can be absorbed by a corresponding transformation of the
arguments ξµ of ϕ, i.e., if

ϕ̃A(ξ̃) = ϕA(ξ) , ξ̃µ = ξ̃µ(ξ) , (A.3)

then the transformation ϕ(ξ) → ϕ̃(ξ) is equivalent to a mere transformation of
the argument. A more general class of transformations of this type, which also
mixes the fields, are for instance rotations which are realized in the form

ϕ̃A(ξ) = UAB(R)ϕ
B(R−1ξ) ,

or
ϕ̃A(ξ̃) = UAB(R)ϕ

B(ξ) , ξ̃ = Rξ ,

where R−1 = RT and UAB is a unitary representation of the rotation group.
Consider now more general transformations,

{ϕA(ξ)} → {ϕ̃A(ξ̃)} , ξ̃ = ξ̃(ξ) ,

which may, or may not, be of the above type. If this transformation is invertible,
then there exists a Lagrangian L̃ = L̃(ϕ̃(ξ̃), ∂̃ϕ̃(ξ̃), ξ̃) such that

∫

V

drξ L(ϕ(ξ), ∂ϕ(ξ), ξ) =
∫

Ṽ

dr ξ̃ L̃(ϕ̃(ξ̃), ∂̃ϕ̃(ξ̃), ξ̃) . (A.4)

If δϕ|∂V = 0 implies δϕ̃|∂̃Ṽ = 0, then the variation of the rhs leads to the
equations of motion

∂L̃
∂ϕ̃A

− ∂̃µ
∂L̃

∂(∂̃µϕ̃A)
= 0 , (A.5)

which are fully equivalent to (A.1). Such a transformation will in general change
the form of the equations of motion. If the form remains unchanged one speaks
of a symmetry-transformation. As seen from (A.5), a sufficient condition for
this to be the case is that the functional form of L̃ and L is the same. Then
the equality (A.4) implies that

J

(
∂ξ̃

∂ξ

)
L(ϕ̃, ∂̃ϕ̃, ξ̃)− L(ϕ, ∂ϕ, ξ) = ∂µΛ

µ , (A.6)
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where on the rhs ∂µ acts on ξ, including any implicit dependence of Λ on ξ

through the fields, and where J(∂ξ̃/∂ξ) is the Jacobian for the transformation
of the measure dr ξ̃ → drξ. For simplicity we have suppressed the argument ξ̃
of the fields ϕ̃. In the following we assume that the symmetry transformation
in question belongs to a continuous group of transformations connected to the
identity. In this case it is sufficient to consider infinitesimal transformations.

Let us introduce in addition to the virtual vertical displacement δ defined
in (A.2), the following more general variation δ̄F , which also includes a trans-
formation of the coordinates ξ → ξ̃(ξ),

F (ξ) → F̃ (ξ̃) = F (ξ) + δ̄F (ξ) . (A.7)

The two variations δ and δ̄ are related by

δ̄F (ξ) = δF (ξ) + (∂νF (ξ))δξ
ν .

In particular one has

δ̄ϕA(ξ) = δϕA(ξ) + (∂νϕ
A(ξ))δξν ,

δ̄(∂µϕ
A(ξ)) = ∂µδϕ

A(ξ) + (∂ν∂µϕ
A(ξ))δξν , (A.8)

where we have made use of

δ∂µ − ∂µδ = 0. (A.9)

On the other hand, the variation δ̄ does not commute with the partial deriva-
tives. Instead we have that

δ̄(∂µϕ
A) = ∂µ(δ̄ϕ

A)− (∂νϕ
A)∂µδξ

ν . (A.10)

Since for an infinitesimal transformation connected to the identity

∂ξ̃µ

∂ξν
' δµν + ∂νδξ

µ ,

one has for the Jacobian

J

(
∂ξ̃

∂ξ

)
' 1 + ∂µδξ

µ .

Hence for an infinitesimal symmetry transformation it follows from (A.6) that

(1 + ∂µδξ
µ)L(ϕ + δ̄ϕ, ∂ϕ+ δ̄(∂ϕ), ξ + δξ)− L(ϕ, ∂ϕ, ξ) = ∂µΛ

µ , (A.11)
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where the explicit form of Λ depends on the given Lagrangian. Expanded to
first order, (A.11) can be written in terms of δ-variations in the form

∂L
∂ϕA

δϕA +
∂L

∂(∂µϕA)
(∂µδϕ

A) +
∂L
∂ϕA

(∂µϕ
A)δξµ +

∂L
∂(∂µϕA)

∂ν(∂µϕ
A)δξν

+L∂µδξµ +
∂L
∂ξµ

δξµ = ∂µΛ
µ

or

EAδϕ
A + ∂µ

(
∂L

∂(∂µϕA)
δϕA

)
+ (∂µL)δξµ + L∂µδξµ = ∂µΛ

µ . (A.12)

Here ∂µL denotes the derivative with respect to ξµ, including the implicit ξ-
dependence of the fields ϕ. Hence (A.12) takes the form

EAδϕ
A + ∂µδρ

µ ≡ 0 (A.13)

where

δρµ = Lδξµ +
∂L

∂(∂µϕA)
δϕA − Λµ , (A.14)

and δϕ is defined, according to (A.7) and (A.8) in terms of the general variation
δ̄ by 1

δϕA(ξ) = ϕ̃A(ξ̃(ξ)) − ϕA(ξ)−
(
∂µϕ

A(ξ)
)
δξµ

with δξ = ξ̃ − ξ. We emphasize that (A.13) is an identity which holds for
arbitrary fields ϕA(ξ), if the variations δξµ and δϕA(ξ) are such that the action
is invariant. This is true for both, global and local symmetries.

A.2 Bianchi identities and singular Lagrangians

A well-known theory with a non-trivial local symmetry is the SU(N) Yang-
Mills theory, where an infinitesimal gauge transformation of the potentials Aaµ
(a the colour) has the form

Aaµ → Aaµ + fabcA
c
µε
b − 1

g
∂µε

a

1Note that it was important to write (A.11) in terms of δ-variations in order to make use
of (A.9).
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Thus the variaton of the fields involves terms linear in the ξ-dependent param-
eters εa and their derivatives. We are thus led to consider local transformations
of the form

δξµ = χµl ε
l(ξ) , l = 1, · · · , N ,

δϕA(ξ) = ΦAl ε
l(ξ) + ΨAνl ∂νε

l(ξ) , A = 1, · · · , Nϕ , (A.15)

which include the case of conformal primary fields. 2

δξµ = χµl ε
l(ξ) , l = 1, · · · , N ,

δϕA(ξ) = ΦAl ε
l(ξ) + ΨAνl ∂νε

l(ξ) , A = 1, · · · , Nϕ . (A.16)

Correspondingly, Λµ and δρµ will be of the form

Λµ = λµl ε
l(ξ) + βµνl ∂νε

l(ξ) ,

δρµ = jµl ε
l(ξ) + γµνl ∂νε

l(ξ) . (A.17)

Here ΦAl , Ψ
Aµ
l , λµl , j

µ
l , β

µν
l , γµνl will in general be functions of ϕA and ξ. Fur-

thermore, χµl may depend on ξµ. Substituting (A.15) into (A.14) and compar-
ing powers in ∂ε one is led to a relation among the above coefficient functions,

γµνl = ΨBνl
∂L

∂(∂µϕB)
− βµνl . (A.18)

On the other hand, substituting (A.17) into (A.13) and comparing coefficients
of ∂∂ε, one is led to the identities

ΨAµl EA + jµl + ∂νγ
νµ ≡ 0 (A.19)

with
γµν = −γνµ . (A.20)

Note that on the space of solutions (EA = 0) it follows from (A.19) that

jµl ≡ ∂νγ
µν
l (on− shell) ,

or using (A.20),
∂µj

µ
l = 0 (on− shell) .

Taking again account of the antisymmetry of γµν in µ and ν, the identity (A.19)
leads to

∂µj
µ
` = −∂µ(ΨAµ` EA) , (off − shell). (A.21)

2For non-abelian SU(N) gauge transformations we have, with A → (a, µ), l → b and
ϕA → Aµ

a , that ΦA
l

→ Φaµ
b

= fabcA
µ
c and ΨAν

l
→ Ψaµν

b
= − 1

g
δa
b
gµν .
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Consider now a global transformation, i.e. with εl independent of ξ. Then
(A.13) becomes

(ΦAl EA + ∂µj
µ
l )ε

l ≡ 0 .

Hence we conclude that

ΦAl EA = −∂µjµl (A.22)

so that (A.21) takes the form

ΦAl EA − ∂µ(Ψ
Aµ
l EA) ≡ 0 , (off shell) . (A.23)

Equivalently, using (A.22), we have the conservation law

∂µΘ
µ
l = 0 ,

where

Θµl = ΨAµl EA + jµl .

The identities (A.23) are known as the generalized Bianchi identities.
In the following we shall assume that L is second order in the field deriva-

tives. Then the Bianchi identities (A.23) imply a singular Lagrangian in the
sense that the µ = ν = 0 component of the tensor

Wµν
AB =

∂2L
∂(∂µϕA)∂(∂νϕB)

, (A.24)

viewed as a matrix W (Hessian) with elements labeled by the pair (A,B), has
eigenvectors with vanishing eigenvalue. In particular the determinant of W 00

AB

vanishes. Indeed, it is not hard to see that, if the Lagrangian is of the form 3

L =
1

2
Wµν
AB(ϕ)∂µϕ

A∂νϕ
B − V (ϕ) , (A.25)

then either ~v(l) = {ΨA0
l } or ~w(l) = {ΦAl }, appearing in the transformation

law (A.15) for the fields ϕA, are such eigenvectors. Thus consider the Euler
derivative (A.1). With (A.25) it has the form

EA =
∂L
∂ϕA

− ∂Wµν
AB

∂ϕC
∂µϕ

C∂νϕ
B −Wµν

AB(ϕ)∂µ∂νϕ
B . (A.26)

Insert this expression in the Bianchi identity (A.23) and consider the terms
involving different products of field derivatives of different orders. Since (A.23)
is an identity, the corresponding coefficients, which are only functions of the

3Note that the contribution to L involving W 00
AB

is just the kinetic term.
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fields, must vanish. Consider the contribution proportional to ∂µ∂ν∂λϕ
A. This

leads to the identities
Ψ
A[µ
l W

νλ]
AB ≡ 0 , (A.27)

where the bracket denotes symmetrization. We thus have in particular that

ΨA0
l W 00

AB = 0 . (A.28)

From here it follows that unless the vectors ~v(l) ≡ {ΨA0
l } vanish for all l, there

exists at least one eigenvector of W 00 with vanishing eigenvalue, implying a
singular matrix W 00

AB. In this case the corresponding Lagrangian is said to
be “singular”, or “degenerate”. This matrix is just the Hessian introduced
in chapter 2, i.e. (2.2). On the other hand, suppose that (A.28) possesses
only the trivial solution ΨA0

l = 0. Since this equation holds in an arbitrary

Lorentz frame, this implies that all ΨAµl ’s must vanish. Consequently, for a
non-trivial symmetry transformation (A.15), there must exist at least one l for
which not all the components of ΦAl (labeled by A) vanish. But by considering
the contribution to (A.23) proportional to the second derivatives in the fields
one is led to the identity ΦA` W

µν
AB = 0, and in particular to

ΦAl W
00
AB = 0 . (A.29)

Hence, if ΨAµl = 0 for all A, µ and l, then for a non-trivial symmetry trans-
formation of the fields, there exists at least one value of l for which not all
components of ΦAl (labeled by A) vanish. From (A.27) and (A.28) we there-
fore conclude that there exists at least one eigenvector of the Hessian matrix
W 00
AB with vanishing eigenvalue. Thus if the action is invariant under a local

symmetry transformation of the fields, then this implies a singular Lagrangian
[Bergmann 1949]. This is the main statement we wanted to arrive at.



Appendix B

The BRST Charge of Rank
One

In the following we prove that the BRST charge for theories of rank one is
given by (11.98). For simplicity of notation we set QB = Q. We now make the
ansatz

Q = Q0 +
∑

n

QB1···Bn(q, p, η)P̄B1 · · · P̄Bn , (B.1)

with the “initial” condition
Q0 = ηAGA , (B.2)

where {GA = 0} is the set of first class constraints. The coefficient functions
QB1···Bn can depend on the coordinates qi, momenta pi and on the Grassmann
valued variables ηA. P̄A and ηA satisfy the graded Poisson algebra

{ηA, P̄A} = −δAB.

Since Q carries Grassmann signature and ghost number 1, the coefficient func-
tions QB1···Bn will be polynomials of order O(n+ 1) in the η-variables. Hence
with

ε(QB1···Bn) = n+ 1 (mod 2) , gh(QB1···Bn) = n+ 1

they will be of the form

QB1···Bn = QB1···Bn
A1···An+1

(q, p)ηA1 · · · ηAn+1 .

The inital condition (B.2) ensures that the BRST symmetry transformations
implemented on the non-ghost variables are properly realized with the infinites-
imal parameters replaced by ηA.
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Assume Q to be of rank one:

Q = Q0 +QAP̄A . (B.3)

Taking account of the fact that Q0 (QA) has Grassmann parity ε = 1 (ε = 0)
we have for the graded Poisson bracket {Q,Q},

{Q,Q}=
(
{Q0, Q0}+ 2QA{Q0, P̄A}

)

+ 2
(
{Q0,QB}+QA{P̄A,QB}

)
P̄B + P̄A{QA,QB}P̄B .

The above expression has been ordered in ascending powers of P̄. Each term
must vanish separately if Q is nilpotent. Making use of the expression for
Q0, and of the algebra of the constraints (11.97), one is led to the following
conditions for QA:

i)
(
ηBUABCη

C − 2QA
)
GA = 0 ,

ii)

(
{Q0,QA} − QB ∂

(l)QA

∂ηB

)
P̄A = 0 , (B.4)

iii)
∑

A,B

P̄A{QA,QB}P̄B = 0 .

From i) we immediately deduce that

QA =
1

2
ηBUABCη

C . (B.5)

Inserting this expression in ii) we are led to the requirement

ηAηBηC
(
{GA, UDBC} − UEABU

D
EC

)
= 0 . (B.6)

That this equation is, in fact, identically satisfied, follows from the following
Jacobi identity:

J ≡ {GA, {GB, GC}}+ cycl. perm = 0 . (B.7)

Thus making use of the algebra of constraints we have that

{GA, UDBCGD}+ cycl. perm. of ABC ≡ 0 ,

or (
{GA, UDBC} − UEBCU

D
EA

)
GD + cycl. perm. of ABC ≡ 0 . (B.8)

Contracting this expression with ηAηBηC and making use of the linear indepen-
dence of the constraint functions GA we retrieve (B.6), which is thus satisfied
identically.
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From (B.8) we obtain two further useful expressions which will be needed
to show that iii) holds. Thus contracting this expression with ηB from the left
and ηC from the right one readily verifies that

{GA, ÛBC ηC} ≡ −2{GCηC , ÛBA } − UBADÛ
D
C η

C − 2ÛBD Û
D
A , (B.9)

where
ÛAB = ηCUACB . (B.10)

By further contracting the identity (B.9) with ηA from the left we obtain

{Gη, ÛBC ηC} = −ÛBD ÛDC ηC , (B.11)

where
Gη ≡ GAη

A .

Finally we show that iii) in (B.4) also holds identically.

We first note that because of the antisymmetry of the Poisson bracket in
{QA,QB}, and the definition (B.5), the proof of iii) is equivalent to show-
ing that

{ÛABηB, ÛCDηD} = 0 . (B.12)

Indeed, consider the following Jacobi identity

J̃ ≡ {UAEB, {GC , GD}}+ {GC , {GD, UAEB}}+ {GD, {UAEB, GC}} ≡ 0 .

Contract this expression from the left with ηEηBηCηD. This leads to

J̃ = {ÛAB ηB, {Gη,Gη}}+ 2{Gη, {Gη, ÛABηB}} ≡ 0 . (B.13)

Note that { , } always stands for the graded Poisson bracket. Making use of
the algebra of constraints and of (B.11) this expression becomes

{ÛAC ηC , ÛBDηD}GB + {ÛAC ηC , GB}ÛBDηD − 2{Gη, ÛAB ÛBC ηC} ≡ 0 .

Making further use of (B.9) one then finds that

{ÛAB ηB, ÛCDηD}GC+2UACEÛ
E
B η

BÛCDη
D+2ÛAE Û

E
C Û

C
Dη

D−2{Gη, ÛBC ηC}ÛAB ≡ 0.

Because of (B.11) the last contribution reduces to −2ÛAB Û
B
D Û

D
C η

C which can-
cels the third term. What concerns the second term, this contribution vanishes
because of the antisymmetry of UACE in C and E. Hence we conclude that

{ÛAB ηB, ÛCDηD}GC ≡ 0 ,

which implies (B.12) because of the linear independence of the constraints.
Concluding, we have verified, that with QA given by (B.5), all the conditions
(B.4) are satisfied. Hence (B.3) is a nilpotent operator.



Appendix C

BRST Hamiltonian of Rank
One

In the following we construct the BRST Hamiltonian for a theory of rank one
and show that it is given by (11.101). As in the case of the BRST charge,
we make an ansatz in terms of polynomials in P̄A. Since HB carries vanishing
Grassmann signature and ghost number, this ansatz is of the form

HB = H +
∑

n

HB1···Bn(q, p, η)P̄B1 · · · P̄Bn ,

where H either stands for the canonical Hamiltonian evaluated on the primary
surface ΓP , or on the full constrained surface Γ, and where HB1...Bn are tensors
in the Grassmann valued ηA-variables,

HB1···Bn = HB1···Bn
A1···An (q, p)η

A1 · · · ηAn ,

carrying ghost number and Grassmann parity n. Assume HB to be of rank
one:

HB = H +HAP̄A ,

where
HA = HA

Bη
B .

Then the requirement that HB be BRST invariant, i.e. {Q,HB} = 0, with Q
given by (B.3), leads to the following equation

(
{H,GA}ηA −HAGA

)

+
(
{H,QA} − {HA, GB}ηB +HB{P̄B,QA} − {HA, P̄B}QB

)
P̄A

− P̄B{HB,QA}P̄A = 0 .
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The expression is ordered in ascending powers of P̄ . Hence we are led to the
following conditions:

i) {H,GA}ηA −HAGA = 0 ,

ii)
(
{H,QA} − {HA, GB}ηB +HB{P̄B,QA} − {HA, P̄B}QB

)
P̄A = 0 ,

iii) P̄A{HA,QB}P̄B = 0 . (C.1)

Making use of the algebra (11.100), condition i) immediately leads to

HA = ηBV AB . (C.2)

Consider now condition ii). Written out explicitly, using (B.5) and (C.2), one
finds that

[
1

2
ηB{H,UABC}ηC − ηC{V AC , GB}ηB − ηCV BC U

A
BDη

D

+
1

2
V AB U

B
CDη

CηD]P̄A = 0 . (C.3)

Consider further the following Jacobi identity

{GA, {GB, H}}+ cycl. perm. ≡ 0 .

Making use of the algebra of the constraints (11.97) one finds that

2ηB{V CB , GA}ηA + 2ηBUCBDV
D
A ηA + ηB{H,UCAB}ηA + ηBUDABV

C
D η

A ≡ 0 .

The left hand side of this identity is proportional to the quantity appearing
within brackets in (C.3). Hence we conclude that condition ii) is satisfied
identically. This is not the case for condition iii) in (C.1). By inserting the
expressions (C.2) and (B.5) in (C.1), iii) is seen to be equivalent to the require-
ment stated in theorem 2 in section 11.5.
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The FV Principal Theorem

In this appendix we prove that the partition function

ZΨ =

∫
DξDω e

i
∫
t2

t1
dt [ξ̇`ω`−HB(ξ,ω)−{Ψ,QB}]

, (D.1)

where ξ and ω stand for the collection of coordinates and conjugate momenta,
including ghosts, does not depend on Ψ(ξ, ω), if the following conditions hold:

i) QB is a nilpotent operator carrying ghost number +1, i.e.,

{QB, QB} = 0 ; gh(QB) = 1 . (D.2)

ii) QB fulfills the boundary condition

[(
∂QB
∂ω`

)
ω` −QB

]t2

t1

= 0 . (D.3)

iii) The Poisson bracket of HB with QB vanishes,

{QB, HB} = 0 . (D.4)

Proof

Consider the partition function (D.1) and the change of variables

ξ`→ ξ̃` = ξ` + ε̄{QB, ξ
`} ,

ω`→ ω̃` = ω` + ε̄{QB, ω`} , (D.5)
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where ε̄ is an infinitesimal Grassmann valued functional of {ξ`} and {ω`}:

ε̄[ξ, ω] = −i
∫ t2

t1

dτ ∆Ψ(ξ(τ), ω(τ)) . (D.6)

Here ∆Ψ(ξ, ω) is an arbitrary infinitesimal Grassmann valued function of the
coordinates and momenta with ghost number −1. Under this change of vari-
ables ZΨ remains unchanged. Furthermore, the argument of the exponential
in (D.1) remains invariant. Indeed, consider first the change in HB induced by
(D.5). One readily verifies that

HB(ξ̃, ω̃) = HB(ξ, ω) + ε̄{QB, HB}+O(ε̄2) .

The second term on the rhs vanishes because of (D.4), by assumption, so that

HB(ξ̃, ω̃) = HB(ξ, ω) .

Consider next the BRST exact term in (D.1),

{Ψ, QB}(ξ̃, ω̃) = {Ψ, QB}(ξ, ω) + ε̄{QB, {Ψ, QB}}+O(ε̄2) .

Again, the second term on the rhs vanishes because of (D.2) and the Jacobi
identity. Furthermore, if condition ii) holds, then the kinetic term contribution
to the action is also invariant under the transformations (D.5), as we have
already shown in chapter 11, since ε̄ does not depend on time. Hence we
conclude that the action in (D.1) is invariant under the transformation (D.5).
This is not the case for the integration measure, since ε̄ in (D.6) depends on the
coordinates and momenta, so that the transformation (D.5) is not canonical.
This is the crucial observation.

Let us compute the Jacobian of the (infinitesimal) transformation. To sim-
plify our expressions let us collect the coordinates ξ` and momenta ω` at a fixed
time into a vector ~η(t):

~η = (ξ1, · · ·, ξN , ω1, · · ·, ωN) .

Let us think for the moment of time to be discretized. For an infinitesimal
transformation of variables,

δη` = ε̄{Q, η`} ,

we then have ∏

`

dη` = J−1
∏

`

dη̃` , (D.7)
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where “time” has now been absorbed into the label “`”. For an infinitesimal
transformation with mixed bosonic and fermionic variables the “superjacobian”
J is given by 1

J = 1 +
∑

`

(−1)εη`
δ(l)(δη`)

δη`
,

where δη` = η̃` − η`. or

J = 1 +
∑

`

(−1)εξ`

[
δ(l)

δξ`
(ε̄{Q, ξ`}) + δ(l)

δω`
(ε̄{Q,ω`})

]
,

since εξ` = εω` . Writing out the graded Poisson brackets, defined in (11.43),
and performing the differentiations, J takes the form,

J = 1 +
∑

`

ε̄

[
−δ

(l)

δξ`

(
δ(r)Q

δω`

)
+ (−1)εξ`

δ(l)

δω`

(
δ(r)Q

δξ`

)]

+
∑

`

(−1)εξ`

[
−δ

(l)ε̄

δξ`
δ(r)Q

δω`
+ (−1)εξ`

δ(l) ε̄

δω`

δ(r)Q

δξ`

]

Making use of

δ(l)

δξ`

(
δ(r)QB
δω`

)
= (−1)εξ`

δ(l)

δω`

(
δ(r)QB
δξ`

)
,

we see that the first sum in the above expression for J vanishes. Since QB and
ε̄ have both Grassmann signature −1, one then finds that

J ≈ 1−
∑

`

(−1)εξ`

[
δ(r)Q

δξ`
δ(l) ε̄

δω`
− (−1)εξ`

δ(r)Q

δω`

δ(l) ε̄

δξ`

]
≈ 1− {QB, ε̄} .

Returning to continuous time, the Jacobian J for the transformation of the
functional measure in (D.1) is given by

J ≈ 1 +

∫ t2

t1

dt {∆Ψ, QB} ≈ e
i
∫
t2

t1
dt {∆Ψ,QB}

,

where we made use of the fact that {∆Ψ, QB} = {QB,∆Ψ}, since ∆Ψ and QB
are both Grassmann valued. Hence, upon making the change of variables (D.7)

1The phase in the sum takes into account that for fermions the Jacobian is actually the
inverse of the usual bosonic one. See also in this connection the comments in subsection 5.1
of chapter 12.
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in the measure, and making use of the invariance of HB(ξ, ω) and the BRST
exact term, the partition function (D.1) takes the following form :

ZΨ =

∫
Dξ̃Dω̃ e−i

∫
dt{∆Ψ,QB}(ξ̃,ω̃) e

i
∫
t2

t1
dt ( ˙̃ξ`ω̃`−HB(ξ̃,ω̃)−{Ψ,QB})

.

Combining the two exponentials we are thus left with the statement

ZΨ = ZΨ+∆Ψ .

This completes the proof.



Appendix E

BRST Quantization of
SU(3) Yang-Mills Theory
in α-gauges

In this appendix we perform a BRST analysis of the SU(N) Yang-Mills theory,
analogous to that described in section 4 of chapter 11, by implementing the so-
called α-gauges. In contrast to the case discussed in that section, the α-gauges
cannot be realized as a single gauge condition on the fields. Nevertheless, the
phase space representation of the partition function can again be cast into the
form of (11.103) with HU given by (11.104) together with (11.106).

Consider the following class of covariant gauge conditions:

∂µAaµ(x) − λa(x) = 0 .

Following again the Faddeev-Popov procedure described in section 4 of chapter
11, we are led to the following form for the partition function,

Z =

∫
DA

∏

x,a

δ(∂µAaµ(x)− λa(x))ei
∫
d4x[L+c̄a∂

µDabµ cb] ,

where L is given by (11.59). The trick, due to ’t Hooft, consists in averaging

this expression over λa(x) with a Gaussian weight ei
∫
d4x

~λ2

2α , making use of
the fact that gauge invariant correlation functions (i.e., observables) do not
depend on λa(x). One is then led to

Z =

∫
DA ei

∫
d4x Lgf (E.1)
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with the gauge fixed Lagrangian density

Lgf = −1

4
F aµνF

µν
a +

1

2α

∑

a

(∂µAaµ)
2 − (∂µc̄a)Dµ

abc
b , (E.2)

where we have dropped an irrelevant four-divergence. Here Dµ
ab is the covariant

derivative defined in (11.65) and F aµν the field strength tensor (11.60). The
partition function (E.1) describes an unconstrained system.

The Euler–Lagrange equations, corresponding to stationary points of the
action, read

Dab
µ F

µν
b +

1

α
∂ν(∂ · Aa)− gfabc(∂

νcb)c
c = 0 ,

∂µ(Dµ
abc

b) = 0 , Dµ
ab(∂µcb) = 0 , (E.3)

which now replace (11.82). Note that there is no equivalent equation to ∂µAaµ =
0. Note also that the Aa0 field has now been promoted to a dynamical (propagat-
ing) field. Although the Lagrangian (E.2) breaks the original gauge invariance,
the associated action still possesses a BRST symmetry. The corresponding
infinitesimal transformations of the fields read

δBA
a
µ = εDab

µ c
b ,

δBca = −ε
(
∂ · Aa
α

)
, (E.4)

δBc
a = −εg

2
fabcc

bcc .

The verification of the invariance of the action under this transformation in-
volves some tedious, but straightforward algebra, and makes use of the Jacobi
identity.

i) The BRST Charge in configuration space

We next obtain the conserved BRST charge which will generate the BRST
transformations in phase space. Following the same procedure as described in
section 4 of chapter 11, one finds that the conserved BRST current reads,

J µ
B = Fµνa Dab

ν c
b +

g

2
fabc(∂

µca)c
bcc −

(
∂ ·Aa
α

)
Dµ
abc

b .

Hence the corresponding conserved BRST-charge in configuration space is given
by

QB =

∫
d3xJ 0

B =

∫
d3x

(
F a0iDi

abc
b − 1

α
(∂ ·Aa)D0

abc
b +

g

2
fabc(∂0ca)c

bcc
)

.

(E.5)
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So far our discussion was carried out in configuration space. We next con-
struct the Hamiltonian and the phase space representation of the BRST charge.

ii) Hamiltonian

To obtain the phase space version of (E.1) we first construct the BRST Hamil-
tonian from Lgf by a Legendre transformation. The canonical momenta con-
jugate to the fields A0

a, A
i
a, c

a and c̄a are given respectively by

πa0 =
1

α
(∂µAaµ) , πai = F ai0

P̄a = ∂0c̄a , P a = −D0
abc

b . (E.6)

One then finds for the Hamiltonian

HU = H0 +

∫
d3x

[
P̄aP

a − gfabcP̄ac
bAc0 − (∂iAai )π

a
0 + (∂ic̄a)Di

abc
b
]
, (E.7)

where

H0 =

∫
d3x

[
α

2
πa0π

a
0 +

1

2
πai π

a
i +

1

4
F aijF

ij
a −Aa0Di

abπ
b
i

]

is the canonical Hamiltonian.

iii) BRST charge in phase space

Consider the expression (E.5). Expressed in terms of the canonical variables
(E.6), it takes the form

QB =

∫
d3x

[
ca(Di

abπ
b
i ) + πa0P

a − g

2
fabcP̄ac

bcc
]

.

One verifies that with (11.70) QB can be written in the form (11.98). With
the generalized Poisson brackets defined by (11.43), one readily verifies that
{QB, QB} = 0, (or on operator level, the nilpotency of the BRST charge:
Q̂2
B = 0). The BRST transformations of the fields written in Poisson bracket

form read

sAaµ = {QB, Aaµ} = Dab
µ c

b ,

sca = {QB, ca} = −g
2
fabcc

bcc , (E.8)

sc̄a = {QB, ca} = −πa0 = − 1

α
(∂µAaµ) ,

where we have defined the operator s by (11.22). From (E.6) and (E.8) one
then finds that the corresponding variations in the momenta are given by

sπa0 = 0 ,
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sπai = gfabdπ
b
i c
d ,

sP̄a =−Di
abπ

b
i − gfabdP̄bc

d ,
ŝP a = 0 .

These are symmetries of the Hamilton equations of motion (i.e., on shell sym-
metries).

iv) BRST form of the unitarizing Hamiltonian

One now verifies that the unitarizing Hamiltonian (E.7) can also be written in
the form

HU = H +

∫
d3x

(
ηAV BA P̄B + {Ψ, QB}

)
,

where H is either the canonical Hamiltonian H0 of the classical theory, evalu-
ated on the primary constrained surface, or the canonical Hamiltonian H ′

0 eval-
uated on the full constrained surface. V BA are the structure functions (11.72)
if H = H , or vanish if H = H ′. Thus for example, with the following choice
for the “fermion gauge fixing function”,

Ψ = c̄a(∂
iAai −

α

2
πa0 ) + P̄aA

a
0 ,

one finds that

{Ψ(x), QB} = −c̄a∂iDi
abc

b−πa0 (∂iAai −
α

2
πa0 )−Aa0Di

abπ
b
i +P̄aP

a+gfabcA
a
0c
bP̄c .

Hence, upon taking into account the fact that the structure functions V BA vanish
ifH = H ′

0, and that the canonical Hamiltonian density of the SU(3) Yang-Mills
theory evaluated on the full constraint surface is given by

H′ =
1

2
πa0π

a
0 +

1

4
F aijF

ij
a ,

we conclude that, although the so-called “α-gauges” cannot be realized as con-
ditions on the fields, the partition function has the form appearing in the
FV-princpal theorem (11.103).
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